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PREFACE 



TO THE SECOND EDITION. 



In preparing ihis edition, the whole work has been carefully revised, and 
many of the subjects re-written and modifiedi with a view to make them more 
clearly comprehended by the pupil. 

Having explained fully, in the Elementary Arithmetic, the subjects 
of Duodecimals and Alligation, we have omitted them in the present edition. 
We have excluded the chapter on Permutations, Combinations, and Varia- 
tions, to make room for what w^ deemed matter of more importance. We 
have also olaced the chapters on the Progressions after Evolution, because 
several cases under the Progressions are wrought by the aid of Evolution. 

Under the first chapter, we have added some new things concemihg Prime 
Numbers, and have explained the use of Eratosthenes* Sieve in finding 
these numbers. After Continued Fractions, we have added Lambert's 
Method of De-compounding Vulgar Fractions. We have given a new rule 
for the Equation of Payments, under tlie subject of Discount This rule is 
deduced from considering the equivalent present vtUues. By this method, we 
discover that the usual rule is erroneous, if we consider the present value of 
the several debts. 

We have added the answers to all the questions ; and, where we thought 
the operations too difficult, we have either given the whole work, or so much 
as to leave nothing to perplex the beginner. 

In all tliese modifications we have been guided, not only by our own prac- 
tical experience in using the book, but by the many kind suggestions which 
have been received from distinguished teachers. 

OfiO. R. FBRKINS. 
Utiga, September^ 184A. 



PEEPACE 

TO THE FOURTH EDITION 



Tbs present edition, which is atereotyptd^ has been carefully revised, and, 
in some cases, new matter added in the body of the work, without, however, 
changing the order of the different articles. But what most distinguishes it 
from the preceding ones, is the addition of an Appendix. 

In this Appendix, we have discussed pretty fully what may properly be 
considered the philosophy of some of the more difficult operations, as well as 
interesting properties of numbers. It is believed that much here added will 
be found instructive and interesting to the lover of arithmetical operations. 

GEO. R. PRRKINa 
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ARITHMETIC. 



CHAPTER-!. 

DEFINITIONS. 

1. Any whole number is called an integer. 

2. Any number which can be divided by 2, without 
a remainder, is called an even number, 

3. All numbers which can not be divided by 2, with- 
out a remainder, are called odd numbers. 

4. Any number which can be produced by multiply- 
ing two or more numbers together, each of which is 
greater than a unit, is called a composite number. Thus, 
35 is a composite number, since it can be produced by 
multiplying 5 and 7 together. 

5. The numbers which are multiplied together to 
produce a composite number, are called /acior*. Thus, 
3 and 8 are factors of 24 ; so, also, are 4 and 6. 

6. A composite number which is composed of two 
equal factors, is called a square number-. Thus, 4, 9, 
16, and 49, are square numbers. 

7. A composite number which is composed of three 
equal factors, is called a cube number. Thus, 8, 27, 
and 64, are cube numbers. 

8. One of the equal factors which compose a square 
number, is called the square root of the number. Thus, 
7 is called the square root of 49. 

9. One of the equal factors which compose a cub« 
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number, is called the cube root of the number. Thus, 
3 is the cube root of 27. 

10. All numbers which are not composite, are called 
prime numbers. Thus, 1, 2, 3, 6, 7, 11, and 13, are 
prime numbers. 

11. Unity divided by a number is the reciprocal of 
that number. Thus, |, ^, and i, are the reciprocals of 
2, 3, and 4. 

12. A number taken without regard to the particular 
kind of unit, is called an abstract number. 

13. A number considered in reference to a particular 
unit, is called a concrete number, or a denominate num^ 
ber. Thus, 8 yards is a denominate number, whose unit 
is one yard ; 37 days is a denominate number, whose 
unit is one day. 



SYMBOLS. 

9» The symbol =, is called the sign of equality; 
and denotes that the quantities between which it is 
placed are equal or equivalent to each other. Thus, 
$1 = 100 cents; which is read, one dollar equals one 
hundred cents. 

2. The symbol +> is called plus ; and denotes that 
the quantities between which it is placed are to be added 
together. Thus, 6 + 2 = 8; which is read, six and two 
added equals eight. 

3. The symbol — , is called minus, and denotes that 
the quantity which is placed at the right of it is to 
be subtracted from the quantity on the left. Thus, 
6—2=4; which is read, six diminished by two equals 
four. 



STMBOLB. II 

4. The symbol x , is called the sign of multiplica' 
tiorty and denotes that the quantities between which it 
is placed are to be multiplied together. Thus, 6x2s 
12; which is read, six multiplied by two equals twelve. 

Multiplication is sometimes expressed by a dot, (.) ; 
Thus, 3 . 4, is the same as 3x4. 

5. The symbol —, is called the sign of division^ and 
denotes that the quantity on the left of it is to be divided 
by die quantity on the right. Thus, 6-^2=3; which 
is read, sixtlivided by two equals three. 

Division is also denoted by placing the divisor under 
the dividend, with a horizontal line between them, like a 
vulgar fraction. Thus, | is the same as 6-h2. 

6. A number placed above another number, a little to 
the right, is called an exponent. Thus, in the expres- 
sions, 6*, 7', * and ' are exponents of 6 and 7, respect^ 
ively. 

7. An exponent placed over a quantity, denotes that 
the quantity is to be used as a factor as many times aib 
there are units in the exponent. Thus, 2*=2x2x2x2 
= 16. 

8. When the exponent is *, the result is called the 
second power of the quantity over which it is placed. 
Thus, 7*=7x7=49=:the second power of 7. 

9. When the exponent is ^, the result is called the 
third power of the quantity over which it is placed. 
Thus, 4'=4x4x4=64=the third power of 4. 

The higher powers are denoted in the same way. 

10. The symbol ^/, denotes that the square root of 
the quantity over which it is placed is to be taken. 
Thus, V^=2; which is read, the square root of four 
equals two. 
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11. The symbol V^ denotes, in a similar manner, the 
ctibe root of the number over which it is placed. Thus, 
^64 =4; which is read, the cube root of sixty-four 
equals four. 

The roots of hi^er dimensions are denoted in a 
similar way. 

12. The symbol .*. is equivalent to the phrase there 
fore or consequently. Thus 6* =36, and 4x9=36.*. 
6'=4x9; which is read, the square of six equals 
thirty-six, and the product of four and nine equals thirty- 
six ; therefore, the square of six equals the product of 
four and nine. 

13. The parenthesis, ( ), when it incloses several 
quantities, requires these quantities to be regarded as 
one single quantity. Thus, (64-3)x7=56 ; which is 
read, the sum of five and three multiplied by seven 
equals fifty-six. 

EXAMPLES 
ILLUSTRATING THE FOREGOING DEFINITIONS AND SYMBOLS. 

S. The expression, 11+6—2=2x7=28-^2=14, 
when translated into common language, becomes the 
sum of eleven and five diminished by two, equals the 
product of two and seven, equals twenty-eight divided 
by two, equals fourteen. 

42—8 
2. The expression, 1- 3 =4 x 6=20, is equiva- 

lent to the following: — forty-two diminished by eight, 
and the remainder divided by two, and the quotient 
increased by three, equals four multiplied into five, 
equals twenty. 
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^. The expression, Vl44=3x4=36-r-3=12, is the 
same as the square root of one hundred and forty four, 
equals three multiplied into four, equals thirty-six divided 
by three, equals twelve. 

4. Translate the expression, (l0+3)x7=182-r-2= 
91, into conmion language. 

Ans, The sum of ten and three multiplied by seven 
is equal to one hundred and eighty-two divided by two, 
which is equal to ninety-one. 

5. Translate the expression, ( V^+'7)x4= V^X 
1 1 , into common language. 

Ans, The square root of sixteen increased by seven, 
and the sura multiplied by four, is equal to the cube root 
of sixty-four multiplied by eleven. 

6. Translate the expression, ( V^— v^)x 3=20— 
11, into common language. 

Ans. The square root of forty-nine diminished by the 
cube root of sixty-four, and the difference multiplied by 
three, is equal to twenty diminished by eleven. 

7. What expression is equivalent to the following: 
"Five times nine divided by three, and that quotient 
multiplied by seven, equals the square of ten increased 
by five ?" 

Ans. i2i^x7=10« + 6. 
3 

8. What expression Is equivalent to the following . 
"Three times twenty-one, increased by five times seven, 
and diminished by three times the square of four, is 
equal to twice the square of five ?" 

Ans. 3x21+6x7-3x4«=2x5». 

9. What expression is equivalent to the following: 
"The cube root of sixty-four, increased by two, and 
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tlie sum multiplied by ten, is equal to the square of 
eight dimiDished by four ?" 

Ans. (•^+2)xl0=8»-4. 



MULTIPLICATION OP COMPOUND EXPRESSIONS. 

4« In multiplication, the multiplier must always be 
regarded as an abstract number. 

The multiplicand may be a quantity or denominate 
number of any kind. Thus, we may repeat $7 once, 
twice, thrice, or any number of times, but we could not 
multiply dollars by yards, pounds, hours, or by any other 
denominate number. 

It is sometimes proposed to multiply money by money, 
as 2 s. 6 d. by 2 s. 6 d., but this is qpt philosophically 
correct. We may repeat 2 s. 6 d. once, twice, &c., but 
we cannot repeat it 2 s. 6 d. times. 

In estimating the cost of 20 bushels of apples at 25 
cents per bushel^ we do not repeat 25 cents 20 bushels 
of times, neither do we repeat 20 bushels 25 cents times ; 
but, having fixed upon a quantity of apples equal to one 
bushel as our unit, we find that the quantity whose cost 
is to be estimated is 20 bushels, or twenty times the unit ; 
now as one bushel is worth 25 cents, 20 bushels, being 
20 times as many apples, must be worth 20 ti^nes as 
many cents as one bushel ; we therefore repeat 25 cents 
twenty times, not 20 bushels of times, and thus obtain 
500 cents, or 5 dollars, for the whole cost. And, in a 
similar way, we might show that, in all operations of 
multiplication, the multiplier is an abstract number, de- 
noting how many times the multiplier is to be repeated. 
The product must evidently be of the same name as the 
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multiplicand, since repeating a quantity once, twice, 
thrice, or any number of times, cannot change its de- 
nomination. Sometimes the multiplicand is also an 
abstract number. 

It would be equally absurd to suppose the multiplier to 
be a negative quantity ; for we could not repeat a quantity 
a minus number of times. If, then, in the course of an 
operation, we have for factors a positive and a negative 
quantity, we must regard the positive factor as the mul- 
tiplier, and the negative quantity as the multiplicand ; as, 
for example, if we wish the product of 4 and —7, we 
must repeat —7 four times, and the result will still be 
negative, we shall thus obtain —28. Or we might have 
multiplied the 4 by 7, and changed the sign of the product. 
From which we see that when a minus quantity occurs 
in the multiplier, we are to multiply by it considered as 
positive, and then to change the sign of the product. 

Applying thia principle to the case when both factors 
are negative, as, for example, —5 multiplied by —7. In 
this case, it will be necessary to repeat —5 seven times, 
and then to change the sign of the product, we thus 
obtain for our result, 35. From what has been said and 
done, we have for the multiplication of compound ex- 
pressions the following 

RULE. 

Multiply each term of one of the factors by each term 
of the other factor, observing that like signs produce 
plus, and unlike signs produce minus. 

Let it be required to multiply 3 + 2 by 4+5. 
We must repeat 3+2 as many times as there are 
units in 4+5. 
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First repeating 3+2 as many times as there are miits 
in 4, we get (3 + 2) X 4 = 1 2 4- 8, for first partial product : 

Seco7idly, repeating 3 + 2 as many times as there are 
units in 5, we get (3 + 2) x 6 = 1 5 + 1 0, for second partial 
product : 

Hence, 3+2, repeated as many times as there are 
units in 4+6, becomes (3+2)x(4 + 5)=12+8+l5+ 
10. 

Again, let it be required to multiply 7—3 by 4+2: 
Proceeding as in the last example, we find (7— 3)x 
(4+2) = 28- 12+14-6. 

In a similar way, we find that 4—3, multiplied by 
3-2, gives (4-3)x(3-2)=12-9-8 + 6. 

EXAMPLES. 

1. What is the product of 8+3 by 6+4 ? 

Ans, 48+18+32+12. 

2. What is the product of 6— 2 by 4 + 3 ? 

Ans. 24—8 + 18—6. 
8. What is the product of 11-3 by 13-7? 

Arts. 143-39-77+21. 
4. What is the product of 3+2—1 by 4— 1+5 ? 

Ans, 12+8-4-3-2+1 + 15+10—6. 
6. What is the product of 1+2—3 by 4—5+6? 

Ans, 4+8-12-5-10+15+6+12-18. 

6. What is the product of 7— 9 by 6— 11 ? 

Ans. 35-45-77+99. 

7. What is the product of 21 — 3 by 9— 2? 

Am. 189-27—42+6. 

8. What is the product of 1+7+5 by 2+3? 

Ans. 2+14+10+3+21 + 16. 
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SINGULAR PROPER1T OP THE FIGURE •• 

S. Every number will divide by 9, when the sum iff 
its digits is divisible by 9. 

For, take any number, as 78534 ; this number is, by 

the nature of decimal arithmetic, the same as 70000+ 

8000+500+30+4. 

Now, 70000=9999x7+7 

8000= 999x8+8 

500= 99x5+5 

30= 9x3+3 

4= +4 

/. 78534=9999 x 7+999 x 8+99 x 5+9 x 3+(7+8+ 

5+3+4.) 

Now, since each expression, 9999 x 7, 999 x 8, 99 x 6, 
and 9x3, is divisible by 9, it follows that the first 
number, 78534, will be divisible by 9 when the sum of 
its digits (7+8+5+3+4) is. 

Hence, it follows that any number being diminished 
by the sum of its digits, will become divisible by 9. 

Also, any number divided by 9, will leave the same 
remainder as the sum of its digits when divided by 9. 

The above properties belong to the digit 3, as well as 
to that of 9, since 3 is a divisor of 9. No other digit 
has such properties. 

Note. — These singular properties of the digit 9, have been made 
use of by many authors for proving the work of the four funda- 
mental rules of arithmetic. 



PRIME NUMBERS. 

6* No even number can, with the single exception 

of the number 2, be a prime, since all even numbers are 

divisible by 2. Ijt is also evident that there are many 

odd numbers which are not primes. If we write in order 



2* 
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the natural series of odd numbers, we discover that every 
third term, counting from 3, is divisible by 3 ; every fifth 
term, counting from 5, is divisible by 5 ; every seventh 
term, counting from 7, is divisible by 7, and so on. 

Commencing at 3, under every third term, I have 
placed a small figure, 3, to denote that the term under 
which it is placed is divisible by 3. Under every fifth 
term, counting from 6, I have, in like manner, placed a 
small 5 , indicating that the corresponding term is divisible 
by 5. I have proceeded in the same way for the higher 
primes. Now it is evident that all the terms, under which 
there are no small figures found, are primes. 

We may also remark, that the numbers expressed by 
the small figures are the different prime factors of the 
numbers under which they are placed. 

1, 3, 6, 7, 93, 11, 13, 153.,, 17, 19, 21 3.,, 23, 25„ 
273,29, 31, 333.J1, 35,.,, 37, 393., 3, 41,43,453.,, 
47, 49„ 61,.,,, 53, 55,.,,, 573.,,, 59, 61, 633.,, 
65,.,3,67,693.,3, 71, 73, 753.,, 77,., „ 79, 81 3, 83, 

&C. 

In the above operation, we have found the primes 
only which are less than 100; but this process may be 
extended as far as we wish. This method of finding the 
successive primes was employed by Eratosthenes, who 
inscribed the series of odd numbers upon parchment, 
then cutting out such numbers as he found to be com- 
posite, his parchment with its holes resembled somewhat 
a sieve ; hence, this method is called Eratosthenes' Sieve. 

The number 2, although an even number, must be 
regarded as coming under our. definition of a prime, since 
the only number whidn will divide it is itself. 
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TABLE OF PRIME NUMBERS. 



7 313 
9317 
3 331 
7 337 
1 347 
7 34a 
9 353 
9 359 
1367 



37: 


Ij07 


857 


371 


1113 


859 


3^: 


(.17 


663 


3H 


i.l9 


877 


3<r 


r.:i\ 


881 


40 


(111 


883 


4n! 


(113 


887 


41^ 


i;i7 


907 


4--' 


(.73 


911 


4:1 


(179 


919 


4:;: 


ijijl 


929 


4:;; 


(1:3 


937 


41: 


(.77 


941 


41' 


(;>3 


947 


4'.- 


i;iil 


953 


4(; 


701 


967 


4*.: 


709 


971 


4i;- 


719 


977 


47! 


7->7 


983 


4--- 


7:13 


991 


4'.i 


7:.19 


997 


4;h 


7 13 


1009 


5n: 


7.71 


1013 


50! 


7.77 


1019 


Si: 


im 


1021 


5:.^: 


7 (.19 


1031 


5E 


"3 


1033 


5r 


7^7 


1039 


57' 


707 


1049 


5(1: 


M,9 


1051 


5i;! 


•-I1 


1061 


57 


-.a 


1063 


5" 


-•■:3 


1069 



110311399 
1109 1409 
11171433 
1123 1427 
1129 1429 
1151 1433 
1153 1439 
1163 1447 



163711949, 

1657J1951 

1663|1973' 

166711979' 

1669 19S7! 

1693 1' 

1697jl997| 

1699|l999| 

1709 20031 

1721 2011 

1723'2017| 

1733 2027 

17412029; 

174712039 

1753 2053 

1759 2063! 

1777:2069 

1783I2O8I 

178712083 

1789]2087 

1801 



2531 
2539 
2543 
2549 
2551 
2557 
2579 
2591 
2593 
2609 
2617 
2621 
2633 
2647 
2657 



2297 
2309 
2311 
2333 
2339 
2341 
!2347 
2351 
2357 2671 



1 1579 

31583 



599 839 
601 853 



1291 
1297 
1301 
1303 

130711597 
1319|1601 
13211607 
1 327 1609 
1087:13611613 
109i:i367iei9 
1093 1 373' 1634, 
1097il38l|l627 



2099 
2111 

2113 
2129 
2131 
2137 
2141 
2143 
2153 
2161 
2179 

1901 2203! 

1907 2207! 

19132213 

1931 



2677 



3 2699 
9 2707 
12711 
7 2713 
3 2719 



2393 2 
2399 2 
24112 
24172 
2423 2 
2437 2729 
24412731 
2447 2741 
2459 2749 
2467!2753 
2473 2767 
2477,2777 
,2503!2789 
2521|2791 
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The preceding table contains all the primes which are 
not greater than 2791. 

All prime numbers, except 2, are odd, and, therefore, 
terminate with an odd digit. Any number which ends 
with 6, is divisible by 5 ; hence it follows that all primes^ 
except 2 and 5, must end with one of the figures, 1, 3, 
7, or 9. 

When it is required to determine whether a given 
number is a prime, we first notice the terminating 
figure ; if it is different from 1, 3, 7, or 9, the number is 
a composite ; but if it terminate with one of the above 
digits, we must endeavor to divide it by some one of 
tlje primes, as found in the table, commencing with 3. 
There is no necessity of trying 2, for 2 will divide only 
the even numbers. If we proceed to try all the suc- 
cessive primes of the table until we reach a prime 
which is not less than the square root of the number, 
without finding a divisor, we may conclude with cer- 
tainty that the number is a prime. 

The reason why we need not try any primes greater 
than the square root of the number, is drawn from the 
following consideration : If a composite number is re- 
solved into two factors, one of which is less than the 
square root of the number, the other must be greater 
than the square root. 

The square of the last prime given in our table is 
7789681 ; hence, this table is sufficiently extended to 
enable us to determine whether any number not exceed- 
ing 7789681 is a prime. It is obvious that numbers may 
be proposed which would require by this method very 
great labor to determine whether they are primes, still 
this is the only sure ana general method as yet discovered. 
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Tables have been calculated, giving not only all the 
primes up to 3036000, but also the least prime factor of 
the composite numbers up to the same extent. 

Our table is of sufficient extent to enable us to work 
all ordinary examples. 

Any prhne number^ except 2 and 3, when divided by 
6, must have a remainder of I or 5; for all prime num- 
bers are odd, and any odd number when divided by an 
even number, must leave an odd number for remainder. 
Hence, any odd number divided by 6, must give 1, 3^ or 
5, for a remainder; if the remainder is 3, the number 
must have been divisible by 3, since the divisor and re- 
mainder are each divisible by 3. Hence, the remaindct 
found by dividing a prime by 6, is 1 or 5. Therefore^ 
by either adding one or subtracting one from any prime 
number greater than 3, it becomes divisible by 6. 



7. Every number is either a prime number, or com- 
posed of prime factors. 

For, all numbers which are not prime are composite, 
and can, therefore, be separated into two or more factors; 
and, if these factors are not prime, they can again be 
separated into other factors, and thus the decomposition 
can b^ continued until all the factors are prime. 

Hence, to resolve any composite number into its prime 
factors, we have this 

RULE. 

Divide the number by any prime number which will 
divide it without any remainder ; then divide the quotient 
in the same way, and so continue until a quotient is 
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obtained which is a prime. Then will the successive divi- 
sorsy together with the last quotient^ be the prime factors 
required. 

EXAMPLES. 

1. Resolve 728 into its prime factors. 

Operation, 

2728 
21364 
2 



182 



91 



13 ' 

Therefore, 2x 2x 2x7x 13=2^ x 7x 13, are the prime 
factors of 728. 

2. Resolve 812 into its prime factors. 

Ans, 2^x7x29. 

3. What are the prime factors of 978 ? 

Ans. 2x3x163. 

4. What are the prime factors of 1011 ? 

Ans. 3x337. 
6. What are the prime factors of 100? 

Ans, 2^x5^ 

6. What are the prime factors of 8975 ? 

Ans, 6'x359. 

7. What are the prime factors of 808 ? 

Ans, 2'xlOl. 

8. What are the prime factors of 707 ? 

Ans, 7x 101. 

9. What are the prime factors of 1118? 

Ans, 2x13x48% 
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8. Suppose we wish to know whether the numbers 
204 and 468 have a common factor, we proceed as 
follows : We decompose them into their prime factors, 
and thus obtain 204 = 2* x 3 x 17, and 468=2* x 3* x 13. 
Here we see that 2* x 3 is common to both the numbers 
204 and 468. 

Hence, to find the greatest factor which is common to 
two or more numbers, or, as generally expressed, to find 
the greatest conunon measure of two or more numbers, 
we have this 

RULE. 

Resolve tlie numbers into their prime factors^ {by Rule 
under Art. 7.) Then select such of the primes as are 
common to all the numbers, multiply them together^ and 
the product will be the greatest common measure, 

EXAMPLES. 

1. What is the greatest common measure of 1326, 
3094, and 4420 ? 

These numbers, when resolved into their prime factors* 

become 

1326 = 2 x3x 13x17 

3094=2 x7x 13x17 

4420=2^x5x13x17 

The factors which are common, are 2, 13, and 17; 

therefore, the greatest common measure is"2x 13x 17= 

442. 

2. What is the greatest common measure of 556, 672, 
and 840? Ans. 2^=4. 

3. What is the greatest common measure of 110, 140, 
and 680? Ans. 2x5=10. 

4. What is the greatest common measure of 255, and 
532 ^ Ans. They have none 
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6. What is the greatest common measure of 375, 408, 
and 922 ? Ans. They have none. 



9. We may also find the greatest common measure 
of two numbers by the following 

RULE. 

Divide the greater by the less, then divide the diviso? 
by tJte remainder, and thus continue to divide the pre^ 
ceding divisor by the last remainder, until there is no 
remainder. The last divisor will be the greatest com^ 
mon measure. 

Note. — Where there is no common measare, the last divisor 
will be 1. 

EXAMPLES. 

1. What is the greatest common measure of 360 and 
630? 

Operation, 

"360)630(1 
360 

270)360(1 
270 

90)270(3 
270 



Hence, the greatest common measure is 90. 

2. What is the greatest common measure of 922, and 
408? Ans. 2. 

3. What is the greatest common measure of 1826, 
and 2665? Ans. 366. 



LEAST COMMON MULTIPLE. - ^5 

4. What is the greatest common measure of 124, and 
682 ? Arts. 62. 

5. What is the greatest common measure of 296, and 
407? Ans. 37. 

6. What is the greatest common measure of 404, and 
364? Ans. 4. 

7. What is the greatest common measure of 506, and 
308? Ans. 22. 

8. What is the greatest common measure of 212, and 
416? Ans, 4. 

9. What is the greatest common measure of 74, and 
84? Ans. 2. 



10« Suppose we wish to know what is the least 
number which will divide by 215 and 460; we proceed 
as follows : We decompose them into their prime factors, 
and thus obtain 215=5 x 43, 460=2® x 5 x 23. Hence, 
we see that 2' x 5 x 23 x 43= 19780, is the least number 
which can be divided by 215 and 460. 

Hence, to find the least number which will divide by 
two or more numbers, or, as generally expressed, to find 
the least common multiple, we have this 

RULE. 

Resolve the numbers into their prime factors, {by Rule 
under Art. 7); select all the different factors which 
occur, observing when the same factor has different 
powers, to take the highest power. The continued 
product of the factors thus selected will be the least 
common multiple. 

EXAMPLES. 

1. What is the least common multiple of 12, 16, and 
«4? 
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These numbers, resolved into their prime factors, give 

12=2" X 3 
16 = 2* 
24 = 2'x3 
Therefore, 2* x 3=48 is the least multiple required. 

2. What is the least common multiple of 9, 12, 16, 
20, and 35 ? Ans. 2* x 3^* x 6 x 7= 6040. 

3. What is the least common multiple of 7, 13, 39, 
and 84? Am. 2^x3x7x13=1092. 

4. What is the least common multiple of the nine 
digits? Ans. 2' x 3" x 6x7=2520. 

5. What is the least common multiple of 3, 5, 7, 12, 
16, 18, and 35 ? Ans. 2' x 3= x 5 x 7= 1260. 

6. What is the least common multiple of ' 100, 109, 
463, and 900 ? 

Ans. 2' X 3" X 5" X 109 x 463=45420300. 

7. What is the least common multiple of 365, 910, 
2217, and 2424 ? 

. ) 2^x3x5x7x13x73x101x739= 
^^' S 59499225240. 



11 • We may also find the least common multiple of 
two or more numbers by the following 

RULE.* 

Write the numbers in a horizontal line ; divide them 
by any prime number which will divide two or more of 
them ; place the quotients with the undivided terms for 

* This rule is usually given as follows : " Write down the num- 
bers in a line, and divide them by any number that will measure 
two or more o ' them, and write the quotients and undivided num- 
bers in a line beneath- Divide this line as before, and so on, until 
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a seamd Jiorizontal line ; proceed with this second line 
oj with the Jirst, and so continue, until there are no two 
terms which can be divided. The continued product of 
the divisors and the numbers in the last horizontal line 
will be the least common multiple. 

EXAMPLES. 

1. What is the least common multiple of 28, 35| 42, 
77, and 70 ? 

Operation* 
7 

6 



28, 


35, 


42, 


n, 


•TO 


4, 


5, 


6, 


11. 


10 


4, 


1, 


6, 


11, 


2 


2, 


1, 


3, 


11, 


1 



Hence, 7x5x2x2x3x11=4620, is the multiple 
sought. 

— . I - ■ - - - I - ^- - - - -i ■ I - I I ■ i__i J j^— j_ 

there are no two numbers that can be measured by the same dvr> 
sor ; then the continual product of all the divisors and mlmbers in 
the last line will be the least common multiple required/^ 

The above we have copied from Mr. Adams' Arithmetic. Nearly 
all our Arithmetics give, in substance, the same rule. We will now 
show, by an example, that this rule may give very different results, 
depending upon the divisors used, and of course the rule is in fault. ' 

EXAMPLE. 

What is the least common multiple of 12, 16, and 34 1 
We will work this example in three ways, as follows: 



JFHrst Operation. 



12 


12, 


16, 


24 


2 


1, 


16, 


2 




1, 


8, 


1 



Second Operation. 
12, 16, 24 



8 
3 
2 



12, 2, 3 



4, 2, 1, 



4 
3 
2 



mrd Operation, 
12, 16, 24 



2, 1, 1 
8x3x2x2=96. 



3, 4, 6 



1, 4, 2 



1' 2, 1 
4x3x2x2=48. 



12X2X8=192. 

These operations, which are wrought strictly by this rule, give 
192, 96, and 48, for the least multiple of 12, 16, and 24. Hence, 
the rule is wrong, and cannot be depended upon. The least com- 
mon multiple of 12, 16, and 24, is 48, as tnay be found by either of 
our rules. 
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In the preceding example, we find, by inspection, tliat 
all the given numbers, 28, 35, 42, 77, 70, are divisible 
by 7, giving, for the second horizontal line, the numbers 

4, 5, 6, 11, 10. Now 7 times the least multiple of 4, 

5, 6, 11, 10, is the -least multiple of 28, 35, 42, 77, 70, 
since the latter numbers are respectively 7 times the 
former. Again, of the numbers 4, 5, 6, 11, 10, we find 
that 5 and 10 are divisible by 5. Dividing, we find for 
the third horizontal line, the numbers 4, 1, 6, 11, 2 ; .now, 
as before, 5 times the least multiple of 4, 1, 6, 11, and 
2, is the least multiple of the numbers of the second 
line. Again, of the numbers 4, 1, 6, 11, 2, we find that 
4, 6, and 2, are divisible by 2. Dividing, we obtain for 
the fourth horizontal line, 2, 1, 3, 11, 1 ; and, as before, 
twice the least multiple of the last numbers is the least 
multiple of 4, I, 6, 11, 2, which, multiplied by 5, gives 
the least multiple of 4, 5, 6, 11, 10; and this result 
being multiplied by 7, gives the least multiple of the 
numbers sought. When the division is continued until 
there are no two terms which can be divided, the con- 
tinued product of the numbers constituting the last hori- 
zontal line is the least multiple. Hence the correctness 
of the rule. 

2. What is the least common multiple of 46, 92, 374, 
and 23 ? Am. 2» x 23 x 1 87= 17204. 

3^. What is the least common multiple of 5, 15, 36 
and 72 ? Am. 2» x 3* x 5=360. 

4. What is the least common multiple of 11, 77, 88, 
and 92? Am. 2^x7x11x23=14168. 

6. What is the least common multiple of 14, 51, 102, 
and 5007 Ani. 2x8x7x17x250=178600. 
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13. Suppose we wish to find all the divisors of 36| 
we proceed as follows : We resolve 36 into its prime 
factors, and thus obtain 36=2* X 3*. 

Now it is obvious that any combination of 2 and 3, 

which does not make use of these factors in a higher 

power than they occur in 2* x 3*, must be a divisor of 

36. All such combinations can be found by multiplying 

1+2+4 by 1 + 3+9. Performing this multiplication, 

we obtain 

1+2+4 
1 + 3+9 

1+2+4 + 3 + 6+12+9+18+36. 
Therefore, the divisors of 36 are 1, 2, 3, 4, 6, 9, 12, 18 
and 36. 

Hence, to find all the divisors of any number, we 
have this 

RULE. 

Resolve the number into its prime factors ; form as 
many series of terms as there are prime factors^ by 
making 1 the first term of any one of the series^ the first 
power of one of the prime factors for the second term^ 
the second power of this factor for the third term^ and 
so on, until we reach a power as high as occurred in the 
decomposition. Then multiply these series together, (by 
Rule under Art. 4,) and the partial products thus ob^ 
tained will be the divisor sought, 

EXAMPLES. 

1 . What are the divisors of 48 ? 

Here we find 48=2* x 3. Therefore, our series of 

terms will be 1+2+4+8+16 and 1 + 3; multiplying 

these together, (by rule under Art. 4,) we get 

3* 
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1+2+44-8+16 
1+3 



1+2+4+8+16 + 3 + 6+12+24+48. 
Therefore, the divisors of 48 are 1, 2, 3, 4, 6, 8, 12, 
16, 24, and 48. 

2. What are the divisors of 360? 

J 1, 2, 3, 4, 5, 6, 8, 9, 10, 12, 15, 18, 20, 24, 
'^^' } 30, 36, 40, 45, 60, 72, 90, 120, 180, 360. 

3. What are the divisors of 100 ? 

Am. 1, 2, 4, 5, 10, 20, 25, 50, 100. 

4. What are the divisors of 810? 

J 1, 2, 3, 5, 6, 9, 10, 15, 18, 27, 30, 45, 54, 81, 
^^' \ 90, 135, 162, 270, 405, 810. 
6. What are the divisors of 920 ? 

J 1, 2, 4, 5, 8, 10, 20, 23, 40, 46, 92, 115, 184, 
^^' } 230, 460, 920. 

6. What are the divisors of 840 ? 

, 1, 2, 3, 4, 5, 6, 7, 8, 10, 12, 14, 15, 20, 21, 24, 
Am. < 28, 30, 35, 40, 42, 56, 60, 70, 84, 105, 120, 
' 140, 168, 210, 290, 420, 840. 

7. What are the divisors of 1000 ? 

J 1, 2, 4, 5, 8, 10, 20, 25, 40, 50, 100, 125, 200, 
^^' \ 250, 500, 1000. 

NoTE^— We may observe that all the divisors of these respective 
divisors are included in the same series, since they must evidently 
be divisors of the original number. 



13* Since the series of terms which we multiplied 
together by the last rule, to obtain the divisors of any 
number commenced with 1 , it follows that the number 
of terms in each series will be one more than the units 
in the exponent of the factor used. 
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Hence, to find the number of divisors of any number 
without exhibiting them, we have this 

RULE. 

Resolve the number into its prime factors ; increase 
each exponent hy a unit, and then take their continued 
product, and it will express the number of divisors. 

EXAMPLES. 

1 . How many divisors has 4320 ? 

4320=2* X 3^x5. In this case, the exponents are 
5, 3, and I, each of which being increased by one, we 
obtain 6, 4, and 2, the continued product of which is 
6x4x2=48, the number of divisors sought. 

2. How many divisors has 300 ? Ans. 18. 

3. How many divisors has 3500 ? Ans, 24. 

4. How many divisors has 162000? Ans, 100. 
6. How many divisors has 824 ? Ans, 8. 

6. How many divisors has 1172? Ans, 6. 

7. How many divisors has 6336 ? Ans, 42. 

8. How many divisors has 75600 ? Ans, 120. 



89 UIGHER ARlTUMfiTIC. 



CHAPTER II 

FRACTIONS. 

14* A PRACTioN is an expression representing a part 
of a unit. 



VULGAR FRACTIONS. 



IS. A VULGAR FRACTION consists of two numbcFS, 
the one placed above the other, as in division. 

The number above the line is called the numerator; 
the number below the line is called the denominator. 

Thus, f is a vulgar fraction, whose numerator is 6, 
and whose denominator is 8 ; it is read Jive-eighths, 

The denominator shows how many parts the unit is 
divided into, and the numerator shows how many of these 
parts are used. 

Thus, f denotes that the unit is divided into 8 equal 

parts, and that 6 of these parts are used. 

When the numerator is equal to the denominator, the 

fraction is equivalent to a unit. Thus, |, ll* !> and f }, 

are each equivalent to 1. 

When the numerator is less than the denominator, the 
value of the fraction is less than a unit ; it is then called 
a proper fraction. 

Thus, f , ^, If, and f|, are each proper fractions. 

When the numerator is larger than the denominator, 
its value is then more than a unit ; it is, therefore, called 
an improper fraction. 

Thus, f , i, Jy^, and ^^, are each improper fractions. 
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A fraction of a fraction, connected by the word of^ is 
called a compound fraction. 

Thus, f of I of j\ of I, 1 of 5 of I, and fV of H of 
fy are compound fractions. 

A fraction is said to be inverted^ when the numerator 
and the denominator change places. 

Thus, the fractions |4> ^tS and f , when inverted, be- 
come \i, j\, and |. 

Any integer may take the form of an improper frac- 
tion, by writing a unit for its denominator. 

Thus, 6, 5, 3, and 11, are the same as the improper 
fractions f , f , f , and ^^, 

A number consisting of an integer and a fraction, is 
called a mixed number. 

Thus, 4|, 5{, 6|, and 13|4< ^^ mixed numbers. 
They may also be written 4+ i, 5+ J, 6+ f , and 13+ 1|. 



REDUCTION OF FRACTIONS. 

16* Since the value of a fraction is the quotient 
arising from dividing the numerator by its denominator, 
we may infer the following 

Propositions. 

I. That, multiplying the niimerator of a fraction by 
any number, is the same as multiplying the value of the 
fraction by the same number. 

II. That, multiplpng the denominator of a fraction 
by any number, is the same as dividing the value of the 
fsmoAoa by tlie same number. 
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III. Thai, multiplying both numerator and denomina- 
tor by the same number, does not alter the value of the 
fraction. 

IV. That, dividing the numerator of a fraction by any 
number, is the same as dividing the value of the fraction 
by the same number. 

V. That, dividing the denominator of a fraction by 
any number, is the same as multiplying the value of the 
fraction by the same number. 

VI. That, dividing both numerator and denominator 
by the same number, does not alter the value of the 
fraction. 



17. When the numerator and denominator of a frac- 
tion have no common measure, it is said to be in its 
lowest terms. 

To reduce simple fractions to their lowest terms,* we 
have the following 

* The following properties may frequently be of assistance in 
abbreviating vulgar fractions : 

1. If any number terminate on the right with zero, or an even 
digit, the whole will be divisible by 2. 

3. If any numbf>r terminate on the right with zero, or 5, the 
whole will be divisible by 5. 

3. When the number expressed by the two right-hand figures are 
divisible by 4, the whole will be divisible by 4. 

4. When the number expressed by the three right-hand figures 
are divisible by 8, the whole will be divisible by 8. 

5. If the sum of the digits of any number be divisible by 3 or 9, 
then the whole number will be divisible by 3 or 0. This has already 
been shown under Art. 5. 

6. When the difiference between the sum of the digits occupying 
the odd places, counting from the right towards the left, and the 
sum of the digits occupying the even places is zero, or divisible by 
ilf theo the number will be divisible by 11. 
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RULE. 

Divide both numerator and denominator by their 
greatest common measure (found by one of the Rules 
under Art. 8, or •.) This division will not alter the 
value of the fraction. {Prop. F/,, Art. 16.) 

EXAMPLES. 

1. Reduce f|| to its lowest terms. 

In this example, we find the greatest common measure 
of 375 and 425 to be 25. 

Dividing both numerator and denominator by 25, we 

fir\f\ 3 7 5 15 

nna 425 — 17. 

2. Reduce ||^f to its lowest terms. Ans. \. 

3. Reduce tttf to its lowest terms. Ans. t\. 

4. Reduce jHt ^o its lowest tenns. Ans. |. 

5. Reduce f Jf f f f to its lowest terms. Ans. Hf f f • 

6. Reduce f^^ff to its lowest terms. Ans. HI??* 

7. Reduce ^^//y to its lowest terms. Ans. /j*y. 

8. Reduce ^VtV to its lowest terms. Ans. ^tV* 

9. Reduce |f f f to its lowest terras. Ans. |f|. 
Were we to resolve the numerator and denominator 

into their prime factors, we should then at once discover 
ihe factors common to the numerator and denominator, 
and could, therefore, strike them out, and then the frac 
tion would be in its lowest terms. 

For example, let it be required to reduce the fraction 
|^|. Resolving the numerator and denominator into 
their prime factors, the fraction will become Hl= 

. Here wq discover that the factors 2* x 7 
2^x7x29 

are common to both numerator and denominator. Striking 
them out) we obtain 
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728 2»x7xl3 _ 2xl3 26 
812""2^X7X29"~ 29 ""29 

In a similar way, we find 

210 _ 2x3x5x7 _ 2x7 _14 
495~ 3«x5xll ■~3xll""33 
735 _ 3x5x7^ _ 3 
2695""5x7»Xll""ir 

It is obvious that this method may be used in all 
cases. 

Whenever we discover, by inspection, any number 
which will divide both numerator and denominator with- 
out a remainder, we may use it as a divisor, before re- 
sorting to either of the above methods. 



18. To reduce an improper fraction to a mixed num- 
ber, we have this 

RULE. 

Divide the numeratoi' by the denominator; the quotient 
will he the integral part of the mixed number. The 
remainder, placed over the denominator of the improper 
fraction, will form the fractional part. 

The correctness of the above rule is obvious from 
considering that the value of a fraction is the quotient 
arising from dividing the numerator by the denominator. 

EXAMPLES. 

1. Reduce -V^ to a mixed number. 

Dividing 17 by 4, we obtain the quotient 4, with the 
remainder 1 ; .'. the mixed number equivalent to ^^^ is 
4i,pr4+J. 
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2. What mixed number is equivalent to J-f ->• ? 

Ans. ISf. 

3. What mixed number is equivalent to -'-'tV^ ^ 

Ans. 1122|?y. 

4. What mixed number is equivalent to *|H^ • 

Am. 81 Iff. 
6. What mixed number is equivalent to -WW" • 

Ans. IIIJH. 

6. What mixed number is equivalent to -WV" ^ 

Ans. 12||t- 

7. What mixed number is equivalent to -f ^^ ? 

Ans. 64^^' 

8. What mixed number is equivalent to ^-Vt jV«*-^ ? 

Ans. 1294Hi|| = 1294H4fi- 

9. What mixed number is equivalent to -'-VaV-- ? 

Ans. 524IIJ. 

10. What mixed number is equivalent to -f |||^ ? 

^n^. 49Jf f f. 

11. What mixed number is equivalent to -WW' • 

Ans. 7|f|4. 



19. To reduce a mixed number to its equivalent 
improper fraction, we have this 

RULE. 

Multiply the integral part of the mixed number by 
the denominator of the fractional part ; to the product 
add the numerator of the fractional part ; the sum will 
be the numerator of the improper fraction^ under which 
place the denominator of the fractional part. 

This rule is obviou&ly correct, since it is the reverse 
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of the rule under Art. 18, where a reverse operation 
was required to be performed. 

EXAMPLES. 

1. Reduce 13f to an improper fraction. 
Multiplying the integer 13 by the denominator 7, we 

obtain 91 ; to which, adding the numerator 6, we get 
97 for the numerator of the improper fraction ; /. the 
improper fraction equivalent to 13^ is -V^. 

2, What improper fraction is equivalent to 1278^^ ? 

Ans. ^-Y"*-. 

3, What improper fraction is equivalent to 18910^ T 

Ans. -L5J?^4i±. 

4. What improper fraction is equivalent to 492536 [i? 

Am. ^A-ftj-V-^^. 
6, What improper fraction is equivalent to S/^y/^ ? 

Ans, -VWjV*' 

6, What improper fraction is equivalent to 11 gViV • 

7, What improper fraction is equivilent to 23^1^^ ? 

Ans, VaViA- 

8, What improper fraction is equivalent to 375^^^ ? 

Ans, HVt--- 

9, What improper fraction is equivalent to the mixed 

number 6833yV6V3 "? Ans, ^HUH-^- 

10, What improper fraction is equivalent to the mixed 
number 1 1 223344 W? Ans. ^^.u^s^iii^ 



S8©. Reduce the compound fraction | of y^ to its 
equivalent simple fraction. 

i of yV can be obtained by dividing the value of the 
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firaction yj by 4, which (by Prop. II., Art. 16,) can be 
effected by multiplying the denominator by 4 ; 



17 7 

•'•TOf T7 = 



4"* 11 4x11 
Again, | of y\ is obviously three times as great as 

I of y\ ; ."• to obtain f of y^j, we must multiply 

by 3, which (by Prop. I., Art 16,) can be done by 

3 

multiplying the numerator by 3 ; hence, we have - of 

7 3x7 21 



11 4x11 44 

Hence, to reduce compound fractions to their equiva- 
lent simple ones, we have this 

RULE, 

Consider the word op, ivhich connects the fractional 
parts as equivalent to the sign of multiplication. Then 
multiply all the numerators together for a new numerO' 
toTy and all the denominators together for a new denomt^ 
nator, always observing to reject or cancel such factors 
as are common to the numerators and denominators^ 
which is the same as dividing both numerator and de^ 
nominator by the sam>e quantity^* and (by Rule under 
Art. IT,) does not change the value of the fraction. 

EXAMPLES. 

1. Reduce | of f of y'j of y'^ to its equivalent simple 
firaction. 

Sabstituting the sign of multiplication for the word 
9ff we get i X I X tV X 1^- Pint canceling the 8 of the 
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numerator against the 2 and 4 of the denominator, by 



drawing a hne across them, we get ^ x 7 x - x — 

)b ^ 5 12 

Again, canceling the 3 and 5 of the numerator against 

the 15 of the denominator, we finally obtain 

;fc^4^X<^^12~12 

2. Reduce | of i| of { of f of yV to its simplest 

form. 

First, canceling the 7 and 5 of the numerator against 

3 14 /^ 4 $ 
the 35 of the denominator, we get -Xx^x^x-X — 

7 35 9 11 



Again, canceling the 7 of the denominator against a 
• part of the 14 of the numerator, and the 3 of the numera- 
tor against a part of the 9 of the denominator, we obtain 

2 

^ ^ i 1 1. 

3 

Finally, canceling the 2 and 4 of the numerator against 
6 of the denominator, we get 



3 

Note. — "We have written our fractions several times, in order 
the more clearly to exhibit the process of canceling. But in prac- 
tice, it will not be necessary to write the fraction more than once. 
It will make no difference which of the factors are first canceled. 
When all the common factors have, in this way, been stricken out, 
the fraction will then appear in its lowest terms. 

The student will find it to his interest to perform many examples 
of this kind, as this principle of canceling will be extensively 
ployed ia the succeeding parts ef this work. 
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3. Reduce j\ of j% of f | of || j% to its simplest 
form. Ans. -f/j. 

4. Reduce 4 of J of H of ^^t of J of j\ of f to its 
simplest form. Ans. }f-. 

5. Reduce ^\ of f of -y- of ^| of j\ to its simplest 
form. Ans. ^Jy. 

6. Reduce i^ of -Jf of J of || to its simplest form. 

7. Reduce ^ of f of J of ^j of ^| to its simplest 
form. Ans, y|y. 

8. Reduce | of | of f of J of | of 4 of -J of | to its 
simplest form. Ans. }, 

9. Reduce /^ of -V'' of H of H to its simplest form. 

Ans. TTTT^f* ^ 

10. Reduce ^ of ^1 of |f of | j to its simplest form. 

Anv 1 3 • 
Ans. TJTI- 



31* To reduce fractions to a common denominator, 
we have this 

RULE. 

Reduce mixed numbers to improper fractions — com'" 

pound fractions to their simplest form. Then multiply 

each numerator by all the denominators y except its own, 

for a new numerator^ and all the denominato7's together 

for a common denominator. 

It is obvious that this process will give the same de- 
nominator to each fraction, viz : the product of all the 
denominators. 

It is also obvious that the values of the fractions will 

not be chanced, since both numerator and denominator 

4* 
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are multiplied by the same quantity, viz : the product of 
all the denominators except its own. 

EXAMPLES. 

1. Reduce -J-, f of f, xV> ^^^ i of h ^^ equivalent 
fractions having a common denominator. 

These fractions, when reduced to their simplest form, 

The new numerator of the first fraction islx3xllx 
9=297. 

The new numerator of the second fraction is 2 x 2 x 
11x9=396. 

The new numerator of the third fraction is 3 x 2 x 3 x 
= 162. 

The new numerator of the fourth fraction is 2x2x3 
X 11 = 122. 

The common denominator is 2x3x11x9 = 594. 

Therefore, the fractions, when reduced to a common 
denominator, are ff J, |f|, if J, and J^f . 

2. Reduce | of |, yV of "VS ^"^ f f» to equivalent 
fractions having a common denominator. 

An^ 2 0_qp. 19 6.8 onri 2240 

i-l/tO. 2 2 It 6' 22 9ti> «'»*'-l 3 2»d" 

3. Reduce j^yj It of fy, and |-J, to equivalent frac 
tions having a common denominator. 

AriQ i.111 c 1 4 f) «nrl 76 8 7 
yi/to. 8 04 i> 8 0"4T> "^'^ To TV* 

4. Reduce |f , f j, JJ, and || to equivalent fractions 
having a common denominator. 

ArtV 2463599 204R821 2fl(*1700 2T.'>4r-i23 

-n/fo. -3 1 oT 2TT» 3^T<rT2TT> 2rTo6'2TT' aTo^lfsTTT* 

5. Reduce ^f , f |, and yVy, to fractions having a com- 
mon denominator. Ans, ^Hih jHHh iriHr- 

6. Reduce j^^, and ]fM» to fractions having a com- 
mon denominator. Ans. tVVtttt* HItH^ • 
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!• To reduce fractions to their least common de- 
nominators, we have this 

RULE. 

Reduce the fractions to their simplest form. Then 

find the least common multiple of their denominators^ 

{by Rule under Art, 10, or Rule under Art, 11,) which 

will be their least common denominator. Divide this 

m 

common denominator by the respective denominators of 
the given fractions ; multiply the quotients by their 
respective numercUoj's^ and the products will be the new 
numerator. 

The correctness of the above rule may be shown in 
the same way as was that of the preceding rule. 

EXAMPLES. 

1. Reduce ^ of f of yV, aV? and y'V, to equivalent 
fractions having the least common denominator. 

These fractions, when reduced to their simplest form, 
become |, /o, and ^j. The least common multiple of 
the denominators 8, 20, and 15, is 120= common de- 
nominator. 

New numerator of the first fraction is -^f^xl = 15. 
" " of the second fraction is -V/x 3= 18 

" " of the third fraction is J// X 7=56. 

Hence, the fractions, when reduced to their least com- 
mon denominator, become yV^, yW, and yW- 

2. Reduce | of |, 4^, and j\, to equivalent fractions 
having the least common denominator. 

Ans. a, II, and ^V. 

3. Reduce | of y\ of j-f of i|, ^i, and 7^, to fractions 
having the least common denominator. 

^^' if. ih and "SV- 
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4. Reduce H of U of tt of 'tS 6|, and /j, to frac- 
tions having the least common denominator. 

Ans. f , -^Y^, and f . 

6. Reduce f of f | of j\ of f|, /^ of ^\, and ^V of 
If, to fractions having the least common denominator. 

Anc 11701^0 l_9 4481 422576 

6. Reduce -'t^S 11t> ^i"^ ''^aVj ^o fractions having the 
least common denominator. Ans» |f f, V/tS -Wt^* 

7. Reduce ^ of 4 of f | of ||, 3/j, and 10/y, to frac- 
tions having the least common denominator. 

Arts -®- -'-''-<- ^-*«-4 

8. Reduce i|, Jf of ||, and |^, to fractions having the 
least common denominator. Ans. |Hf > ii^U Hlf • 

9. Reduce 34, 5|, S^^, and 11 ^V> to fractions having 
the least common denominator. 

AviQ i.840 8008 8085 17360 

Ans. fifir> T54T> TTTT> TTTT"- 



ADDITION OF FRACTIONS. 

33* SapposE we wish to add ^ and J. We know 
that so long as these fractions are of different denomi- 
nators they cannot be added ; we will, therefore, reduce 
them to a common denominator ; we thus obtain ^ = |f, 
| = ||. Now, taking their sum, we get ^ + i = H+H 

35 ^^ ^*' 
Hence, to add fractions, we have this 

RULE. 

Reduce the fractions to a common denominator^ and 
take the sum of the numerators, under which place the 
common denominator^ and it will give the sum required. 
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EXAMPLES. 

1. Add the fractions | of 4, j\ of -^S and 5}, 

These fractions, reduced to their least common denomi- 
nator, are y\, tt> a"d f f ; and their sum is 

5+74-72 84 ^ 

2. Add the fractions tV> h tVj and ^V- 

Ans, |1=2tV 

3. Add the fractions f of i, tV> and 4^. 

Ans. f|=6yV 

4. Add the fractions |, f , |^, and •^. 

5. What is the sum of /^, ||, and ^| ? 

Ans. W=l*f 
6» What is the sum of f f J, Hi> and | ? 

7. What is the sum of |f , f |, and J T 

Ans. Hi=2iih 

8. What is the sum of \ of 4^, ^\ of Gj, and f ? 

Ans. SoJTr — •'slTTT* 

9. What is the sum of ^, ^, |, |, f , and ^V ^ 

10. What is the sum of |, |, |, |, |, and /y ? 

Ans. 4. 

11. What is the sum of l{, 21, 3^, 4^, and 5i? 

Aiz^. 16^. 
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SUBTRACTIOIS OF FRACTIONS. 

34* To subtract one fraction from another, we have 
this 

RULE. 

Reduce the fractions to a common denominator, and 
subtract the numerator of the subtrahend from that of 
the minuend ; place the common denominator under the 
difference. 

EXAMPLES. 

1. From t't subtract fV« 

These fractions, when reduced to their least common 
denominator, become 3Vy, ^Vr. Therefore, tt— /t= 

3 8 8 5 

TTT"~1TT— 3TT' 

2. From H subtract ^V -A^- tVtt- 

3. From 2 J subtract {i Ans. f^ = l|i. 

4. From | of j^j of 4 subtract | of j%» Ans. //y. 

5. From j\ subtract j\. Ans. ||f.. 

6. From j%\ subtract j^}^. Ans. jV/tYt- 

7. From If subtract 7^. Ans. ^VtV- 

8. From 3^ subtract 2|. Ans. ||. 

9. From } of 4} subtract f . Ans. ||J. 

10. From |f of j% subtract r^^ of f . Ans. -yiJf y. 

11. From /g of | subtract /y. Ans. ^VV. 

12. From || subtract |f. iln^. -flff. 
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MULTIPLICATION OF FRACTIONS. 

Let it be required to multiply -J by 4. 

We have seen (under Art. 20,) that | multiplied by 
4 is the same as J of 4- Therefore, we must use the 
same rule for multiplying fractions as for reducing com- 
pound fractions. 

Hence, to multiply together fractions, we have this 

RULE. 

Multi])ly all the numerators together for a new nu^ 
merator, and all the denominators together for a new 
denominator, always observing to reject or cancel such 
factors as are common to both numerators and denomi- 
nators. 

EXAMPLES. 

1. Multiply together the fractions j\, ff, J, and |. 
Expressing the multiplication, we obtain A X ff^ X ^ X I- 

Canceling the 3 and 7 of the numerators, against 21 

of the denominators, also the 11 of the denominators 

against a part of the 22 of the numerators, we get 

2 
$_ f^ ^ 12 2 

W^;^r^9^3~9x3~27' 

2. Multiply together the fractions j\, ||, ||, and i. 
Indicating the multiplication,, we get yV X |J x || X |-. 

Canceling the 1 1 of the denominators, against a part of 

the 55 of the numerators, also the 7 of the numerators, 

against a part of the 35 of the denominators, we obtain 

5 

^ 21 $$ 4: 



ri 
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Again, canceling the 5, which is common to both numer- 
ators and denominators, also the factor 7, which is com- 
mon to 21 of the numerators, and to 42 of the denomi- 
nators, we get 

3 $ 
^ W ^ 4 

6 

Finally, canceling the 3 of the numerators, against a part 
of the 9 of the denominators, and the factor 2, which is 
common to the 4 of the numerators, and to the 6 of the 
denominators, we obtain 

$ 2 



_ tX^ $$ 4 2 2 

$ $ S 
3 

NoT£. — A little practice will enable the student to perform these 
operations of canceling xyith great ease and rapidity. And since, 
as was remarked under Art. 30, it is immaterial which factors are 
first canceled, the simplicity of the work must depend much upon 
his skill or ingenuity. 

3. Multiply together the fractions y^^, i-\» ^"^ H« 

Ans. yV* 

4. Multiply together the fractions U, |J, |f , yV- 

Ans. yV- 

5. Multiply together the fractions -J, 3|, \ of |f, and 

6. Multiply together the fractions f , f , 4» ^"^ ^j. 

Ans. tW- 

7. Multiply together ^, |, ^f , and |, Ans. ^V- 

8. Multiply together fV> rh lf> ^^^ h An$. i- 

9. Multiply togethtr }« ^^ ft^ \^ |i and i. Ana, ^. 
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10. Multiply together |, |, i, tt> f i aiid |. 



DIVISION OF FRACTIONS. 

36. Let it be required to divide 4 by f . 
We kiiow that ^ can be divided by 6, by multiplying 
the denominator by 5, (see Prop. XL, Art. 16,) which 

gives ^g. 

Now, since f is but one-eighth of 5, it follows that 4» 
divided by f , must be eight times as great as 4 divided 

by 6. .'. 4> divided by f , must be From this, 

we see that 4 has been multiplied by |, when inverted. 
Hence, to divide one fraction by another, we have this 

RULE. 

Reduce the fractions to their simplest form. Invert 
the divisor, and then proceed as in multiplication, 

EXAMPLES. 

1. Divide H by ff. 

Inverting the divisor, and then multiplying, we obtain 

H X li > which, by canceling, becomes — x 5rj=Q- 

4 2 

2. Divide i|J by ^H- ^w^- ^4^=304. 

3. Divide a by ^Vt. Ans. VtV/=2UH. 

4. Divide H by -V*- -A'*^- y't- 
6. Divide 4 J by I7f An*. M- 
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6. Divide i of 44 by | of f. Am. J//=4ff 

7. Divide ^ of | of 7 by J/ of 6. 

fi niviHft 11 Kv 2 8 



6. Divide i ot 44 by | of f . 

7. Divide ^ of | of 7 by J/ of 6. 

8. Divide ^ by ||. 

9. Divide ^ of f of J by | of f 
10. Divide ^V of j\ of V- by A- 



Ans. ^}. 
Ans. sW. 



COMPLEX FRACTIONS. 

37. Sometimes fractions occur, in v\rhich the nu- 
merator, or denominator, or both, are already fractional. 

2 a 3 1 

Thus, -» I' 7' "7 • such fractions are called com- 
2)Zea7 fractions. 



REDUCTION OF COMPLEX FRACTIONS. 

38. Since the value of a fraction is the quotient 
arising from dividing the numerator by the denominator, 

2 

it follows that the complex fraction — is the same as 

f 
2-^=-'/=4|. Again, |=|-f=f 

8 

Hence, to reduce a complex fraction to a simple one, 
we have this 

RULE. 

Divide the numerator of the complex fraction by the 
denominator, according to l^ule under Art. 90« 



EXAMPLES. 

3- 
Dividing 4^=^ by 3|=JyS we get |*=1t\. 



1. Reduce — ^ to a simple fraction 
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.« 

2. Reduce -^ to a simple fraction. Ans. ^j 

3. Reduce -^ to a simple fraction. Ans. ff =3f| 

4. Reduce r| to a simple fraction. 

Ans. \Y=Hh 

J 3. 

5. Reduce -^ to a simple fraction. Ans. ff • 

6 '^ 

6. Reduce -^ to a simple fraction. Ans. f f • 



7. Reduce — J— to a simple fraction. 

Ans. ■y=8*- 

3 Qf 7 

8. Reduce |—jr^ to a simple fraction. Anj. •V*=4f 

•o Ot T 



T 



6+- 
9. Reduce J to a simple fraction. Ans. 4|. 

7+i 

10 * 
10. Reduce — ^ to a simple fraction. Ans. }f f }• 



REDUCTION OF FRACTIONS 

TO A GIVEN DENOMINATOR. 

30, Suppose we wish to change the fraction | to an 
equivalent one, having 6 for its denominator. ^ 

It is obvious that if we first multiply f by 6, and then 
divide the product by 6, its value will not be altered. 

By this means, we find that ^=:i-— -=~-=-^, 
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Hence, to reduce a fraction to an equiralent one hav- 
ing a given denominator, we have this 



RULE. 

Multiply the fraction by the number which is to be 
the given denominator, {see Rule under Art. ftSy) under 
which place the given denominator, and it will be the 
fraction required, 

EXAMPLES. 

1. Reduce ^ to an equivalent fraction having 8 for its 
denominator. 

In this example, we first multiply ^ by 8, which gives 

^-^ ; therefore, placing 8 under ^^, we get — =— for 



the fraction required. 

J 2. Reduce fV to an equivalent fraction having 12 for 

Us denominator. ^ 33 

Ans. -i^« 
12 

3. Reduce || to an equivalent fraction having 7 for 

its denominator. ^ 9tV 

Ans. -II. 

7 

3' 1^ 

4. Reduce |, -I> \, and -^ to fractions having 12 for 

their common denominators. 

Ans. tV> tV tV> and /^ 

5. Reduce \, tt> tV> and tV) ^^ fractions having 100 
for their common denominator. 



^^- Too' m iS' ^^ tJ5- 
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6. Reduce j^, |, i, j, and |, to fractions having 30 for 

their common denominator. 

. 15 10 7i 6 J 6 

Ans. — • — • — i» — • and — 
30 30 30 30 30" 



REDUCTION OF DENOMINATE FRACTIONS. 

30. A denominate fraction is a fraction of a number 
of a particular denomination. Thus, | of a foot, | of a 
yard, | of a dollar, and f of a shilling are denominate 
fractions. 

Reduction of denominate fractions is the changing of 
them from one denomination to another, without altering 
their values. 



31. Suppose we wish to reduce -^ij of a pound ster- 
Hng to an equivalent fraction of a farthing, we proceed 
as follows : Since there are 20 shillings in 1 pound, it 
follows that ^7o of a pound is the same as 20 times j^^ 
of a shilling, and this is also the same as 12 times 20 
times ^^7 of a penny; which, in turn, is 4 times 12 
times 20 times ^77 of a farthing. Hence, j}j of a 
pound sterling is equivalent to j}^ of ^^ of -y- of f of a ' 
farthing. 

Again, let us reduce | of a farthing to an equivalent 

fraction of a pound sterling. In this case, we must use 

the reciprocals of W -VS | ; we thus find that | of a 

farthing is equivalent to | of J of yV> of jV of * pound 

sterling. 

6* 
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Heuce, to reduce fractions of one denominate value 
to equivalent fractions of other denominate values, we 
have this 

RULE. 

I. When the given fraction is to be reduced to a 
higher denominationj multiply it by a compound frac- 
tion whose terms are the reciprocals of the successive 
denominate values^ included between the denomination 
of the given fraction, and the one to which it is to be 
reduced, 

II. When the given fraction is to be reduced to a 
lower denomination, then multiply it by a compound 
fraction whose terms have units for their denominators, 
and for numerators the successive denominate values 
included between the denomination of the given fraction 
and the one to which it is to be reduced. 

EXAMPLES. 

1. Reduce f of an inch to the fraction of a mile. 

In this example, the different denominate values be- 
tween an inch and a mile are 12 inches, 16^=^ feet, 
40 rods, and 8 furlongs; /. our compound fraction is 
tV of -ft of ViT of i; which, multiplied by the given 
fraction, produces -f of iV of -ft of -jV of i ; canceling 
the 3 and 2 of the numerators, against a part of the 12 
of the denominators, we get, 

$ 1 ^ 1 1__ 

8^ J^^ 33^40^8" ^'^''^^• 
2 

Therefore, f of an inch is equivalent to m\i9 of a 
mile. 
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2. Reduce rrhr^ of a solar day to an equivalent frac- 
tion of a second. 

In this example, the successive denominate values 
between a solar day and a second, are 24 hours, 60 min- 
utes, and 60 seconds ; therefore, our compound fraction 
is -^ of ^ of ^ ; which, multiplied by the given frac- 
tion, becomes TTbinr of -V" of ^i^ of \~ ; this becomes, 
after canceling like factors, A^ of a second. 

3. Reduce i^ of a yard to the fraction of a mile. 

Ans. 4/0 6 . 

4. Reduce ii of a gill to the fraction of a gallon. 

Ans, TvT« 
6. Reduce -J^J of a pound to the fraction of a ton. 

Ja.7lS% ^ a U* 

6. Reduce i of a mile to feet. Ans. 1760 feet. 

7. Reduce i^ of i of f of a yard to the fraction of a 
mile. Ans, TrJnr* 

8. Reduce i of i of fi of a gallon to the fraction of 
a gill. Ans. f . 

9. Reduce 1 of i of a hogshead of wine to the frac- 
tion of a gill. Ans. ^^^=b91\ gills. 

10. Reduce ^ of f of 4i yards to the fraction of an 
inch. Ans. -^^=34^ inches. 

11. Reduce i of -^ of a farthing to the fraction of a 
shilling. Ans. tsSt' 

12. Reduce -fj of an ounce to the fraction of a pound 
avoirdupois. Ans. tJt' 



33. To find what fractional part one quantity is of 

another of the same kind, but of different denominations. 

Suppose we wish to know what part of 1 yard 2 feet 
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3 inches is ; we reduce 1 yard to inches, which gives 
1 yard =36 inches; we also reduce 2 feet 3 inches to 
inches, which gives 2 feet 3 inches = 27 inches. Now 
it is obvious that 2 feet 3 inches is the same part of one 
yard that 27 is of 36, which is if =i. 

Hence, we deduce this 

RULE. 

Red/uce the given quantities to the lowest dtnomination 
mentioned in either; then divide the number ^ which is to 
become the fractional party by the other number. 

EXAMPLES. 

1. What part of £3 4 s. 1 d. is 2 s. 6d.? 

In this example, the quantities, when reduced, be- 
come £3 4 s. ld.=769d.; and 2 s. 6d.=30d.; there- 
fore -ifVV is the fractional part which 2 s. 6 d. is of £3 
4s. Id. 

2. What part of 3 miles 40 rods is 27 feet 9 inches ? 

3. What part of a day is 17 minutes 4 seconds ? 

Ans, -rfy. 

4. What part of $700 is $5.30 ? Ans, rg^. 

5. What fractional part of 2 hogsheads is 3 pints ? 

Ans. rir- 

6. What part of $3 is 2i cents ? Ans. -ri-u. 

7. What part of 10 shillings 8 pence is 3 shillings 
1 penny ? Ans. -ft^. 

8. What part of 100 acres is 63 acres, 2 roods, and 
7 rods of land? Ans. +H-U. 
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33. To reduce a fraction of any given denomination 
to whole denominate numbers. 

Suppose we wish to know the value of -} of a yard ; 
we know that i of a yard equals -f of f of a quaTter=f 
of a quarter= 1 quarter + i of a quarter. 

Again, i of a quarter equals i of f of a nail=2 nails. 
Therefore, i of a yard equals 1 quarter 2 nails. Hence, 
we deduce this 

RULE. 

Multiply the numerator by the units in the next infe- 
rior denominate value^ and divide the product by the 
denominator; multiply the remainder , if any^ by the next 
lower denominate valuer and again divide the product by 
the denominator ; continue this process until there is no 
remainder^ or until we reach the lowest denominate value. 
The successive quotients will form the successive denomi- 
nate values. 

EXAMPLES. 

1. What is the value of -fr of an hour? 

In tliis example, ^ of an hour= A of V^ of a minute 
= 12 minutes. 

2. What is the value of f of 1 yard ? 

Ans. 1 quarter, 2f nails. 

3. What is the value of i of 1 of one mile ? 

Ans. 1 furlong, 20 rods. 

4. What is the value of f of f of 1 cwt.? 

Ans. 1 quarter, 12 pounds. 

6. What is the value of f of 14 miles, 6 furlongs ? 

Ans. 2 miliss, 3 furlongs, 26 rods, 11 feet. 
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6. What is the value of i of f of 2 days of 24 hours 
each ? Ans, 9 hours, 36 minutes. 

7. What is the value of i of i of A of an hour ? 

Ans. 5 minutes, 37i seconds. 

8. What is the value of i of i of 9 hours and 18 min« 
utes ? Ans, 1 hour, 33 minutes. 
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CHAPTER III. 

DECIMAL FRACTIONS. 

34* A DECIMAL FRACTION is that particular form of a 
vulgar fraction whose denominator consists of a unit 
followed by one or more ciphers. 

Thus, j%, yVyj toVttj and tVoVitj are decimal fractions. 

In practice, the denominators of decimal fractions are 
not written, but they are always understood. 

Thus, instead of j\, ttit* T?JTr» and ttItt* we write 
0-3, 0-07, 0-037, and 0*0001 . 

The first figure on the right of the period, or decimal 
point, is said to be in the place of tenths, the second figure 
is said to be in the place of hundredths, the third in the 
place of thousandths, and so on, decreasing from the left 
towards the right, in a ten-fold ratio, the same as in 
whole numbers. The following table will exhibit this 
more clearly. 

NUMERATION TABLE 
OF WHOLE NUMBERS AND DECIMALS.* 




333333333 33 3333333333 

ASCENDING. -t3I K^ DESCENDING. 



♦ This table is in accordance with the French method of number- 
ing, where each period of three figures changes its denominate value. 
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EXAMPLES. 

1. Write 7 tenths; 365 thousandths; 75 millionths. 

Arts, 0-7 ; 0365 ; 0-000075. 
2 Write 37 hundredths ; 5 tenths ; 3781 ten millionths. 

Am. 0-37; 05; 00003781. 

3. Write 43 hundredths ; 3456 ten thousandths. 

Am. 0-43; 03456. 

4. Write 13 billionths ; 3 ten billionths. 

Am. 0000000013; 0-0000000003. 



3ff« Since decimals, Uke whole numbers, decrease 
from the left towards the right, in a ten-fold ratio, they 
may, when connected together by means of the deci- 
mal point, be operated upon by precisely the same rules 
as for whole numbers, provided we are careful to keep 
the decimal point always in the right place. 

Annexing a cipher to a decimal, does not change its 
value. Thus, 0-3=0-30=0-300=, &c. But prefixing 
a cipher is the same as removing the decimal figures one 
place further to the right, and, therefore, each cipher 
thus prefixed reduces the value in a ten-fold ratio. 

Thus, 0-3 is ten times 0*03, or a hundred times 0-003. 



ADDITION OF DECIMALS. 

\. From what has been said under Art. 3ff, we 
deduce the following- 

RULE. 

PUice the numbers so that the decimal points shall he 
directly over each other ^ and then add as in whole numbers. 
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EXAMPLJBS. 

1. Find the sum of 47-3; 37-672; 1-789101; 88*9134, 
and 0-0037. 

OperoHon. 

47-3 
37-672 

1-789101 
88-9134 

0-0037 



Ans. 175-678201. 

2. What is the sum of 0*67; 0-0371 ; llOO'OOOl ; 
47-5 ; 29-0037 ; 1-000005, and 33-033? 

Ans. 1211-243905. 

3. What is the sum of 1-8 ; 40-06 ; 120-365 ; 47*003 ; 

1100-0001 ; 31-11101, and 3-0001 ? 

Ans. 1343-33921. 

4. What is the sum of 1329; 14-2835; 111-117; 
4-006 ; 67-88864, and 496-446 ? Ans. 707-03114. 

5. What is the sum of 37-345; 8-26; 19*0005; 7-534; 
10-94, and 103729 ? Ans. 186-8085. 

6. What is the sum of 0-90058 ; 7-634 ; 3-007956, 
and 1-1 ? Ans. 12-642536. 

7. What is the sum of 47-635 ; 3*13 ; 0-003001 ; 

4-5787; 0-40005, and 4112-3789? 

Ans. 4168-125651. 

8. What is the sum of 17-154 ; 32*004501 ; 49-345; 
6*4, and 1-0005? Ans. 105-904001. 

9. What is the sum of 4*996 ; 38-37; 421-633; 5-65, 
and 4*29 ? Ans. 474*939. 

10. What is the sum of 57*41 ; 366-0001, and I'lOl ? 

Ans. 423*611 1, 
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11. What is the sum of 2-4999 ; 47-121212 ; 0-1, and 
411-001 ? Arts. 460-722112. 

12. What is the sum of 433-9 ; 777-5 ; 67-06, and 
36-88? Am. 1314-34. 



SUBTRACTION OP DECIMALS. 

37* From \vhat has been said under Art. 39, we 
infer the following 

RULE. 

Place the smaller number under the larger, so that the 
decimal point of the one may be directly under that of 
the other. Then proceed as in subtraction of whole 
numbers. 

EXAMPLES. 

1. From 213-5734 subtract 87-657237. 

Operation, 

213-5734 
87-657237 



Ans. 125-916163, 

2. From 385-76943 subtract 72*57. 

Ans. 313-19943. 

3. From 0-975 subtract 0*483764. 

Ans. 0-491236. 

4. From 0-5 subtract 0-0003, Ans. 0-4997. 

5. From 96*5 subtract 0-000783. 

Ans. 96-499217. 

6. From 23*005 subtract 13000378. 

Ans. 10004622. 
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7. From 110001001 subtract 11*010002. 

Ans. 98-990999. 



MULTIPLICATION OP DECIMALS. 

88. Let us multiply 0*47 by 0'6, If we put these 
decimals in the form of vulgar fractions, they will be- 
come yWy s^d tV> these, multiplied by Rule under 
Art, 9S, give yVr X t% = titVt- Now it is obvious that 
there will be, in all cases, as many ciphers in the de- 
nominator of the product as there are in the denominators 
of both the factors added together. 

Hence, the following 

RULE. 

Multiply the two factors after the same manner as in 
whole numbers ; then point off^ from the right qf the 
product, as manyfgures for decimals as there are deci- 
mal places in both the factors. If there are not so many 
places of figureSy supply the deficiency by prefixing 
ciphers. 

EXAMPLES. 

1. Multiply 3-753 by 1-656. 

3-753 
1-656 

22518 
18765 
22518 
3753 

Ans. 6-214968. 
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2. What is the product of 0-006 into 0-017? 

Arts. 0-000085. 

3. What is the product of 0376 into 0-0076894 ? 

Ans. 0-0028912144. 

4. What is the product of 0-676 into 0-3854 ? 

Ans. 0-2219904. 

5. What is the product of 0-43 into 0-65 ? 

Ans. 0-2796. 

6. What is the product of 3*9765 into 4-378? 

Ans. 17-409117. 

7. What is the product of 415-314 into 7-3004 ? 

Ans. 3031-9583256. 

8. What is the product of 7-42 into 11-1415? 

Ans. 82-66993. 



ABRIDGED MULTIPLICATION OP DECIMALS. 

39. Abridged multiplication may be advantageously 
employed, when one or both of the factors are expressed 
approximately in decimals. 

Suppose we wish the product of | and }; if we 

employ the rule under Art. JK5, we shall find ^x} 
1 

— TT« 

In decimals, we have ^=033333, &c. ; | =0-16666, 
&c., and tV = ^*^5555, &c. 

We will now multiply together the decimal values of 
I, and i, employing, in the first operation, 3 decimal 
places in each factor; 4 places in the second operation, 
and 5 in the third, as follows : 



ABRIDa£D MULTII^LICATION OF DECIMALS. ^ 



JF^rst Operation, $ecand Operation. T%ird OperaHtm. 

0-333 0-3333 033333 

01 66 0-1666 0-16666 

, 1 998 1 9998 1 99998 

19 98 19 998 19 9998 

33 3 199 98 199 998 

333 3 1999 98 

00555,2778 3333 3 



0055,278 



005555,27778 

In the first operation, the result is true to only 3 places 
of decimals ; in the second, it is true to 4, and in the 
third, to 5 ; and were we to employ a greater number of 
decimals in each factor, the product would be found to 
be accurate to only as many decimal places as there were 
in each factor. And in all cases, when the factors are 
approximate decimals, the whole number of decimals 
obtained in the product, by the usual method of mul- 
tiplication, is not accurate. 

By the following rule, we may very much abridge the 
labor of multiplying, and still obtain the product with the 
same degree of accuracy as by the usual rule. 

Our rule for contracting the work of multiplying deci- 
mals, is as follows : 

RULE. 

I. Multiply the multiplicand by the left-hand Jigure 
of the multiplier. 

II Multiply the multiplicand, deprived of its rights 

hand figure, by the second figure of the multiplier, 

counting from the left. 

III. Multiply the multiplicand, deprived of its two 

6* 
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right-hand figures^ by the third figure of the multiplier^ 
counting froni the left. 

Continue this process until all the figures of the mul- 
tiplier have been used. Observe to place the successive 
products so that their right-hand figures shall be directly 
under each other. 

Note. — In omitting successively the dijfferent figures on the right 
of the multiplicand, we must so far use them as to determine what 
there would be to carry into the next column. 

The student may, perhaps, find some difficulty in fixing the deci- 
mal point in the right place. Whenever he is at a loss in this 
respect, he can multiply a few of the left-hand figures of each factor 
by the common method, by which means he will be enabled to 
determine the true place for the decimal point. 

Or, which perhaps would be more simple, let the decimal point 
be fixed in the first partial product, which may be done by the usual 
rules for decimuls. 

EXAMPLES. 

1. Multiply 0-37894 by 067452. 

Operation. 

0-37894 
0-67452 



0-227364 

26526 

1516 

189 

r 7 

Ans. 0-255602 

Eocplanation, 

First. We multiply the multiplicand 0-37894 by 6, 
the left-hand figure of the multiplier, which gives the 
first partial product, 227364 
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Secondly, We multiply 0* 3789, which is the multi- 
plicand deprived of its right-hand figure, by 7, the second 
figure of the multipUer, observing to carry 3, since the 
figure cut off, multiplied by 7, gives 28, which is nearer 
30 than 20 ; we thus obtain 26526 for the second partial 
product. 

Thirdly, Multiplying 0378 by 4, observing to carry 
4, we obtain 1516 for the third partial product. 

Fourthly, Multiplying 0*37 by 5, observing to carry 
4, we obtain 189 for the fourth partial product. 

Fifthly, Multiplying 0*3 by 2, observing to carry 1, 
we get 7 for the fifth partial product. 

As a second example, we will find the product of \ 
by I, using in the first operation, 3 decimal places in 
each factor ; in the second operation, we will use 4, and 
in the third, we will use 5, as follows : 

F^TSi OpcreUion. Second Operation. Third Operation, 

0-333 0-3333 033333 

0-166 0-1666 0-16666 



0-0333 


003333 


• 0-033333 


200 


2000 


20000 


20 


200 


2000 


0-0553 


20 


200 




0-05553 


20 



0-055553 

From the above work, it will be seen that the results 
of these three operations have the same degree of accu 
racy as when performed by the usual rule. 

3. Multiply 0-3785 by 0-4673. 
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Operation. 
0-3785 
0-4673 

0-15140 

2271 

265 

11 

Ans. 0-17687 
4. Multiply 0-00524486 by 0-99993682. 

Operation. 

000524486 
-99993682 

0-004720374 

472037 

47204 

4720 

157 

31 

4 

Ans. 0-005244527 
6. Multiply 108-2808251671 by 1-9614691767. 

Operation. 

108-2808251671 
1-9614591767 

• 

108-2808251671 

97 4527426504 

6 4968495100 

1082808252 

433123301 

54140412 

9745274 

108281 

75796 

6497 

758 

Ans. 212-3884181846 
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6. Multiply 00094 165 17988 by 0*999936883996. 

Ans. 00094 1 69236648. 

7. Multiply 00000376229 by 00000275 177. 

Ans. OObOOOOOO 1032543. 

8. Multiply 0-999936883996 by 0-999956663612. 

Ans. 0-9998925504063. 

9. Multiply 0-587401052 by 0018468950. 

Ans. 0-0108486807. 

10. Multiply 91-6264232009 by 00172021234. 

Ans. 1-576169038601. 

11. Multiply 212-3880258928 into itself. 

Ans. 46108-67354264. 



DIVISION OP DECIMALS. 

4:0* In multiplication, we have seen that there are 
as many decimal places in the product as there are in 
both the factors ; and, since division is the reverse of 
multiplication, it follows that the number of decimal 
places in the quotient must equal the excess of those in 
the dividend, above those of the divisor. Hence, to 
divide one decimal expression by another, we have this 

RULE. 

Divide as in whole numbers, and point off as many 
places from the right of the quotient, for decimals, as 
the decimal places in the dividend exceed those of the 
divisor. If there are not as many figures in the quo- 
tient as this excess, supply the deficiency by pr^ixing 
ciphers^ 
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EXAMPLES. 

1. Divide 3-475 by 4-789. 

Operati4m. 
4-789)3-475000(0-726 
3 3523 



12270 
9578 



26920 
23945 

2975 



In this example, the number of decimal places in the 
dividend, including the ciphers which were annexed, is 
6, whilst the number of places in the divisor is 3 ; there- 
fore, we make 3 places of decimals in the quotient. We 
might continue to annex ciphers to the remainder, and 
thus obtain additional decimal figures. 

2. What is the quotient of 78*56453 divided by 4*78 ? 

Ans. 16-436. 

3. What is*the quotient of 1561-275 divided by 24-3? 

Ans. 64-25. 

4. What is the quotient of 0-264 divided by 0*2 ? 

Ans. 1-32. 
6. What is the quotient of 3-52275 divided by 3-355 ? 

Ans. 1-05. 
6. What is the quotient of 901-125 divided by 2*25? 

Ans. 400-5. 



ABRIDGED DIVISION OF DECIMALS. 

41. If we divide 030679006 by 0-27610603, by the 

last rule, our work will be as follows : 
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Operation. 

0-27610603)0'30679006(1-1 111313 

27610603 

3068403 
2761060 3 


307342 70 
276106 03 


31236 670 
27610 603 


3626 0670 
2761 0603 


865 00670 
828 31809 


36 
27 


688610 
610603 


9 

8 


0780070 
2831809 



[7948261 
By simply inspecting the above work, it is obvious 
that all that part of the work which is on the right of 
the vertical line can in no way affect the accuracy of 
our quotient figures. By the following rule, we may 
perform the work of division so as to exclude all that part 
of the work on the right of the vertical line, thereby 
shortening the work, and still obtaining as accurate a 
result as by the last rule. 

To contract the work in the division of decimals, we 
have this 

RULE. 

Proceed as in the last rule, until we reach that point 
of the work where it would he necessary to annex ciphers 
to the remainder. Then, instead of annexing a cipher 
to the remainder, omit the right-hand figure of the divi- 
soTf and we shall obtain the next figure of the quotient ; 
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and thus continue^ at each successive figure of the quo* 
tienty to omit the right-hand figure of the divisor^ until 
there is but one figure in the remainder. 

Note. — ^If we regard the dividend as the numerator of a frac- 
tion whose denominator is the divisor, the quotient will be the value 
of such fraction. Annexing a cipher to the numerator of a fraction 
is equivalent to multiplying its value by 10, and omitting the right- 
hand figure of the denominator is also equivalent to multiplying the 
value of the fraction by 10. Hence, in the operation of division of 
decimals, instead of annexing a cipher to the dividend, as in the 
ordinary rules, we may, instead thereof, omit the right-hand figure 
of the divisor, as in the foregoing rule. 

EXAMPLES. 

1. What is the quotient of 365'424907 divided by 
0-263803 ? 

Operation, 

0-263803)365-424907(1385-21892 
263 803 

101 6219 
79 1409 



22 48100 
21 10424 

1 376767 
1 319015 

57752 
52761 

4991 
2638 

2353 
2110 

243 
237 

6 
6 

T 
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2. What is the quotient of 0*123456 diyided bv 
1-912478? 

Operation. 

1 -91 2478)0- 1 23456(0064662 
1 14748 

8708 
7650 

1058 
956 

102 
96 

6 
4 

2 

3. What is the quotient of 0-52600000 divided by 

0-5260202 ? 

Operaiion. 

0-5260202)0-52600000(0-9999616 

47341818 

5258182 
4734182 

524000 
473418 

50582 
47342 

3240 
3156 



84 
63 

31 
31 



4. What is the quotient of 7-46678 divided by 
4-56789? Ans, 1*63248. 
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6. What is the quotient of 7-632038 divided by 
3-716048? Arts. 2053805. 

6. What is the quotient of 2 divided by 15-314865? 

Arts. 01 3059207. 

7. What is the quotient of 0*926954 divided by 
0-3547898? Ans. 2-612685. 

8. What is the quotient of 13-75892 divided by 
6-76897? Ans. 2-03264. 



49, To change a vulgar fraction into an equivalent 
decimal fraction. 

It is obvious that the rule under Art. 33 will apply 
to this case by considering all the denominate values as 
decreasing regularly in a ten-fold ratio. Hence, this 

RULE. 

Annex a cipher to the numerator, and then divide by 
the denominator ; to the remainder annex another cipher^ 
and again divide by the denominator, and so continue, 
until there is no remainder, or until we have obtained 
as many decimal figures as may be desired. The suc- 
cessive quotients will be the successive decimal figures 
required. 

EXAMPLES. 

1. What decimal fraction is equivalent to yV ^ 

Operation. 

16)100(00625 • 
96 

40 
32 

80 
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2. What decimal is equivalent to yV ? 

Am. 0'05555, &c. 

3. What decimal is equivalent to ^V^ ^'^^ 0*05. 

4. What decimal is equivalent to -^j ? Ans. 0*04. 

5. What decimal is equivalent to | ? 

Am. 0'3333, &c. 

6. What decimal is equivalent to yf j ? 

Ai». 0-048. 

7. What decimal is equivalent to | ? Ans. 0*876. 

8. What decimal is equivalent to | ? Ans. Qrlb. 

Since, in the above process of decimating a vulgar 
fraction, each successive dividend terminates with a zero, 
it follows that the right-hand figure of the remainder may 
be found by multiplying the right-hand figure of the 
denominator of the vulgar fraction by the quotient figure, 
and subtracting the right-hand figure of the product from 
10 ; or, which is the same thing, if we subtract the right- 
hand figure of the denominator from 10, and multiply 
the remainder by any decimal figure, the right-hand 
figure of the product will be the same as the right-hand 
figure of the remainder. 



43. It will often happen, as in examples 2 and 5, of 
the last article, that the process will never terminate, in 
which case there is no decimal value which is accurately 
equal to the viJgar fraction. 

Since we constantly multiplied the remainders by 10, 
it follows that whenever the denominator of the vulgar 
fraction contains no prime factors different from those 
which compose 10, viz., 2 and 5, then the decimal valud 
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will terminate. But, in all other cases, the decimal 
expression must consist of an infinite number of figures. 
Hence, to determine whether a given vulgar fraction 
can be accurately expressed in decimals, we have this 

RULE. 

Decompose the denominator of the vulgar fraction^ 
when reduced to its lowest terms^ into its prime factors, 
{by Ride under Art. T,) then, if there are no prime fac- 
tors different from 2 and 5, the vulgar fraction can be 
accurately expressed by decimals ; but if it contain dif 
f event factorsy it cannot be expressed in decimals, 

EXAMPLES. 

1. Can the vulgar fraction y|y be accurately expressed 
in decimals ? 

In this example, we find that 386=2 x 193 ; so that 
the denominator contains the prime factor, 193, which 
is different firom 2 or 5; consequently, ^f^ cannot be 
accurately expressed in decimals. 

2. Can the vulgar fraction yVV ^^ accurately expressed 
in decimals ? Ans. It cannot, 

3. Can the vulgar fractions, having for denominators 
640, be expressed in decimals accurately ? 

Ans. TTiey can. 



414* When a vulgar fraction can be accurately ex- 
pressed, in decimals, we may determine the number of 
decimal places by the following 
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RULE. 

Decompose the denominator^ after the fraction is re» 
duced to its lowest terms, into its prime factors^ {by rule 
under Art 7,) which factors cannot differ from 2 and 
5, {by rule under Art. 43.) The highest exponent of 
2, or 5, will be the number of decimal places sought, 

EXAMPLES. 

1 . How many places of decimals will be required to 
express ^V- 

In this example, we find 40=2' x 5, where the highest 
exponent is 3 ; therefore, the number of decimal places 
is 3. 

2. How many places of decimals will be required to 
express y| j ? Ans. 3. 

3. How many places of decimals will be required to 

express sWt • -^'^' ^* 

4. How many places of decimals will be required to 
express ||? Ans. 4. 

5. How many places of decimals will be required to 
express j\\ ? Ans. 6. 

6. How many places of decimals will be required to 
express tttt- -^^^ ^• 



4A. When many figures in the decimal are required, 

we may proceed as follows : 

Required the decimal value of ^V ^ 

Following the rule under Art. 49, we get this 

7* 
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Operation. 

29)100(003448 

87 



130 
116 

140 
116 



240 
232 



8 

We have continued this process until we have found 
a remainder consisting of but one figure ; placing this 
remainder, when divided by 29, at the right of the quo- 
tient, agreeably to the usual rules of division, we get, 

I. -g\=0'0S4ASj\, Multiplying this by 8, we get 
''f\=0'275Q6j%. Substituting this value of ^V ^^ !•> 'we 
get, 

II. 3fV=0'03448275865V ; this, multiplied by 6, gives 
3j»Y= 0-206896551 7 aV ; which, substituted in II., gives, 

III. ^V=0034482758620689655173fV. Again multi- 
plying by 7, we get 2V= 0.241 37931 034482758620f^. 
Substituting this in III., we get, 

IV. ^V = 0-034482758620689655 1 724 1 3793 1 034482- 
758620H. 

In the expression yV = 0'03448^V> ^^^ numerator 8, of 
the vulgar fraction ^V, is the fifth remainder ; and in the 
expression ^'7=0*0344827586/^, the numerator 6, of 
the fraction /y, is the tenth remainder ; but this remainder 
6, was obtained by multiplying the 5th remainder, which 
is 8, into itself, and dividing the product, 64, by 29, we 
thus found the remainder, 6. Again, the 20th remainder. 



DECIMATION OF VULGAR FRACTIONS. 79 

which is 7, was found by multiplying the 10th remainder 
into itself, and dividing the product by 29. For a similar 
reason, the remainder of the product of any two remain^ 
ders will give the remainder corresponding with the sum 
of the numbers denoting their order ; thus, the 5th mul- 
tiplied by the 7th, will give the 12th ; the 6th multiplied 
by the 9th will give the 15th, and so on for other com- 
binations. 



46* There is another way of decimating, which is 
as follows: 
Decimate •^\. 
According to rule imder Art. 49, we find, 

97)100(0-01 
97 . 

3 

To continue this process, we must add ciphers to this 
remainder in the same way as we did to the numerator, 
1. Now, the remainder being 3 times as large as the 
first numerator, it follows that the next two decimal 
figures must be 3 times the two just obtained, that is, 
3 X 01 =03 ; and, for a similar reason, we must multiply 
03 by 3, to obtain the next two figures, and so on. 

Proceeding in this way, we find, 

7V = 00103092781 

243 
729 
2187 
6561 
&c. 

^7 = 0-010309278350515, &c. 
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Decimating J by the above- plan, we get 

{=0-248 
16 
32 
64 
128 
256 
&c. 

|=0'249999, <fec., which will con- 
stantly approximate towards 0'25; hence, j^=0'25. 

Decimating | by this method, we get, * 

1=0-1248 
16 
32 
64 
128 
256 
&c. 

1=0-1249999, &c., which will con 
itantly approximate towards 0'125* 



4:7» When the decimal figures, obtained by con- 
verting a vulgar fraction into decimals, do not terminate, 
they must recur in periods, whose number of terms can- 
not exceed the number of units in the denominator, less 
one. For, all the different remainders which occur must 
be less than the denominator ; and, therefore, their num- 
ber cannot exceed the denominator, less one ; and, 
whenever we obtain a remainder like one that has pre- 
viously occurred, then the decimal figures will begin to 
repeat. Decimals which recur in this tvay are called 
repetends. 



COMPOUND REPETENDS. SX 

When the period begins with the first decimal figure^ 
it is called a simple repetend. But when other decimal 
figures occur before the period commences, it is called 
a compound repetend 

A repetend is distinguished from ordinary decimals 
by a period, or dot, placed over the first and last figure 
of the circulating period. 



48. The following vulgar firactions giro simple repe« 
tends: 

i=0'3. 

I =0 142867. 

i =o-i. 

T.V=009. 
tV 



J =0076923. 



J- = 005882362941 17647. 



tV =0062631578947368421 . 

/r=0047619. 

^V = 004347826086956521 7391 3. 



49* The following ones give compound repetends. 



J =016. 
tV= 0-083. 
T?Y=00714286 
^V=006. 
T.V=006. 
,V =0.045. 
,V =00416. 
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0O* Whenever the prime factors of the denominator 
of a vulgar fraction contain neither of the factors 2 and 5, 
the rcpetend will be simple. But when they contain 
one or both of the factors 2 and 5, together with other 
factors, then the repetend will be compound. 



81. Those simple repetends which have as many 
terms, less one, as there are units in the denominators 
of their equivalent vulgar fractions, we shall call perfect 
repetends. The following are all of the perfect repetends, 
whose denominators are less than 100. 

\ =0- 142857. 

tV =0-05882352941 17647. 

tV = 0-05263 1 57894736842 1 . 



'^ = 0-04347826086956521 7391 3. 



,V = 0- 034482758620689655 1 724 1 3793 1 . 






0-02127659574468085106382 
97872340425531914893617. 

0-01 6949 1 5254237288 1 35593220338 
9830508474576271 1 864406779661 . 



, _ i 0-016393442622950819672131147540 
^^ t 983606557377049180327868852459. 

' 0-6 1 030927835051 54639 1 7525773 1 9587 
^^= ^ 62886597938144329896907216494845 
[ 36082474226804123711340206186567. 



PERFECT REPETENDS. ^ 

The value of tV ^^Y ^ made to assume the following 
forms : 

yV = 0-OH = 0-05 f I = 058 14 = 0-0588fV = 0-05882^ 
= 0058823yV = 00588235t\ = 005882352|4 = &c., 
where each successive value is extended one decimal 
place further than its preceding value. The numerators 
of the vulgar fractions connected with the above decimal 
expressions are the successive remainders found in the 
operation of converting the vulgar fraction j\ into a 
decimal. (Art. 42.) 

If this process of decimating be continued, it will be 
found to give a simple repetend, consisting of 16 places 
of figures ; it is, therefore, a perfect repetend. We 
will arrange this repetend by placing above each figure 
its corresponding remainder, as follows ; 



10 15 14 4 6 9 5 16 7 S 3 13 11 8 12 1 



10 15 14,&.e. 



tV = 0' 0588235294117647 06 8, &c. 

If we fix our attention upon a particular remainder, as 
the fifth, for instance, which is 6, it is evident that the 
decimals which follow, as 3529, &c., continued to in- 
finity, must express the decimal value of j%f ; for, had 
we terminated our division after the fifth decimal figure 
was obtained, we should have had Vt = ^*0^882T*y, where 
j\ stands instead of the decimal figures which follow 
0*05882, so that the decimal figures following the remain- 
der, 6, is equal to y\. In the same way, the decimals 
which follow any other remainder is the value of the 
vulgar fraction whose denominator is 17, and whose 
numerator is said remainder. 

We have already said that the decimal figures would 
commence repeating when a remainder is found like one 
which has previously bccun*ed, (Art. 47.) A perfect 
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repetend has been defined (Art. «S1,) as one whose 
number of decimal figures is equal to one less than the 
units in the denominator of the vulgar fraction from which 
it is derived. Therefore, in converting the vulgar Irac- 
tion xV i^^to ^ perfect repetend, every number, from 1 to 
16, inclusive, must appear as a remainder. Let us sup- 
pose we have reached that point in the process of deci- 
mating, which gives 16 for the remainder; then the 
decimals which follow, being the value of ||, must, when 
added to the preceding decimals, the value of yV> make 
a succession of 9's, as 99999, &c., since .tV + H = 1> 
which, expressed in decimals, is 0*99999, &c., continued 
to infinity. Hence, when we have obtained as many 
figures beyond the remainder 16, as we had before we 
found this remainder, the decimal figures will begin to 
repeat. But tt> giving ^ perfect repetend, must extend 
to 16 figures before repeating; consequently, 16 will 
occur as the 8th remainder, or when we have obtained 
one half the number of decimals in the period, and such 
must be the case with all perfect repetends. 

Therefore, the decimal figures of the first half of the 
period of a perfect repetend, being added to the figures 
of the second half, must give 99999, &c.; which, if 
considered as a decimal, is equivalent to a unit. Hence, 
also, the remainders of the first half of the period, being 
added to the remainders^ of the second half, must make, 
respectively, 17, since their corresponding decimal values 
make a unit, which is equivalent to -f^. 

Whenever the number of figures in the period of a 
simple repetend, arising from decimating a vulgar frac- 
tion, whose numerator is 1, and denominator a prime, is 
even, the remainder which occurs at the middle of the 



COMPLE3t£lilTART REPBTENDS. 

period will be one less than the denominator of the 
equivalent vulgar fraction, and the figures of the first half 
of the period, added to those of the second half, will give 
99999, &c.; and their corresponding remainders added, 
must give the denominator of the equivalent vulgar firac- 
tion. Such repetends may be called Complementary 
Repetends. They, of course, include all perfect repe- 
tends, as well as many which are not perfect. The 
following complementary repetends are not perfect. 



10 1 

tV=0-0 9. 

10 9 IS I 4 1 

tV =0076 9 23. 

10 S7 51 7S 63 « n I 

y^ =0-01 3 69863. 



I0 11SI38S385 49 45 S<0MI6n«7a6747l57t880fB ) u^jf ^ 

rV = 0' 11 2 3 5 9 5 5 5 6 1 7 9 7 7 6 2 8 8 . J pSol 



IT 

10 100 91 1 

A< 

TTT 



1-0-0 9 9. 



10 100 73 990 76 89 81896649 88079e97fia) 

T-i^mOO 9 708 73 78 6 4 77 6 6. J ^•^•P*'*"*- 



The following vulgar fractions, when decimated, give 
an even number of figures in a period, and still they are 
not complementary repetends, their denominators not 
being primes. 

^V=0C)47619. 

^V=o-63. 

,^T= 0-625641. 

tV= 0-0204081, &c., to 42 places. 

^y=0-6l96078431372649. 

8 



8C 
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S9. Perfect Repetbnds possess some very remark 
able properties, which we will explain by means of the 
following figure : 




In this figure, the inner circle of figures, commencing 
at the O, directly under the asterisk^ and counting towards 
the right hand, is the circulating period of ^V- 

The outer circle of figures, commencing at the same 
place, and counting in the same direction, are the suc- 
cessive remainders which will occur in the operation of 
decimating ^Vj (by Rule under Art. 42.) 

In this circle of remainders, all the numbers from 1 
to 28, inclusive, occur, but not in numerical order. 

From what has been said, we infer the following prop- 
erties, which are common to all perfect repetends : 
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I. TTie sum of any two diametrically opposite figures 
af the circle of decimals^ will be 9. 

II. The sum of any two diametrically opposite terms 
in the circle of. remainders^ will make the denoTninator 
29, ^ 

III. If we subtract the right-hand figure of the 
denomiimtor from 10, and multiply the remainder by 
any decimal figure of the inner circle^ the right-hand 
figure of the product wUl be the same as the right-hand 
figure of the corresponding remainder of the outer 
circle. 

IV. Commencing the circle of decimals at any pointy 
and counting completely roundy it will be the perfect repe- 
tend of the vulgar fractiony whose denominator is the 
same as in the first case, but whose numerator is the 
remainder in the outer circle, standing one place to the 
left, 

y . If we divide the product of any two remainders 
by 29, what remains will be the remainder in the outer 
circhy corresponding with the place denoted by the sum 
of the places of the two numbers. 

From the IVth property, it follows that this same 

circle of decimals expresses the decimal value of all 

proper vulgar fractions, whose denominators are 29. 

» 
The following figure, formed from the perfect repe^ 

tend of the value of ^'j, possesses similar properties to 

those just explained. 

Similar circles may be formed for all perfect repe* 

tends. 



88 
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I 



we find 



!• If we take the perfect repetend arising from 4^, 
we find 

4=0-142857. 4= 0-571 428. 

4=0-285714. 4=0 714285. 

4=0-42857i. 4=0-857142. 

Taking the perfect repetend arising from 
tV = 0-0588235294 1 1 7647. 
fy =0-11 76470588235294. 
r\ = 0-1764705882352941. 
f4^=0-2352941 176470588. 
T^iy =0-2941 176470588235. 
T«^ =0-352941 1764705882. 
r\=0'il 17647058823529. 

tV 



• =0-4706882352941 176. 
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89 



» 

TT — 

10 

T7 — 

1 1 — 

T7 — 

1 2 — 

TT — 

1 3 — 

TT — 

1 4 

TT — 

15 — 
TT — 

H= 



0-5294117647058823. 
0-5882352941 176470- 
0-6470588235294117. 
0-7058823529411764. 
0-7647058823529411. 
0-8235294117647058. 
0-8823529411764705. 
0-9411764705882352. 



We will arrange the complementary repetend arising 
from the vulgar fraction j|t> ^^ ^he form of a circle, as 
was done for perfect repetends, as follows : 




8' 



go HIGHER ARtTUMBTlC. 

It will be seen that a complementary repetend pos* 
sesses all the properties ascribed to the perfect repetend, 
as given mider Art. QH, except the IV. 



ff4;. To change a decimal fraction into an equivalent 
vulgar fraction. 

Case J. 

When the number of places is fimte^ we can, from 
the definition of decimal fractions, Art. 34, deduce this 

RULE.' 

Make the given decimal the numerator of the vulgar 
fraction^ and^forits denominator^ write 1, with as many 
ciphers annexed as there are decimal places, 

EXAMPLES. 

1. What vulgar fraction is equivalent to the decimal 
0-0625 ? 

tVVVt* or t?Ht ; this, reduced by Rule under Art. 
17, gives yV; therefore, 0*0625 = yV- 

2. What vulgar fraction is equivalent to the decimal 
0-134? Ans, yVaV = joV 

3. What vulgar fraction is equivalent to the decimal 

0-00125? Ans. y^VV(ro = 8io- 

4. What vulgar fraction is equivalent to the decimal 
0-0256? Ans. y|ic^=:^Vj. 

5. What vulgar fraction is equivalent to the decimal 
0-06248? Ans, yJ|4i^=:y||J^. 

6. What vulgar fraction is equivalent to the decimal 
0-001069 ? Ans. ttVVAt. 
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Case IL 

When the decimal is a simple repetend. 
Since i=0-i, it follows tliat 0*2 must =f, 0-3=|, 
0*4= f, and so on ; therefore, a simple repetend of one 
figure is equivalent to the vulgar fraction whose numera- 
tor is this figure, and whose denominator is 9. 

• • • • • * 

Again, ^9=0-0 1 ; consequently, 0'07=W> 0*46 =^f, 
and so on for other simple repetends of two places of 
figures. 

In a similar manner, we infer that 0*432 = m* 
Therefore, we have the following 

RULE. 

Make the repetend the numerator; and, for the de- 
nominator, write as many nines as there are places of 
decimals* 

EXAMPLES. 

1 . What vulgar fraction is equivalent to 0*72 1 

If ; this, reduced by Rule under Art. 17, becomes yV* 

2- What vulgar fraction is equivalent to 0-123 ? 

Anc 13 3 4 1 

3. What vulgar fraction is equivalent to the repetend 
0-627? Ans.^\\ = ^\. 

4. What vulgar fraction is equivalent to the repetend 
0-i42857? Ans, iHHl = h 

5. What vulgar fraction is equivalent to the repetend 
0-dl9345679? Am. ^V9VTrVVVV=8V. 

6. What vulgar fraction is equivalent to the repetend 
0-0123456789? Am, tVtVVtVtVV=tHHH'tW. 
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7. What vulgar fraction is equivalent to the repetend 
0-i2332i? Am. if|ff^ = |f». 

8. What is the value of 0*999 continued to infinity? 

Ans. 1 = 1. 

9. What is the value of 0-987664326 ? 

Arts. mmm=ih 

[A very simple method of finding a vulgar fraction equivalent to any repe 
tend, may be found in my Elkmbnts of Algkbba.] 

Case IIL 

When the decimal is a compound repetend* 

In this case, we obviously have the following 

RULE. 

I. Find the tmlgar fraction which is equivalent to the 
decimal figures which precede those that circulate^ by 
Rule under Case I. of this article. 

II. Find the vulgar fraction which is equivalent to the 
circulating part of the decimal^ by Rule under Case II 
of this article ; to the denominator of this fraction annex 
as many ciphers as there are decimals which precede tlie 
circulating part of the repetend ; then add these two 
fractions together. 

EXAMPLES. 

1 . What vulgar fraction is equivalent to the compound 
repetend 0-343 ? Ans, JVV+Tr77=m=iU. 

2. What vulgar fraction is equivalent to the compound 
repetend 0-08783? Ans. ^8^+^J|5_ = ^y^. 

3. What vulgar fraction is equivalent to 0'083 ? 

Ans, ttt+ttt=tV* 
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4. What vulgar fraction is equivalent to the compound 
repetend 0-03571428 ? Ans. jfy-f yf Hif f t= A- 

5. What vulgar fraction is equivalent to the compound 
repetend 0-0714286 ? Ans. yV^VWV=TV- 

6. What vulgar fraction is equivalent to the compound 
repetend 0-123456? Ans. TVVT+T/ffVVir=TVTVirV- 

If we take the last example, which is 0-123456, and 
multiply it by 1000000, it will become 123466-456. 
Again, if we multiply 0*123466 by 1000, it will become 
123'456. The difference of these two results is 
123456-456-123-456= 123333. Now,since 123456-456 
was 1000000 times the decimal 0-123456, while 123-456 
was 1000 times the same decimal, it follows that 123333 
is(1000000— 1000) times its value; that is, 123333 is 
999000 times the value of 01 23456 ; hence, 0-123456=: 
iHHi = j3VzWi the same as abready found. A similar 
process may be employed for changing any repetend into 
an equivalent vulgar fraction. 
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CHAPTER IV. 

CONTINUED FRACTIONS. 

SSm If we divide both numerator and denominator 
of the fraction || j by the numerator, we obtain, 

T ?^~^ 

ji» ^ ^ >i ""— 



965 2+263 



35 1 . Again, performing the Uke operation 

upon the fraction Hf, we find — =_-^ 

263; this value 
o^ II T' substituted in I., we get, 



965 2-f. 1 



l±^ 88 1 

263. Agam, we find 253= 2+8? 

88; 
which, substituted in II., gives, 

in. ^=' 



965 2+1 



1 + 1 



2+87 g^^i 

88. Again, gg^l+T 

87; this 
value substituted in III., we finally obtain, 



IV. 
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351 1 

965 ""2+1 



1+1 



2+1 



1+1^ 
87. 



By a similar process, we find that 

1571 

972" 6+1 



6+1 



4+1 



3+1 
2. 

Such fractions as the above are called continued 
fractions. 

In the last example, the parts i, |, |, &c., are called 
the firsty second, third, &c., partial fractions. 

It has been proposed, by some authors, to write con- ' 
tinued fractions in the following way, which is more 
compact : 

Thus, the preceding fractions may be written, 

351 1 1 1 1 J_ 

965~2+l+2+l+87. 

157_1 1111 
972~6+5+4+3+2. 

If we seek for the greatest common measure of the 
numerator and denominator of the first fraction ||J, by 
Rule under Art. 9, we shall have the following 
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OpcTtUufti, 



351)965(2 
702 



263)351(1 
263 

^)263(2 
176 

87)88(1 
87 

1)87(87 
87 



Here we discover that the successive quotients are 
the same as the successive denominators of the partial 
fractions which compose the continued fraction already 
drawn from ffj. 

Hence, to convert a vulgar fraction into a continued 
fraction, we have this 

RULE. 

Seek, by Rule under Art, 9, the greatest common 
measure of the numerator and denominator of the given 
fraction; the reciprocals of the successive quotients 
will form the partial fractions which constitute the conr 
tinued fraction required, 

EXAMPLES. 

1. Convert \il into a continued fraction. 



CONTINDED FRACTIONS. ^ 

Operation, 

251)764(3 
753 

11)251(22 
22 

31 
22 

9)11(1 
9 

2)9(4 
8 

1)2(2 
2 



The partial fractions are |, iV> I* T' i > therefore, wa 

shall have, 

251_1 

764~"3+l 



22+1 



1 + 1 



4+2 
2. 



2. What continued fraction is equivalent to i}ff ? 

7+1 

1 + 1 

2+1 

4+1 

5+1 

1 + 1 
8. 
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3. What continued fraction is equivalent to |^| ? 

1 



Ans. 



1 + 1 



1 + 1 



2+1 _ 

r+1 



1 + 1 



7+j. 
2. 



4. What continued fraction is equivalent to /j\ ? 

1 



Ans. 



3 + 1 



1 + 1 



2+1 



4+2 
5. 



tSO. Let us now endeavor to reverse the foregoing 
process ; that is, let us seek the vulgar fraction which is 
equivalent to a continued fraction. 

If we take the continued fraction - 

2+1 



3+1 



4+1 

5, and omit 
all but the first partial fraction, its value will become |. 

Again, omitting all but the first and second partial 

1 3 

fractions, we find =-• 

2+2 7 
3 
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Again, including one more partial fracUan, we obtain 
1 13 



2+1 


30 






3+1 








4. 








When we 


include the whole, 


we find 






1 

2+1 


68 
167 






3+1 





4+2 
5. 

Our successive values, obtained in this way, are |, f , 

il and -•-«, 

These values may be derived in the following manner: 
Take the first partial fraction for the first value ; multi- 
ply both numerator and denominator by the denominator 
of the next partial fraction, and we get f ; if we increase 
this denominator by 1, it will give the second value, ^. 
Again, multiplying numerator and denominator by the 
denominator of the next partial fraction, we get ^f ; if 
we increase this numerator by the numerator of the last 
value, also increase the denominator by the denominator 
of the last value, we get ^f , which is the third value. 
Again, multiplying both numerator and denominator of 
tliis value, by the denominator of the next partial frac- 
tion, and to the respective products add the numerator 
and denominator of the preceding value, we obtain the 
last value, yVi^. 

This last value is the true value of the continued firac- 
tion, whilst the other values are successive approxima- 
tions. 
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From what has been said, we derive the following 
Rule for finding the vulgar fraction equivalent to a con- 
tinued fraction : 

RULE. 

Consider the symbol { as a fraction ; then write this 
symbol^ and the first partial fractiony for the first two 
terms of the approximate values. Multiply the numer- 
ator and denominator of the second approximate value, 
by the denominator of the next partial fraction, and to 
the respective products add the numerator and denomi" 
nator of the next preceding approximate value, and the 
result will be the succeeding approximate value. Thus 
continue to multiply the last approximate value by the 
denominator of the sxicceeding partial fraction, and to 
the products add the numerator and denominator of the 
preceding approximate value ; the result will be the suc- 
ceeding approximate value. 

EXAMPLES 

1. What vulgar fraction is equivalent to the continued 

fraction 

3+1 



2+1 



6+1 



4+2 
6? 



In this example, we find the successive approximate 
values to be f , \, f , \\, tW» and \\h 
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2. What are the approzunatiYe values of the continued 
1 



fraction 



3+1 



1 + 1 



2+1 



4+2 
5? 
Ans. f, 1, i, t't» if and ^\. 

3. What are the approximatiTe values of the continued 
1 



fraction 



2+1 



2+1 



2+J. 

2? 

^nS' h i> i> A> and ^J. 

4. What are the approximatire values of the continaed 

fraction 

1+1 



2+1 



3+1 



4+1 



5+1 



6+1 



7+1 



8+2 
9? 



. ,5 h h I. tV, H. \\h vwv. mh *«H. 

9* 
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5. What are the approximative values of the continued 

fraction L_. 
9+1 



8+1 



7+1 



6+1 



5+1 



4+1 



3+2 

2? 



. i hh t\> /tV, MV tViVj, /i^tYt, AVtVi, 



tSy. We will now show the application of the fore- 
going principles of continued fractions by the solution of 
several practical questions : 

1. Express approximately the fractional part of 24 
hours, by which the solar year of 365 days, 5 hours, 48 
minutes, and 48 seconds, exceeds 365 days. 

5 hours, 48 minutes, 48 seconds =20928 seconds. 

24 hours =86400 seconds. Therefore, the true value 
of the fraction required is fTj|T=TTf' 

Now, converting J|f into a continued fraction, by 

Rule under Art. ffff, we set = 

' * 460 4+2 

7+2 

1 + 1 

3+2 

1+2 

2; 
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Ukd thisy re-converted into its approximative values (by 
Rule under Art. 36,) gives |, i, ^\, ^%, ^Vt* tVt, H*- 

The fraction J agrees with the correction introduced 
into the calendar by Julius C^sar, by means of bis* 
sextile or leap-year. 

The fraction /g is the correction used by the Persian 
astronomers, who add 8 days in every 33 years, by having 
7 regular leap-years, and then deferring the eighth until 
5 years. 

2. The French metre is 39'371 inches. Required the 
appioximative ratio of the English fopt to the metre. 

In this example, the tme ratio is ^fl^f • Operating 
/ipon this fraction, as in the last example, we find some 
of the first approximate values to be |, y\, t*^, j\, |f, 



_3_2_ 
10 5 



Hence, the foot is to the metre as 3 to 10, nearly ; a 
more correct ratio is as 32 to 105. 

3. The old Winchester bushel contains 2150*42 cubic 
inches, and the new Imperial bushel contains 2218*198 
cubic inches. Required some of the approximative ratios 
of these numbers. 

In this case, we find some of the approximations to 

V»*> 1 ^1 13 9^ 13 1 
"^T> 32> SS'^S^e^ 13"1* 

Hence, the Winchester bushel is to the Imperial 
bushel as 32 to 33, nearly. Now, since in a bushel 
there are 32 quarts, it follows that the Imperial is a 
Winchester quart larger than the Winchester bushel, 
nearly. 

4. What are some of the approximative values of the 
ratio of the diameter of a circle to its circumference ? 

If we take the value of the circumference of the circle, 
whose diameter is 1, to 10 decimals, we have the vulgar 
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firaction iflfl^llHlj given to find its approximative 
values. 

Proceeding with this, as in the former examples, we 
find some of the first approximative valines to be |, ^, 

100 113 Arp 

J-S'Sj 37a> *^^« 



tS8* Continued fractions have been the means of ob- 
taining elegant approximations to the roots of surds. 

As an example, let it be required to find the square 
root of ^ ; or, what is the same thing, the ratio of the 
side of the square to its diagonal. 

In the first place, we obviously have — ;-= 1 

^ . V^ V2-1 

Now, if we multiply the numerator and denominator of 

^2 1 

the fraction -5!—- by ^2+ 1, it will become, 

v/2~l _ 1 _ 1 

1 ""72+1"" V2-1* 

^ 1 
Therefore, we have, 

1 _ 1 

1+— 72ZT 



2+ 



1 



Again, the fraction ^ becomes, as before =: 

1 

^^2—1 , and by thus continuing this process, we find 
2+ 1 

—7- to equal the following infinite continued fraction : 
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1 + 1 



2-f 1 



2+1 



2+1 



2+, &c. 
Some of the first approximative values of this firaction 
•re f , ■}-, I, 4> tf > f f> TT> iih ^c. 



S9. We will conclude this subject by pointing out 
some of the many remarkable properties which the 
approximative values of continued fractions possess. 
We will refer to the values just obtained for the ratio of 
the side of a square to its diagonal. 

I. TTiese values are alternately too small and too large. 
Thusj |y I, If, and |^, are too small^ while I, f, f f, 
and III, are too large. 

n. Any of these values differ from the true value by 
a quantity which is less than the reciprocal of the square 
of its denominator. Thus, }|, which is the ratio much 
used by carpenters in cutting braces, differs from the 
true ratio^by a quantity less than {^^y=jlj. 

III. Any two consecutive terms of these approxinMe 
values, when reduced to a common denominator, will 
differ by a unit in their numerators. Thus, f, and |f , 
when reduced to a common denominator, become tVt» 
and tW* 

lY. The numerator and denominator qf aU approcd- 
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motive values of continued fractions are prime to each 
other; that iSf they have no common measure. 

[For a more extended developement of the properties of Ccntimitd Frm> 
UonMt see my Treatise on Alobbra.] 



LAMBERT'S METHOD 

OF 

DE-COilPOUNDING VULGAR FRACTIONS. 

60* There is another method of de-compounding 
fractions, which was first given by the celebrated 
Lambert. 

As an example, we will resume our fraction ||}, which 
may be made to take these forms : 

351 2x351 _ 702 965->-263 1 -1 263 

966~2x966~2x965"" 2x965 ""2 2^965* 
Again, 

263 3x263 789 965-176 1 1 176 

965""3x965~"3x965~" 3x965 ■~3""3^965' 

And, 

176 5xl76 _ 880 965-85 11 85 

965~5x965~5x965~ 5x965 ~5 5^965* 
And, 

85 _ 11 x85 _ 935 _ 965-30 _ 1 \_ 30 

965""llx965~llx965""llx966""ll""Tl^965' 

And, 

80 _ 32x 30 _ 960 965-5 1 J_ 5 

965~32x965""32x965'"32x965'"32"~32^965 

And, 
6 _ 1 

965"" 193' 
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Hence, by successive substitutions, we find, 
351 1 1 1 1 



+ 



965 2 2x3 2x3x5 2x3x5x11 
1 I 



2x3x5x11x32 2x3x5x11x32x193 

Here we observe that the successive terms are alter- 
nately pltLs and minus. We also see that the successive 
factors of the different denominators may be found by 
continually dividing the denominator, 965, by the numer- 
ator, 351, and the successive remainders. 

To make this more clear, we will give the above 
method of division at full length. 

Operation. 

351)965(2 
702 

263)965(3 
789 

176)965(5 

880 

85)965(11 
935 

30)965(32 
960 

5)965(193 
965 



A3 a second example, de-compound the fraction itly, 
which is nearly the ratio of the English foot to the 
French metre. 
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OpcroHon. 

1200)3937(3 
3600 



337)3937(11 
3707 



230)3937(17 
3910 



27)3937(146 
3915 



22)3937(178 
3916 

21)3937(187 
3927 

10)3937(393 
3930 

7, &c. 
Hence, the value of if|f 

=:l^J^+-l I + I 

3 3.11 3.11.17 3.11.17.145^3.11.17.145.178 



3.11.17.145.178.187 ' 3.11.17.145.178.187.393 
It is obvious that the terms of this series converge 
very rapidly. If we use only one term of the series, 
we have | for the ratio. If we use two terms, we find 
II for the ratio ; and in this way, we may find the suc- 
cessive approximate ratios. 

If we endeavor to de-compound the fraction J{||} 
by this method, we shall find it equivalent to this series 
of fractions : 



t 1.2 1.2.3 1.2.3.4 1.2.3.4.5 1.2.3.4.5.6 

1 1 - . 

1.2.3.4.5.6.7 1.2.3.4.6.6.7.9* 
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It will be observed that the factors constituting the 
denominators of these fractions are the successive digits, 
except that in the last term the digit 8 does not appear. 
Now, instead of this last term, we may write these two 
terms 



1.23.4.5.6.7.8 ' 1.2.3.4.5.6.7.8.9' 
which are obviously equivalent in value. 

This change being made, we have 
28673 1 1 11 1 



45360 1 1.2 • 1.2.3 1.2.3.4 1.2.3.4.5 1.2.3.4.6.6 



1.2.3.4.5.6.7 1.2.3.4.5.6.7.8 ' 1.2.3.4.5.6.7.8.9 

If we de-compound the fraction ififl by this method, 
we shall find it equal to 



2 2.4 ' 2.4.6 2.4.6.8 ' 2.4.6.8.10 2.4.6.8.10.12 

10 
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CHAPTER V. 

RULE OF THREE. 

61* The quotient arising from dividing one quantity 
by another of the same kind, is called a ratio. 

Thus, the ratio of 12 to 3, is 12-f-3=-V^=4. 

The ratio of 15 yards to 5 yards, is -V-=3- 

So that the ratio of one number to another is nothing 
more than the value of a vulgar fraction, whose numera- 
tor is the first term, and denominator the last term. 

The ratio of 7 days to 5 days, is J. 

The ratio of ^\ hours to 1\ hours, is 3J^7^=if. 

When there are four quantities, of which the ratio of 
the first to the second is the same as that of the third to 
the fourth, these four quantities are said to be in pro- 
portion. Thus, 4, 6, 8, and 12, are in proportion, since 
the ratio of 4 to 6, is the same as 8 to 12. That is, 

Hence, a proportion is nothing more than an equality 
of ratios. 

The usual method of denoting that four terms are in 
proportion, is by means of points, or dots. 

Thus, 4 : 6 : : 8 : 12; where two points are placed 
between the first and second terms, and also between 
the third and fourth, and four points are placed between 
the second and third ; which is read, 4 is to 6 as 8 is 
to 12. 
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The first and fourth terms of a proportion are called 
the extremes. The second and third terms are called 
the means. 

The first and second constitute the Jirst couplet. 

The third and fourth constitute the second couplet. 

The two terms of a couplet must be of the same 
name, or kind ; since two quantities of difierent kinds 
cannot have a ratio. There can be no ratio between 
yards and dollars ; but the numbers which represent the 
number of yards and dollars may have a ratio. 

Since, in a proportion, the quotient of the first term, 
divided by the second, is equal to the quotient of the 
third, divided by the fourth, it follows that the product 
of the extremes is equal to the product of the means. 

Hence, if we divide the product of the means by the 
first term, we shall obtain the fourth term. 

This process of finding the fourth term by means of 
the other three terms, is called the Rule of Three. 

Suppose it is required to find what 156 yards of cloth 
will cost, if 22 yards cost $20*90. 

Had there been twice as many yards in 156 as in 22, 
they would obviously cost twice $20*90; were there 
three times as many yards, their cost would be three 
times $20*90, and so on for other ratios. 

Hence, the $20*90 must be repeated as many times 
as 22* yards is continued times in 156 yards; that is, 
"V^s. limes. 

So that, if 22 yards of cloth cost $20*90, 156- yards 
will cost -W times $20*90= Jf times $20*90=78 times 
tV of $20*90=78 times $1*90=$148*20. 

Again, suppose 15 firancs to equal $14*10, how many 
firancs are there in $34*78 ? 
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Since 15 francs is equal to $14'10, twice $14' 10 
would equal twice 15 francs ; thrice $14*10 would equal 
thrice 15 francs, and so for other ratios. Therefore, 15 
francs must be repeated as many times as $14*10 is 
contained times in $34'78; that is, fHl^rl times. 

Hence, the number of francs required is f} of 15 
francs =37 times j^-g of 15 francs =37 times 1 franc = 
37 francs. 

The above method of working questions of the Rule 
of Three is contained in the following simple 

RULE. 

Of the three terms which are given^ one will always 

be of the same kind as the answer sought ; this will be 

the third term. Then if by the nature of the question^ 

the answer is required to be greater than the third term^ 

divide the greater of the two remaining terms by the 

less, for a ratio ; but if the answer is required to be less 

than the third term, then divide the less of the two re-- 

maining terrns by the greater, for a ratio. Having 

obtained the ratio, multiply the third term by it, and it 

will give the answer in the same denomination as the 

third term. 

Note. — Before obtaining the ratio by means of the first two 
terms, we must reduce them to like denominations. 

EXAMPLES. 

1. If in 7 weeks there are 49 days, how many days 
are there in 21 weeks ? 

In this example, l^e answer is required to be in days; 
therefore, we must take 49 days for our third term. 
And, since in 21 weeks there must be more days than 
in 7 weeks, we get our ratio by dividing 21 by 7, which 
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gives ^7^ ; the third term, 49 days, multiplied by this, 
gives 49 days x -V-> vvhich, by canceling, becomes 147 
days, for our answ^er. 

2. If a person perforai a journey in 20 days, by trav- 
eling 10 hours each day, how long would it take him to 
perform the same if he travels 8 hours each day ? 

In this example, our answer is required to be in days ; 
therefore, we must take 20 days for our third term. 
And, since it will evidently take more days when he 
travels 8 hours each day, thap it did when he traveled 
10 hours each day, we must divide 10 hours by 8 hours, 
for our ratio, which becomes -',- ; 20 days, multiplied by 
this, gives 20 days x ^j-, which, by canceling, becomes 
25 days for the answer. 

3. If y^ of a pound of sugar cost || of a shilling, 
how much will /j of a pound cost ? 

In this example, our third term is f | of a shilling. 
And, since ^3 of a pound is less than |J, we must obtain 
our ratio by dividing 2V by ||, which gives /^ x |f ; 
this, multiplied by the third term, f| of a shilling, will 
give II of a shilling x 2V X |y. To reduce this with the 
least labor, we must resort to the method of canceling. 
Thus, canceling the 23, which occurs in both numerator 
and denominator, also 13 of the numerator against a part 
of the 26 of the denominator, our expression will, by 
this means, become ^ of a shilling x f x yy = /t of * 
shilling. 

Note. — ^This method of canceling should be used when the 
nature of the question will admit, since it will always very much 
simplify the operation. 

4. If 3^ pounds of coffee cost 2| shillings, how much 

will 10^ pounds cost? 

10 ♦ 
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Ill this example, 2\=l shillings must be our third 
term , and, since 10^ --Pg^- pounds must cost more than 
3J = f pounds, we must divide V" ^y h f"^r the ratio, 
making it V" X f » ^^^s, multiplied by the third term, 
I shillings, will give | shillings X^j^x ^ ; this becomes, 
after canceling, | of a shilling x -V^=-V- shillings = 6J 
shillings. , 

It may happen that the three given quantities are all 
of one denomination ; still it will be found that two of 
them are of one kind, and the third one of another kind, 
which is like the answer. As an example : "What tax 
must an income of $6000 pay, provided $100 pays $r03? 

Here the three given quantities are $6000, $100, 
$r03, which are all of the same species, viz., money. 
Nevertheless, the first and second are incomes^ and the 
third is a tax. So that the ratio must be $6000 -^$100 
==-?///- =60; therefore the tax sought is 60 times $r03 
= $61-80. 
^ 6. If a tree 38 feet 9 inches in height give a shadow 
of 49 feet 2 inches, how high is that tree, whicli, at the 
same time, casts a shadow of 71 feet 7 inches ? 

In this example, our third term is the height of the 
first tree, which is 38 feet 9 inches = 38 J feet=-^p feet. 
Our ratio will be obtained by dividing 71 feet 7 inches = 
71/2 feet = -VV- feet, by 49 feet 2 inches = 49| feet = 
^1^ feet, which becomes -V/X ^Ig ; this, multiplied by 
the third term, J-f ^ feet, gives J-p feet x -V/ X sfj- 
Canceling 6 of the numerator against a part of the 12 
of the denominator; also canceling 5, a factor of 155 of 
the numerator, against 5, a factor of 295 of the denomi- 
nator, we get -\^ feetx-2-p-XyV = -lTF-=56HT feet, 
for the answer. 
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6. If 16| yards of calico cost 21 1 shillings, how 
much can be bought for 32| shillings ? 

Ans, 24^f If yards. 

7. Sold a tankard for £5 6s. at the rate of 5 s. 4d. 
per ounce. What was its weight ? 

Ans. lib. 7oz. 17pwt. 12 gr. 
8- If 300 men consume 70 barrels of provisions in 
10 months, how much will 240 men consume in the 
same time ? Ans. 56 barrels. 

9. Gave 72 dollars for 5 barrels of fish. How much 
will 20 barrels cost at the same rate ? Ans. $288. 

10. If it take 30 yards of carpeting, which is | of a 
yard wide, to cover a floor, how many yards, which is 
IJ yards wide, vsrill it take to cover the same floor? 

Ans. 18 yards. 

11. If an individual receive a salary of $700 per year, 
how much will that be for each day, counting 365 days 
for a year? Ans $l^j. 

12. If the circumference of a wheel is 17^ feet, what 
distance will it pass over in revolving 13^ times ? 

Ans. 233ifeet. 

13. If it take 2| yards of cloth for 2 pair of panta- 
loons, and 12|^ yards for 5 coats, how many yards will 
it require for 7 coats and 8 pair of pantaloons ? 

Ans. 27tj yards. 

14. If 19^ yards of cloth cost 13| dollars, how many 
dollars will 14| yards cost ? Ans. $9f H. 

15. If 3 bushels of apples cost 13 shillings, how much 
will 17i bushels cost? Ans. £S 15s. 10 d. 

16. How much must be paid for 3f cords of wood, at 
2i dollars per cord ? Ans. $8tV=$8-4375* 

17. If a board 16 feet long and 9 inches wide contain 
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12 square feet, how long must another board be, which 
is 8 inches wide, to contain the same number of square 
feet] - Ans. 18 feet. 

18. If the freight of 7 hogsheads of molasses for 18 
miles is 9 dollars, what must be paid for the freight of 
21 hogsheads the same distance ? Ans. $27. 

19. If I of a vessel is worth $1729, how much is the 
whole vessel worth ? Ans. $461 0|. 

20. Lent my friend $300 for six months ; afterwards 
he lent me $400. How long may I keep it to balance 
the favor ? Ans. 4^ months. 

21. If a piece of land 20 rods long, and 8 rods wide, 
^ake one acre, how wide must it be, when it is 50 rods 
long, to contain the same ? Ans. 3^ rods. 

22. If a ship sail 90f miles in 7^ hours, how many 

hours will it require to sail 60 miles ? 

Ans. 4 llf hours. 

23. If I of an acre of land is worth 54 dollars, what 
is tV of an acre worth ? Ans. $7*20. 

24. If I pay | of a dollar for sawing one cord of 
wood, how much must I payfor sawing 5| cords ? 

Ans. $4yV« 
26. If 16^ yards of cloth are worth | of J of 20^ 
dollars, what is that per yard ? Ans. $11^. 

26. A man is $1700 in debt, and' his estate amounts 
to but $870. How much can he pay on a dollar ? 

Ans. $0-51 t\. 

27. How many yards of paper, f wide, will paper 375 
square yards ? Ans. 500 yards. 

28. If a staff 5 feet long cast a shade 6| feet, what 
is the height of that steeple, whose shade at the same 
time measures 150 feet? Ans. 115/j feet. 
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29. If 3 paces, or common steps of a person, be 
equal to 2 yards, how many yards are there in 170 
paces ? Ans. 113^ yards. 

30. What cost 3 cwt. of coffee at 15d. per pound ? 

Ans. £21. 
31 • A garrison of 540 men have provisions for 365 
days. How long will those prorisions last, if the gar- 
rison be increased to 1127 men? 

Ans. 174iHf days* 

32. What will be the tax upon ^^763 13 s. at the rate 

of 3 s. 4 d. on one pound sterhng ? 

Ans. £127 5 s, 6 d. 

33. What is the value of a year's rent of 547 acres 
of land, at the rate of 15 s. 6 d. per acre ? 

Ans. £423 18 s. 6d. 

34. Allowing the French metre to be 3/j feet in 
length, how many feet are there in 46 metres ? 

Ans. 3/j feet x-*ifi-=|f feet x ^7*^=15011 feet. 

35. Suppose a. certain quantity of hay will feed 70 
sheep 31 days, how long would it keep 131 sheep? 

Ans. 16yVr days. 

36. If 9 yards of silk, which is | of a yard wide, 
line a cloak, how many yards that is i wide, will it take 
to line the same ? 

• Ans. 9 yards x | X |=9 yards x T=^f yards. 

37. If a barrel of beer last 10 men 16 days, how long 
will it last 27 men ? Ans. 6|f days. 

38. If 9f barrels of flour are consumed by a company 
in 18 days, how long will 35| barrels last? 

Ans. ISdays x ^=18daysxiHx/T=69TVdays. 

39. If a mill grind 19J bushels of com in 1 hour, 17 
minutes, in what time will it grind 100 bushels ? 
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19i=-7yt; 1 hour, 17 minutes =77 minutes. Hence, 
we have. 

Am. 77min.x-^f-2^XTV=400min. = 6h. 40min. 

40. If a barrel of flour will support 13 men for 27 
days, how long would it support 9 men ? 

Arts. 39 days. 

41. If f of an acre of land cost $13, how much can 
be bought for $39 ? Arts. 1 1 acres. 

42. If fV ^f 21 dollar will pay for | of a bushel of ap- 
ples, how many bushels can be bought for 7| dollars ? 

Arts, 31 1 bushels. 

43. If 750 barrels of cider cost $2250, how much 
will 419 barrels cost? Ans. $1257. 

44. If TT of a firkin of butter is worth $1*80, what is 
^ of a firkin worth ? " Ans. $3-854. 

45. If a staff 3 feet in length give a shadow 7 feet 
long, how high is that tree, which, at the same time, 
casts a shadow of 90 feet ? Ans. 384 ^^^^' 

46. A regiment of soldiers, consisting of 976 men, is 
to be clothed, each coat to contain 2\ yards of cloth, 
If yards wide, and to be lined with shalloon J of a^yard 
wide. How many yards of shalloon will be required ? 

Since each coat is to contain 2^ = f yards, the number 
of yards for the whole regiment will be 976xf. Our 
expression will be f yards x-f-xl|x4 = i yards x 
ip.X-V-=45314 yards. 

47. A person owning f of a coal-mine, sells f of his 
share for $400. What is the whole mine worth at the 
same rate ? Ans. $888|. 

48. A and B hire a pasture for $50, in which A pas- 
tures 13 cows, and B 12. What must each pay? 

The whole number of cows pastured is 13+12=25. 
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The ratio of A's to the whole is f J. The ratio of B'b 
to the whole is |f. Hence, A must pay $50x i|=$26. 
B must pay $50 x if =$24. 

^49. Suppose sound to move 1106 feet in a second; 
how many miles distant is a cloud in which lightning is 
observed ^7} seconds before the thunder is heard, no 
allowance being made for the progressive motion of 
light ? Ans. 9f f If miles. 

50. If A can mow an acre of grass in 5| hours, and 
B can mow 1 ^ acres in 8^ hours, in what time can they 
jointly mow 8| acres ? 

Since A can mow 1 acre in 5|=-y- hours, he can mow 
t\ = jT of an acre in 1 hour. " 

And, since B can mow l7=| acres in 8|=-y- hoursi 
he can mow |-^-y-=/j- of an acre in 1 hour. 

A and B can, together, mow 7t + tt= i of an acre in 
1 hour. Hence, to mow 8|=-V' acres, they will require 
J»^^i=-V-xf=i}i=26i hours. 
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99. When the quantity required depends upon more 
than three terms, the operation of finding it is called the 
rule of compound proportion. 

Suppose we have the following example < 

If 20 men, working 10 hours each day, have been 

employed 18 days in constructing 500 feet of railroad, 

how many days, of 12 hours each, must 76 men be 

employed to construct 1 140 feet of the same road ? 

Had the number of feet of road, as well as the num- 
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ber of hours each day employed in labor, been the same 
in both cases, the question would have been equivalent 
to the following : 

' If 20 men have been employed 18 days to perform a 
certain work, how many days would 76 men require to 
accomplish the same work ? 

It is evident that the time sought in this case is the 
same fractional part of 18 days that 20 men is of 76 
men ; that is, the time required is 

f * of 18 days. 

If, now, we take into account the number of hours 
employed each day, still supposing the number of feet 
of road to remain th^ same in both cases, our question 
will read thus : 

If it require ^1 of 18 days to accomplish a certain 
work, when 10 hours are each day devoted to labor, how 
many days will be necessary when 12 hours are reck- 
oned each day ? 

The answer, in this case, is obviously 

^ of f I of 18 days. 

Now, taking into the account the number of feet of 
road, our question will beconie as follows : 

If jl of f ^ of 18 days are required to construct 500 
feet of railroad, how many days will be required to con 
struct 1140 feet? 

This leads to the following final result: 

-jW of U of f* of 18 days = 9 days. 

From the above work we see that questions of com- 
pound proportion may be solved by the following 
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RULE. 

Among the terms given, there will be but one like the 
answeTj which we will call the odd term. The other 
terms will appear in pairs , or couplets. Form ratios 
out of each couplet in the same manner as in the Rule 
of Three ; then multiply the odd term and all the ratios 
together^ and it will give the answer in the same name 
and denomination as the odd term, 

NoTE.^Before forming ratios from the couplets, they must be 
reduced to the same denominate value. 

EXAMPLES. 

1. If a person travel 300 miles in 17 days, traveling 
only 6 hours each day, how many miles could he have 
gone in 15 days, by traveling 10 hours each day ? 

In this example, the answer is required in miles; 
therefore, our odd term is 300 miles. 

The first couplet consists of days ; and, since in 15 
days, other things being the same, he could not travel as 
far as in 17 days, we must divide 15 by 17, which gives 
If for the first ratio. 

The second couplet consists of hours ; and, smce in 
10 hours he could travel farther than in 6 hours, we must 
divide 10 by 6, which gives -V^ for the second ratio. 

Multiplying these two ratios and the odd term together, 
we get 300 miles X H X -V-- Canceling the 6 of the 
denominator against a part of 300 of the numerator, it 
becomes 50 miles x H X "t- = 441 tt niiles, for the 
answer. 

2. If a marble slab, 10 feet long, 3 feet wide, and 3 

inches thick, weigh 400 pounds, what will be the weight 

11 



122 HIGHER ARITHMETIC. 

of another slab, of the same marble, whose length is 
8 feet, width 4 feet, and thickness 6 inches ? 

In this example, the answer is required to be in pounds; 
therefore, 400 pounds is tlie odd term. The first couplet 
consists of the lengths ; and, since 8 feet in length will 
give less weight than 10 feet, we must divide 8 by 10, 
which gives j\ for the first ratio. 

The second couplet consists of widths ; and^ since 4 
feet wide will give more weight than 3 feet, we must 
divide 4 by 3, which gives ^ for the second ratio. 

The third couplet consists of thicknesses ; and, since 
5 inches thick will give more weight than 3 inches, we 
must divide 5 by 3, which gives f for the third ratio. 

Multiplying the odd term and these ratios together, 
we get 400lbs. XtVx|x 3- Cancehng the 10 of the 
denominator against a part of the 400 of the numerator, 
we get 40 lbs. x f x f x f = -^V^ = 71 H pounds, for 
the answer. 

3. If a pile of wood, 8 feet long, 4 feet wide, and 4 
feet high, contain 1 cord, how many cords are there in a 
pile 26 feet long, 8 feet wide, and 12 feet high? 

In this example, 1 cord is the odd term. The first 
couplet consists of lengths ; and, since 26 feet long will 
give more wood than 8 feet, we shall have ^^ for the 
first ratio. 

The second couplet consists of widths ; and, since 8 
feet wide will give more than 4 feet, we get | for the 
second ratio. 

The third couplet consists of heights ; and, since 12 
feet high will give more than 4 feet, we get ^/- for the 
third ratio. 

Multiplying these ratios and the odd term, 1 cord, 
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together, we get 1 cord x V x f X -'^. Canceling the 8 
of the numerator against the 8 of the denominator, also 
one of the 4's of the denominator against a part of the 
12 of the numerator, and the factor 2, of the remaining 
4 of the denominator, against the factor 2 of 26, in the 
numerator, our expression, by this means, becomes, 
1 cord x-i^^X |=19| cords, for the answer. 

4. If 1 1 men can cut 49 cords of wood in 7 days, 
when they work 14 hours per day, how many men will 
it take to cut 140 cords in 28 days, by working 10 hours 
each day ? 

Our expression will become, 

t. ^ ^ . 
11 ^i H 

Ans. 11 men x-Vt'-x /y x H=ll ^^^' 

5. If 100 men, in 40 days, of 10 hours each, build a 
wall 30 feet long, 8 feet high, and 2 feet thick, how 
many men must be employed to build a wall 40 feet in 
length, 6 feet high, and 4 feet thick, in 20 days, by 
working 8 hours each day ? 

•« "8. "8i ysi •«! 

U li ll ll '^1 

51 si i! Si 5i 

Am. 100 men x Hx Vx H x | X f =600 men. 

6. If a man perform a journey of 1250 miles in 17 
days, by traveling 13 hours a day, how many days will 
it talce him to perform a journey of 1007 miles, by trav- 
eling 10 hours each day ? Ans. 17|mJ days. 

7. If 10 cows eat 8 tons of hay in 6 weeks, how 
many cows will eat 56 tons in 21 weeks ? 

Ans. 20 cows 

8. If 8 men will mow 36 acres of grass in 9 days, 
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by working 9 hours each day, how many me^ji will be 
required to mow 48 acres in 12 days, by working 12 
hours each day ? Ans, 6 men. 

9. If 12 ounces of wool make 2\ yards of cloth, which 
is 6 quarters wide, how many pounds will it take to 
make 150 yards of cloth, 4 quarters wide ? 

Ans. 30 pounds. 

10. If 12 men can build a wall 26 feet long, 7 feet 
high, and 5 feet thick, in 20 days, in how many days 
will 28 men build a wall 156 feet long, 10 feet high, and 
3 feet thick ? Ans. 44tV days. 

11. If the wages of 6 men for 14 days be $84, what 
will be the wages of 9 men for 16 days ? Ans. $144. 

12. If a pile of wood, 30| feet long, 4 feet wide, and 
6 feet high, is worth $25, how much is a pile 60 feet 
in length, 3 feet wide, and 4 feet high, worth ? 

Ans. $24|f. 

13. If 168 bushels of com, when com is worth 60 
cents a bushels, be given for the carriage of 120 barrels 
of flour 60 miles, how many bushels of corn, when com 
is worth 70 cents a bushel, must be given for the car- 
riage of 80 barrels of flour 230 miles ? 

Ans. 368 bushels. 

14. A wall was to be built 700 yards long in 29 days ; 
after 12 men had been employed on it for 11 days, it 
was found they had built only 220 yards. How many 
more men must be put on it to finish it in the given 
time? 

700 yds. = whole length of wall. 
220 yds. = part built in 11 days. 
480 yds. = part to be built in the remaining 29—11 = 
18 days. The question, therefore, may take this more 
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simple form : If 12 men in 11 days build 220 yards of 
wall, how many men will be necessary to build 480 
yards in 18 days? . 

This, when wrought by the rule, gives 

12 menx 11x111=16 men. 
Now, as there are already 12 men upon the work, it 
becomes necessary to add 4 men more. 

15. In how many days, working 9 hours a day, will 
24 men dig a trench 420 yards long, 5 yards wide, and 
3 yards deep, if 248 men, working 11 hours a day, in 
5 days, dig a trench 230 yards long, 3 yards wide, and 
2 yards deep ? 

Ans. 5 days x Vt^ X -'/ x |U X i X f = 288^VV days. 

16. If 25 pears can be bought for 10 lemons, and 28 
lemons for 18 pomegranates, and 1 pomegranate for 48 
almonds, and 50 almonds for 70 chestnuts, and 108 chest- 
nuts for 2^ cents, how many pears can I buy for $1*35? 

135 
Ans. 25 pears X H X xV xijy^ V/ X —-=375 pears. 

17. Suppose that 50 men, by working 5 hours each 
day, can dig, in 54 days, 24 cellars, which are each 36 
feet long, 21 feet wide, and 10 feet deep, how many men 
would be required to dig, in 27 days, 18 cellars, which are 
each 48 feet long, 28 feet wide, and 9 feet deep, provided 
they work only 3 hours each day ? Ans, 200 men. 

18. If 15 men eat 13 shillings' worth of bread in 6 

days, when wheat is sold at 12 shillings per bushel, in 

how many days will 30 men eat 43| shillings' worth, 

when wheat is 10 shillings per bushel? 

43- 
Ans. 6 daysxHx~^xH=I2day8. 

1«5 
11* 
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CHAPTER VI. 



SIMPLE INTEREST. 



!• Interest is money paid by the borrower to the 
lender for the use of the money borrowed. 

It is estimated at a certain per cent, per annum; that 
is, a certain number of dollars for the use of $100, for 
one year. 

Thus, when $6 is paid for the use of $100, for one 
year, the interest is said to be at 6 per cent. 

In the same manner, when $5 is paid for the use of 
$100, for one year, the interest is said to be at 5 per 
cent,; and the same for other rates. 

The rate per cent, is generally fixed by law. In the 
New England States, the legal rate is 6 per cent., whilst 
in the State of New York, it is 7 per cent. 

The sura of money borrowed, or the sum upon which 
the interest is computed, is called the principal. 

The principal, with the interest added to it, is called 
the amount. 

Case I, 

To find the interest on $1 for any given time at 6 per 
cent. 

The interest on $100, for one year, at 6 per cent., 
being $6, it follows that the interest on $1, for 1 year, is 
riv of $6 =$0*06 ; and, since 2 months is /y = | of one 



SIMPLE INTEREST. 127 

year, the interest on $1 for 2 months, is } ol $0*06= 
$0*01. Again, since 6 days is y\ = yV of 2 months, 
when we reckon 30 days to each month, it follows that 
the interest on $1, for 6 days, is yV of SO'Ol =$0-001. 
Hence, we have the following 



RULE. 

Call half the number of months^ cents; one-sixth 
the number of days, mills. 

examples 

1. What is the interest of $1 for 7 months and 10 
days, at 6 per cent. ? 

In this example, half the number of months is 3|; 
which, being called cents, gives $0*036 for the interest 
of $] for 7 months; again, one-sixth of the number of 
days is If, which, being called mills, gives $0'001| for 
the interest of $1 for 10 days ; therefore, the interest for 
$1, for 7 months and 10 days, is $0*035 + $0*001 f = 
$0036|. 

2. What is the interest of $1 for 11 months and 11 
days, at 6 per cent. ? Ans, $0*056f . 

3. 'What is the interest of $1 for 3 years, 7 months, 
that is, for 43 months, at 6 per cent. ? Ans, $0*215. 

4. What is the interest of $1 for 2 years, 7 months, 
and 9 days, at 6 per cent.? Ans. $0*1565. 

5. What is the interest of $1 for 1 year, 7 months, 
and 15 days, at 6 per cent. ? Ans. $0*0975. 

6. What is the interest of $1 for 7 years and 9 days, 
at 6 per cent. '^ An^. $0*4215 
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Case IL 

To find the interest of any given principal, for any 
given time, at 6 per cent., we have this 



RULE. 



Find the interest on $1 for the given time, by Case /., 
Art, 03. TTien multiply the interest thus fourid by the 
number of dollars in the given principal. 



EXAMPLES. 

1. What is the interest of $49*37 for 13 noonths and 
15 days, at 6 per cent. ? 

In this example, we find the interest on $1 for 13 
months and 15 days, at 6 per cent., to be $0*0675 ; 
which, multiplied by $49*37, gives $3*332475, for the 
interest on $49*37, for the given time. 

2. What is the interest of $608*62 for 1 year and 9 
months, at 6 per cent. ? Ans. $63*9051. 

3. What is the interest of $341*13 for 7 years and 9 
days, at 6 per cent. ? Ans. $143*786295. 

4. What is the interest of $100 for 16 years and 8 
months, at 6 per cent. ? Ans, $100. 

5. What is the interest of $591*03 for 4 years, 3 
months, and 7 days, at 6 per cent. ? 

Ans. $151-402185. 

6. What is the interest of $0*134 for 4 months and 
3 days, at 6 per cent. ? Ans. $0*002747. 
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Case III. 

To find the interest on any given principal, for any 
given time, at any given rate per cent., we have this 

RULE. 

Find the interest on the given principal^ for the 
given timey at 6 per cent., by Case IL, Art. 6S« 
Then increase, or decrease, this interest by the same 
part of itself as it would be necessary to increase, or 
decrease 6, in order to make it agree with the given 
rate per cent. 

EXAMPLES. 

1. What is the interest of $19*41 for 1 year, 7 months, 
and 13 days, at 7 per cent. ? 

In this example, we find, by Case II., that the interest 
of $19*41 for 1 year, 7 months, and 13 days, at 6 per 
cent., is $1*886005. Since 6, increased by its sixth 
part, equals 7, it will be necessary to increase the 
interest just found, for 6 per cent., by its sixth part, 
which thus becomes $2*200339j^, for the interest at 7 
per cent. 

2. What is the interest of $530 for 3 years and 6 
months, at 5 per cent. ? Ans. $92*75. 

In this example, it was necessary to decrease the 
interest at 6 per cent, by its sixth part. 

3. What is the interest of $5*37 for 4 years and 12 
days, at 8 per cent. ? Ans. $1*73272. 

Xn this example, we increased the interest at 6 per 
cent* by its third part. 
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4. What is the interest of $4070 for 3 months, at 9 
percent.? Arts, $91'575. 

5. What is the interest of $3671 for 6 months, at 10 
per cent. ? Ans, $183'55. 

6. What is the interest of $4920*05 for 3 months, at 
4 per cent. ? Ans. $49' 2005. 

7. What is the interest of $40*17 for 3 months and 
18 days, at 3 per cent. ? Ans. $0-36153. 

8. What is the interest of $37*13 for 5 months and 
12 days, at 4^ per cent. ? Ans. $0-7518825. 

Note. — ^When the principal is given in [English money, we must 
reduce the shillings, pence, and farthings to the decimal of a pound, 
and then proceed as in Federal money. 

9. What is the interest of £75 13 s. 6d. for 3 years 
and 5 months, at 6 per cent. ? 

In this example, 13 s. 6 d., reduced to the decimal of 
a pound, is JC0*675, so that our principal is jC75*675 ; 
the interest on JCI for 3 years and 5 months, at 6 per 
cent., is JCO'205*, which, multipUed into 75*675, the num- 
ber of pounds, gives £15*513375=JB15 10 s. 3/yV d 
for the interest required. 

10. What is the interest of £14 5 s. 3^ d. for 4 years, 
6 months, and 14 days, at 7 per cent. ? 

Ans. £4 10 s. 77^ d., nearly. 

11. What is the interest of £1 7 s. 6 d. for 2 years 
and 6 months, at 4| per cent. ? Ans. £0 3 s. l|d. 

12. What is the interest of £105 10 s. 6d. for 9} 
months, at 5 per cent. ? Ans. £4 3 s. 6 d. 1 jVt far. 

When the interest is 7 per cent., it may be readily 
computed by the assistance of the following table, which 
gives the interest of $1, or £1, for any time, in months 
and days, not exceeding 1 year. 
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INTEREST TABLE AT SEVEN PER CENT. 



Days. 




1 
2 

3 

4 
5 

6 
7 
8 
9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 



O Month. 



1 Month. 



000000 
000019 
0-00039 
000058 
0-00078 
0-00097 
000117 
0-00136 
0-00156 
000175 
000194 
0-00214 
000233 
000253 
0-00272 
0-00292 
0-00311 
0-00331 
0-00350 
0-00369 
0-00389 
0-00408 
000428 
000447 
000467 
000486 
0-00506 
0-00525 
0-00544 
0-00564 
0-00583 



0-00583 
000603 
000622 
0-00642 
0-00661 
0-00681 
0-00700 
0-00719 
000739 
0-00758 
0-00778 
0-00797 
000817 
0-00836 
0-00856 
0-00875 
0-00894 
0-00914 
0-00933 
0-00953 
000972 
000992 
0-01011 
001031 
0-01050 
001069 
0-01089 
0-01108 
0-01128 
0-01147 
0-01167 



a Months. 



0-01167 
0-01186 
0-01206 
0-01225 
0-01244 
001264 
0-01283 
001303 
0-01322 
0-01342 
0-01361 
0-01381 
0-01400 
0-01419 
0-01439 
0-01458 
0-01478 
0-01497 
0-01517 
0-01536 
0-01556 
0-01575 
001594 
001614 
0-01633 
0-01653 
0-01672 
0-01692 
0-01711 
0-01731 
0-0L750 



3 Months. 



0-01750 
0-01769 
0-01789 
001808 
0-01828 
001847 
001867 
0-01886 
0-01906 
0-01925 
001944 
0-01964 
001983 
0-02003 
002022 
002042 
002061 
0-02081 
0-02100 
002119 
0-02139 
002158 
002178 
0-02197 
0-02217 
002236 
0-02256 
002275 
002294 
0-02314 
0-02333 



4 Months. 



0-02333 
0-02353 
002372 
0-02392 
0-02411 
002431 
0-02450 
0-02469 
0-02489 
0-02508 
0-02528 
0-02547 
002567 
0-02586 
0-02606 
0-02625 
002644 
0-02664 
0-02683 
0-02703 
0-02722 
0-02742 
0-02761 
0-02781 
0-02800 
0-02819 
0-02839 
0-02858 
0-02878 
002897 
002917 



SMootlM. 

0-02917 
0-02936 
0-02956 
0-02975 
0-02994 
0-03014 
0-03033 
003053 
0-03072 
0.03092 
0-03111 
003131 
0-03150 
003169 
0-03189 
0-03208 
003228 
0-03247 
0-03267 
0-03286 
003306 
0-03325 
003344 
003364 
003383 
003403 
003422 
0-03442 
0-03461 
003481 
003500 
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INTEREST TABLE AT SEVEN PER CENT. 



Days. 





1 

2 
3 
4 
5 

6 
7 
8 
9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 



6 Months. 



003500 
003519 
003539 
003558 
0-03578 
003597 
0-03617 
0-03636 
003656 
003675 
0-03694 
003714 
003733 
003753 
0-03772 
003792 
003811 
003831 
0-03850 
003869 
0-03889 
003908 
003928 
003947 
0-03967 
003986 
0-04006 
004025 
0-04044 
0-04064 
0-04083 



7 Months. 



004083 
0-04103 
004122 
004142 
004161 
0-04181 
004200 
0-04219 
0-04239 
0-04258 
0-04278 
0-04297 
0-04317 
004336 
0-01356 
004375 
0-04394 
001414 
0-04433 
004453 
004472 
0-04492 
004511 
0-04531 
0-04550 
0-04569 
0-04589 
0-04608 
0-04628 
0-04647 
0-04667 



8 Months. 



9 Months. 



004667 
004686 
0-04706 
004725 
0-04744 
0-04764 
0-04783 
0-04803 
0-04822 
0-04842 
0-04861 
0-04881 
004900 
0-04919 
0-04939 
0-04958 
0-04978 
0-04997 
0-05017 
0-05036 
0-05056 
0-05075 
005094 
0-05114 
005133 
0-05153 
005172 
0-05192 
005211 
0-05231 
9-05250 



0-05250 
0-05269 
0-05289 
0-05308 
0-05228 
0-05347 
0-05367 
0-05386 
0-05406 
0-05425 
0-05444 
0-05464 
005483 
005503 
0-05522 
005542 
0-05561 
0-05581 
0-05600 
0-05619 
0-05639 
0-05658 
0-06678 
0-05697 
0-05717 
0-05736 
0-05766 
0-05775 
0-05794 
0-05814 
0-05833 



10 Months. 



0-05833 
0-05853 
0-05872 
0-05892 
005911 
005931 
005950 
005969 
005989 
0-06008 
0-06028 
0-06047 
0-06067 
006086 
0-06106 
0-06125 
006144 
0-06164 
0-06183 
0-06203 
006222 
006242 
0-06261 
0-06281 
006300 
006319 
0-06339 
006358 
006378 
0-06397 
0-06417 



11 Months. 



0-06417 
0-06436 
006456 
0-06475 
0-06494 
0-06514 
0-06533 
0-06553 
0-06572 
006592 
0-06611 
0-06631 
006650 
006669 
006689 
0-06708 
0-06728 
006747 
006767 
0-06786 
0-06806 
0-06825 
006844 
006864 
006883 
0-06903 
0-06922 
0-06942 
006961 
0-06981 
0-07000 
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We will now give, to be wrought by the aid of the 
preceding table, the following 

EXAMPLES. 

1. What is the interest of $37*13 for 3 months and 
3 days, at 7 per cent. ? 

Operaiian, 

SO'Ol 808 - - Tabular number, 3 mo. 3 days. 
37' 1 3 - - Multijdy by tbe number of ddlars 
.^24 ^° ^^® principal. 

1808 
12656 
5424 



$0-6713104, Interest sought. 

2. What is the interest of $320 for 6 months and 3 
days, at 7 per cent. ? Ans. $11*386, nearly. 

3. What is the interest of £20 5 s. 6 d. for 8 months 
17 days, at 7 per cent. ? 

Reducing the shillings and pence to the decimal of a 
pound, our principal will become £20*276. Hence, 
multiplying £0*04997, the tabular number for 8 months 
17 days, by 20275, we find £1*01314176. Reducing 
this decimal of a pound to shillings and pence, we have 
£1 s. 3 d., nearly for the interest required. 

4. What is the interest of $500 for 6 months and 1 
day, at 7 per cent. ? ^ Ans. $17*595. 

5. What is the interest of £500 10 s. for 4 months 
15 days, at 7 per cent. ? Ans. £13 2 s. 9tW d- 

6. What is the interest of $1260 for 3 years and 3 

months, at 7 per cent. ? 

12 
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The tabular number for 3 months is $0*01750; to 
which, adding $0*21, the mterest of $1 for 3 years, we 
have $0*2275, for the interest of $1 for 3 years and 3 
months. Now, multiplying $0*2275 by 1250, we obtain 
$284*375, for the interest sought. 

7. What is the interest of $33*33 for 2 years, 5 months, 
and 3 days, at 7 per cent. ? Arts. $5*658, nearly. 



PARTIAL PAYMENTS. 



64. When notes, bonds, or obligations, receive par 
tial payments, or indorsements, we must use the following 
Rule, which, was given by Chancellor Kent, in the 
New York Chancery Reports : 

RULE. 

" The Rule for casting interest, when partial pay- 
ments have been made, is to apply the payment in the 
first place to the discharge of the interest then due. 
If the payment exceed the interest, the surplus goes 
towards discharging the principal, and the subsequent 
interest is to be computed on the balance of the prin- 
cipal remaining due. If the payment be less than the 
interest, the surplus of interest must not be taken to 
augment the principal; but interest continues on the 
former principal until the period when the payments, 
taken together, equal or exceed the interest due, and then 
the surplus is to be applied towards discharging the 
principal , and interest is to be computed on the balance, 
as aforesaid.^^ 
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Utica, May 16, 1839. 
]. For value received, I promise to pay A. B., or 
order, three hundred and twenty dollars, with interest at 
7 per cent. C. D. 

Indorsements were made on this note as follows : 
September 3, 1839, there was paid . . . $30*00 
January 5, 1840, " " « . . . . S'OO 
August 11, 1841, " " «... 40-00 
February 26, 1842, " « «... 10000 

How much was due May 3, 1843 ? 
We first find the successive periods of time for which 
interest is to be computed by the following 





Operaiion. 






Year. Ma. 


Host. 


Date of note. 


1839 4 


16 


1st indorsement, 


1839 8 


3 


2d indorsement. 


1840 


5 


3d indorsement. 


1841 7 


11 


4th indorsement. 


1842 1 


25 


Date of settlement. 


1843 4 


3 





M9. 


Host. 




3 


17 


Year. 


4 


2 


1 


7 


6 




6 


14 


1 


2 


8 



The interest being 7 per cent., we will compute it by 
the aid of the table under Art. 



Amount of the note, or the principal, is . . $320*000 

Interest up to Sept. 3, 1839, is 6*659 

326-659 

Deduct first indorsement, 30'000 

, 296-659 
Interest up to January 5, 1840, is $7-037, which 
is greater than the second indorsement. 
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Brought forward, . . $296*659 

Interest from Sept. 3, 1839, to August 11, 

1841, is 40-26 3 

336-922 
Sum of second and third indorsements, . • . 45*000 

291-922 
Interest up to February 25, 1842, is . • - • 11011 

302-933 
Deduct fourth indorsement, . . . . ^ . lOO'OOO 

202-933 

Interest up to May 3, 1843, is 16-888 

Amount due May 3, 1843, is $219*821 

Utica, Nao. 1, 1837. 
2. For value received, I promise to pay Thomas 
Jones, or order, the sum of six hundred and twenty dol- 
lars, on demand, with interest. 

• . CHARLES BANK. 

The following indorsements were made on this note : 

1838, Oct. 6, there was indorsed . . . $61*07 

1839, March 4, " " " ... 89-03 

1839, Dec. 11, " " " ... 107*77 

1840, July 20, « « " ... 20050 

What was the balance due Oct. 15, 1840, allowing 
7 per cent, interest ? 





Year. 


Mo. 


Day. 


Date of note. 


1837 


10 


1 


1st indorsement. 


1838 


9 


6 


2d indorsement, 


1839 


2 


4 


3d indorsement, 


1839 


11 


11 


4th indorsement, 


1840 


6 


20 


Date of settlement, 


1840 


9 


15 



Mo. 


Day. 


11 


5 


4 


28 


9 


7 


7 


9 


2 


25 
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The amount of note, or principal, is . . . $620'000 
Interest on the same, up to Oct. 6, 1838, is 40*386 

Amount due on note, Oct. 6, 1838, is . . . 660386 
The first indorsement is 6r070 

699-316 
Interest from Oct. 6, 1838, to March 4, 1839, is 17'247 

Amount due March 4, 1839, is 616*563 

The second indorsement is 89*030 

627*533 

Interest from March 4, 1839, to Dec. 11, 1839, is 28*414 

555*947 
The third indorsement is 107*770 

448-177 
Interest from Dec. 11, 1839, to July 20, 1840, is 1 9*085 

467*262 
The fourth indorsement is 200*500 

266*762 
Interest from July 20, 1840, to Oct. 15, 1840, is 4409 

Ans $271*171 

Utica, May 1, 1836. 
3. For value received, I promise to pay Isaac Clark, 
or order, three hundred and forty-nine dollars, ninety 
nine cents, and eight mills, with interest at 6 per cent. 

N. BROWN. 

Indorsements were made on this note as follows : 

Dec. 25, 1836, there was paid . . .' . $49*998 

June 30, 1837, " " " 4*998 

Aug. 22, 1838, " <<".... 15*000 
June 4, 1839, " "".... 99*999 



12 



* 



Mo. 
4 

11 


Day. 
1 Mo. 

25 ^7 


Day. 

24 


Interest eU 
6 per cent. 

$0-039 


6 

7 


30 ^«p ^ 


5 
22 


0-0301 
0-0681 


22 9 


12 


0-047 


5 


4 10 


1 


00501 


3 


5 
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How much was due April 5, 1840? 

year. 

Date of note 1836 

Ist indorsement, 1836 

2d " 1837 

3d " . ^838 

4th " ' 1839 

Date of settlement, 1 840 

The amount of the note, or principal, is . . $349*998 
Interest up to Dec. 25, 1836, is . . . . . 13-650 

363-648 
The first indorsement is ....... . 49*998 

313-650 
Interest up to June 4, 1839, is 45* 950 

359-600 

Indorsement June 30, 1837, which > ^ 

• 1 I 1 • 1 J C $4*998 

is less than the interest then due, > 

Indorsement August 22, 1838, •* . 15-000 

19-998 
This sum is still less than the interest 

now due. 

Indorsement June 4, 1839, . . . 99' 999 

$119-997 

This sum exceeds the interest now due. 

239-603 

Interest up to April 5, 1840, is ...... 12-020 

Amount due April 5, 1840, $251*623 

, Utica, Dec. 9, 1835. 
4. For value "received, I promise to pay Peter Smith, 
or order, one hundred and eight dollars and forty-three 
cents, on demand, with interest at 7 per cent. 

JOHN SAVEALL. 
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Indorsements were made as follows : 

March 3, 1836, there was indorsed . . . $50*04 
Dec. 10, 1836, " " " ... 13-19 

May 1, 1838, ** " " ... 50- U 

How much remained due Oct. 9, 1840? 

Ans. $5*844. 

Utica, Aug. 1, 1837. 

6. For value received, I promise to pay F. Gould, 

or bearer, one hundred and forty-^three dollars and fifty 

cents, on demand, with interest 

D. PARLING. 

Dec. 17, 1837, there was indorsed . . . $37*40 
July 1, 1838, " " " .... 7-09 
Dec. 22, 1839, " " " ... 13*13 

Sept. 9, 1840, " " " • . . . 60-50 
How much remains ilue Dec. 28, 1840, the interest 
being 7 per cent. ? Ans. $60*866. 

6. A note of $486 is dated Sept. 7, 1831, on which, 

March 22, 1832, there was paid $125 

Nov. 29, 1832, " " " 150 

May 13, 1833, " " " 120 

What was the balance due April 19, 1834, the interest 
being 7 per cent. ? An^. $144*404. 



SS» The principal, the rate per cent., the time, and 
the interest, are so related to each other, that any 
three of them being given, the remaining one can be 
found. 
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Problem L 



Given the principal, the rate per cent., and the time, 
to find the interest. The rule for this problem has 
already been given under Case III., Art. 63 ; it is 
equivalent to the following 

RULE. 

Multiply the interest of $1 for the given time and 
given rate per cent.,, by the number of dollars in the 
principal. 

Problem IL 

Given the time, the rate per cent., and the interest, to 
find the principal. By the reverse of the last problem, 
we obtain this 

RULE. 

Divide the given interest by the interest of $1 for the 
given time and given rate per cent, ; and the quotient 
will be the number of dollars in the principal, 

EXAMPLES. 

1. The interest on a certain principal for 9 months 
and 10 days, at 4^ per cent., is $r01605. What was 
the principal ? 

In this example, we find the interest of $1 for 9 months 
and 10 days, at 4| per cent., to be $0*036 ; .'. $r01605, 
divided by $0-035, gives 29*03 for the number of dollars 
in the principal required. 

2. What principal will, in 1 year, 7 months, and 16 
days, at 6 per cent., give $9*75 interest ? Ans. $100. 
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3. What principal will, in 7 years and 9 days, at 6 
per cent., give $16' 86 interest^ Ans. $40. 

4. What principal will, in Shears and 6 months, at 
6 per cent,, give $92*75 interest? Ans. $530 

5. What principal will, in 3 months and 9 days, at 8 
per cent., give $90, interest ? Ans. $4090*909. 

Problem III. 

Given the principal, the time, and the interest, to find 
the rate per cent. 

RULE. 

Divide the given interest by the interest of the given 
principaly for the given time^ at one per cent. 

EXAMPLES. 

1. The interest of $100 for 9 months and 10 days, is 
$3'50. What is the rate per cent. ? 

In this example, we find the interest of $100 for 9 
months and 10 days, at 6 per cent., to be $4'66|. The 
interest at 1 per cent, is \ of $4-66|=$0-77J; there- 
fore, dividing $3*50 by $0-77J, we obtain 4^ for the rate 
per cent, required. 

2. At what rate per cent, will $530, in 3 years and 6 
months, give $92*75, interest ? Ans. 5 per cent. 

3. At what rate per cent, will $19*41, in 1 year, 7 
months, and 13 days, give $2*200339^, interest ? 

Ans. 7 per cent. 

4. At what rate per cent, will $5*37, in 4 years and 
12 days, give $1*73272, interest? Ans. 8 per cent. 
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5. At what rate per cent, will $4070, in 3 months, 
give $9i*676, interest? Ans. 9 per cent. 

Problem IV. 

Given the principal, the rate per cent., and the interest, 
to find the time. 

RULE. 

Divide the given interest by the interest of the given 
principal for 1 year at the given rate per cent. 

EXAMPLES. 

1. In what time will $37' 13, at 4^ per cent., give 
$0-7518826, interest? 

In this example, we find the interest of $37*13 for 1 
year, at 4^ per cent., to be $1*67085; .'. dividing 
$0-7518825 by $1-67085, we get 0-45, which, considered 
as years, gives, when reduced, 5 months and 12 days. 

2. In what time will $700, at 7 per cent., give $85*75, 
interest? Ans, 1 year, 9 months. 

3. In what time will $100, at 6 per cent., give $100 

interest ? That is, in what time will a given principal 

double itself at 6 per cent, interest ? 

Ans. 16f years. 

4. In what time will a given principal double itself at 

7 per cent. ? Ans. 14f years. 

5. In what time will a given principal double itself at 

8 per cent. ? Ans. \2\ years. 

6. In what time will a given principal double itself at 
5 per cent.? Ans. 20 years. 

7. In what time will a given principal double itself at 
4^ per cent. ? Ans. 22f years. 
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To find the number of years required for a given sum 
to double itself at simple interest, we have only to divide 
100 by* the rate per cent. 

The following table gives the time required for a given 
principal to double itself at simple interest. 



Per cent. 


Yean. 


^W CMlt. 


Yean. 


Per cent. 


Yean. 


1 


100 


4 


25 


7 


14f 


H 


66| 


H 


22t 


71 
'1 


13* 


2 


60 


5 


20 


8 


12i 


2i 


40 


H 


18/t 


8i 


IIH 


3 


33i 


6 


16| 


9 


IH 


H 


284 

1 


6i 


ISA 


9i 


lOH 



DISCOUNT. 

66« Discount is an allowance made for the payment 
of money before it is due. 

The present worth of a debt payable at some future 
time, without interest, is such a sum of money as will, 
in the given time, amount to the debt. 

When the interest is at 6 per cent., the amount of $1 
for one year, is $r06 ; therefore, the present worth of 
Sr06, due one year hence, is $1. We may also infer 
that the present worth of any sum for one year will be 
as many dollars as $1*06 is contained in the given sum. 

Hence, we have the following 

RULE. 

Find the amount of $1 for the given time, at the 
given rate per cent,; then divide the sum by this 
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amount, and it will give the number of dollars in the 
present worth. 

Subtract the present worth from the amount^ and it 
will give the discounts 

1. What is the present worth of $622*75, due 3 years 
and 6 months, at 5 per cent. ? 

In this example, we find the amount of $1 for 3 years 
and 6 months, at 5 per cent., to, be $1*175; therefore, 
dividing $622'75 by $ri75, we get 530 for the number 
of dollars in the present worth. If we subtract the 
present worth from the sum, we get $92*75 for the 
discount. 

-2. What is the present worth of $4161*575, due 3 
months hence, at 9 per cent. ? Ans. $4070. 

3. What is the present worth of $7*10272, due 4 

years and 12 days hence, at 8 per cent. ? 

Ans. $5*37. 

4. Sold goods for $1500, to be paid one half in 6 
months, and the other half in 9 months ; what is the 
present worth of the goods, interest being at 7 per cent. ? 

Ans. $1437*227. 

5. What is the present worth of $50, payable at the 
end of 3 months, at 7 per cent. ? Ans. $49*14. 

6. What is the discount on $100, due 6 months hence, 
at 6 per cent. ? Ans. $2*913. 

The following table gives the present worth of $1, or 
£\, for months and days, for anytime not exceeding 
1 year, at 7 per cent. 
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TABLE OF PRESENT WORTHS. 



Day*. 




Month. 


1 Month. 


2 Months. 


3 Monthi. 


0000000 


0-994200 


0-988468 


0-982801 


1 


0-999806 


0-994008 


0-98S278 


0-982613 


2 


0-999600 


0-993816 


0-98S088 


0-982425 


3 


0-999417 


0-993624 


0-987898 


0-982238 


4 


0-999223 


0-993432 


0-987709 


0-9^2050 


5 


0-999029 


0-993240 


0-987519 


0-981863 ' 


6 


0-998835 


0-993049 


0-987329 


0-981675 


7 


0-998641 


0-992857 


0-987140 


0-981488 


8 


Q- 998447 


0-992665 


0-986950 


0-981301 


9 


0-998253 


0.992474 


0-986761 


0-981114 


10 


0-998059 


0-992282 


0-986572 


0-980926 


11 


0-997866 


0-992091 


0-986382 


0-980739 


12 


0-997672 


0-991899 


0-986193 


0-980552 


13 


0-997479 


0-991708 


0-986004 


0-980365 


14 


0-997285 


0-991517 


0-985815 


0-980179 


15 


0-997092 


0-991326 


0-985626 


0-979992 


16 


0-996899 


0-991135 


0-985437 


0-979806 


17 


0-996705 


0-990944 


0-985249 


0-979618 


18 


0-996512 


0-990753 


0-935060 


0-979432 


19 


0-996319 


0-990562 


0-984871 


0-979245 


20 


0-996126 


0-990371 


0-984683 


0-979059 


21 


0-995933 


0-990181 


0-984494 


0-978873 


22 


0-995740 


0-989990 


0-984306 


0-978686 


23 


0-995548 


0-989800 


0-984117 


0-978500 


24 


0-995355 


0-989609 


0-983929 


0-978314 


25 


0-995162 


0-989419 


0-983741 


0-978128 


26 


0-994970 


0-989228 


0-983553 


0-977942 


27 


0-994777 


0-989038 


0-983365 


0-977756 


28 


0-994585 


0-988848 


0-983177 


0-977570 


29 


0-994393 


0-988658 


0-982989 


0-977384 


30 


0-994200 


0-988468 


0-982801 


0-977199 






U 
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TABLE OF PRESENT WORTHS. 



Days. 



4 Months. 


5 Months. 


6 Months. 


7 Months. 


0-977199 


0-971660 


0-966184 


0-960769 


1 


0-977013 


0-971476 


0-966002 


0-960589 


2 


0-976827 


0-971293 


0-965821 


0-960410 


3 


0-976642 


0-971109 


0-965639 


0-960230 


4 


0-976457 


0-970926 


0-965458 


0-960051 


5 


0-976271 


0-970743 


0-965277 


0-959872 


6 


0-976086 


0-970560 


0-965096 


0-959693 


7 


0-975901 


0-970377 


0-964915 


0-959514 


8 


0-975716 


0-970193 


0-964734 


0-959335 


9 


0-975530 


0-970011 


0-964553 


0-9^156 


10 


0-975345 


0-969828 


0-964372 


0-958977 


11 


0-975160 


0-969645 


0-964191 


0-958798 


12 


0-974976 


0-969462 


0-964010 


0-958620 


13 


0-974791 


0-969279 


0-963830 


0-958441 


14 


0-974606 


0-969097 


0-963649 


0-958262 


15 


0-974421 


0-968914 


0-963468 


0-958084 


16 


0-974237 


0-968731 


0-963-288 


0-957905 


17 


0-974052 


0-968549 


0-963108 


0-957727 


18 


0-973868 


0-968367 


0-962927 


0-957549 


19 


0-973683 


0-968184 


0-962747 


0-957370 


20 


0-973499 


0-968002 


0-962567 


0-957192 


21 


0-973315 


0-967820 


0-962387 


0-957014 


22 


0-973131 


0-967638 


0-962207 


0-956836 


23 


0-972947 


0-967456 


0-962027 


0-956658 


24 


0-972763 


0-967274 


0-961847 


0-956480 


25 


0-972579 


0-967092 


0-961667 


0-956302 


26 


0-972395 


0-966910 


0-961487 


0-956125 


27 


0-972211 


0-966728 


0-961307 


0-955947 


28 


0-972027 


0-966547 


0-961128 


0-955769 


29 


0-971844 


0-966365 


0-960948 


0-955592 


30 


0-971660 


0-966184 


0-960769 


0-955414 
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TABLE OF PRESENT WORTHS. 



Days. 




8 Month*. 


9 Months. 


10 Monthr. 


11 Months. 


0-955414 


0-950119 


0-944882 


0-939702 


1 


0-955237 


0-949943 


0-944708 


0-939531 


2 


0-955059 


0-949768 


0-944535 


0-939359 


3 


0-954882 


0-949592 


0-944361 


0-939188 


4 


0-954705 


0-949417 


0-944188 


0-939016 


5 


0-954527 


0-949242 


0-944015 


0-938845 


6 


0-954350 


0-949067 


0-943841 


0-938673 


7 


0-954173 


0-948892 


0-943668 


0-938502 


8 


0-953996 


0-948717 


0-943495 


0-938331 


9 


0-953819 


0-948542 


0-943322 


0-938160 


10 


0-953642 


0-948367 


0-943149 


0-937989 


11 


0-953466 


0-948192 


0-942976 


0-937817 


12 


0-953289 


0-948017 


0-942803 


0-937647 


13 


0-953112 


0-947842 


0-942630 


0-937476 


14 


0-952936 


0-947668 


0-942458 


0-937305 


15 


0-952759 


0-947493 


0-942285 


0-937134 


16 


0-952583 


0-947319 


0-942112 


0-936963 


17 


0-952406 


0-947144 


0-941940 


0-936793 


18 


0-952230 


0-946970 


0-941767 


0-936622 


19 


0-952054 


0-946795 


0-941595 


0-936451 


20 


0-951877 


0-946621 


0-941423 


0-936281 


21 


0-951701 


0-946447 


0-941250 


0-936110 


22 


0-951525 


0-946273 


jO-941078 


0-935940 


23 


0-951349 


0-946099 


0-940906 


0-935770 


24 


0-951173 


0-945925 


0-940734 


0-935600 


25 


0-950997 


0-945751 


0-940562 


0-935429 


26 


0-950821 


0-945577 


0-940390 


0-935259 


27 


0-950646 


0-945403 


0-940218 


0-935089 


28 


0-950470 


0-945229 


0-940046 


0-934919 


29 


0-950294 


0-945056 


0-939874 


0-934749 


30 


0-950119 


0-944882 


0-939702 


0-934679 
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The following examples may be worked by the aid of 
the foregoing table : 

7. What is the present worth, interest being 7 per 
cent., of $320, due at the end of 6 months and 3 days ? 

OperaUan, 



•0-965639 ..- 



Tabular number for 6 months 3 days. 



320 • - - I Multiply by the number of dollars. 



19312780 
2896917 

Ans. $309004480 

8. What is the discount on $750, due 9 months hence, 
at 7 per cent. ? Ans. $37*41 1. 

9. What is the present worth of $3471*20, due 3 
months and 9 days hence, at 7 per cent. ? 

Ans. $3405-643. 

10. What is the discount of $150, due 3 months and 
18 days hence, at 7 per cent. ? Ans. $3-085. 

11. What is the discount of $961-13, due 10 months 
ftnd 5 days hence, at 7 per cent. ? Ans. $53'809. 



EQUATION OF PAYMENTS, 

DEDUCED BY CONSIDERING THE PRESENT VALUES OF 

THE SEVERAL PAYMENTS. 

67. Suppose A owes me $100, due at the end of 3 
months, and $100, due at the end of 9 months, and I 
wish him to give me one note of $200, of such a time 
that its present value shall be the same as the sum of 
tlie present values of the two individual debts. How 
long after date must this note be made payable 7 
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By the foregoing table for the present worth, we 
find the present value of 9100 for three months, to be 
$98-2801 : ihe present value of $100 for 9 months, to 
be $95-0119. Taking the sum, we have $193*292 for 
the present value of $200, due at a future time, which 
time we are required to find. 

We may obviously consider $193*292 as a principal, 
which, at the given rate per cent., will amount to $200, 
in the time sought. The interest is, therefore, $6*708. 

This question now is equivalent to the following : 

Given the principal, the rate per cent., and the interest, 
to find the time. 

This has been solved under Prob. IV., Art. 6ff. 
Proceeding according to this rule, we find the interest 
of $193*292 for 1 year, at 7 per cent., to be $13*53, 
nearly. Dividing $6*708 by $13*53, we get 0*4958 of 
a year, equal to 5 months, 28*49 days, nearly. The 
equated time, when found by the ordinary method, is 6 
months. 

From the above, we deduce the following rule for the 
equation of payments, founded on the principle of equiv^ 
(dent present values. 

RULE. 

Find the sum of the present values of the individual 
debts ; alsOy the sum of their discounts. Then regard 
the sum of the present values of the individual debts as 
a principal, and the sum of their discounts as the in- 
terest. Then proceed with this principal and interest 
and given rate per cent., according to RuU under 

Prob. IF., Art. 6ff. 

13* 
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EXAMPLE. 

Suppose A owes me $500, due at the end of 3 months, 
•600 at the end of 4 months, and $800 at the end of 6 
months. How long may the whole $1900 remain un- 
paid, so that its present worth may be the same as the 
sum of the present worths of the individual debts ? 

Present value of $500, due 3 months hence, is $191*4005 

600, " 4 " " 586-3194 

" 800, " 6 " " 772-9472 

Sum of their present values is ... . $1850-6671 
Sum of several payments $1900*0000 

1850-6671 
Sum of their discounts is $49*3329 

Now, if a principal of $1850*6671 gives $49-3329 
interest at 7 per cent., what is the number of years ? 

By rule under Prob. IV., we find that the interest on 
$1850*6671 for 1 year, at 7 per cent, to be $129*5467. 
Hence, dividing $49*3329 by $129*5467, we find 0*3808 
of a year, which is the same as 4 months, 17*088 days, 
nearly. 

If we find the equated time by the usual rule for 
equation of payments, it will be 4 months, 17*368 days, 
nearly, which differs less than half a day from the result 
by the above method. 

Other examples might be given to illustrate this method 
of finding the time for the equation of payments, on the 
principle of equivalent present values, but enough has 
been done to call the attention of the student to this 
singular subject. 
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CHAPTER VII. 



COMPOUND INTEREST. 



68. When, at the end of each year, the interest due 
is added to the principal, and the amount thus obtained 
is considered as a new principal, upon which the interest 
is cast for another year, and added to it to form a new 
principal for the next year, and so on to the last year, 
the last amount thus obtained, is called the amount at 
COMPOUND INTEREST. If from tliis amount we subtract 
the original principal, we obtain the compound interest. 

EXAMPLES. 

I. What is the compound interest of $1000 for 3 
years, at 7 per cent» ? 

Principal, $1000 

Interest on $1000 for one year, .... 70 
First amount, or second principal, . . . 1070 

Interest on $1070 for one year, 74*90 

Second amount, or third principal, . . . 1144*90 
Interest on $1144*90 for one year, . . . . 80' 143 
Third amount, ......... 1225*043 

Original principal, 1000 

The compound interest required, • Ans. $225*043 
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S. What is the compound interest of $100 for 4 years^ 
at 6 per cent. ? 

Principal, $100 

Interest for first year 6 

First amount, or second principal . . . .106 

Interest for second year, 6*36 

Second amount, or third principal, - . . . 11 2*36 
Interest for third year, . . - . * . - . 6*74 
Third amount, or fourth principal, . ' * . 119* 10 

Interest for fourth year, . 7*15 

Fourth amount, 126' 25 

Original principal, 100 

Compound interest required, . . • Ans, $26' 25 
3. What is the compound interest of $630 for 4 years, 
at 5 per cent. ? Ans, $135*769. 

By carefully reviewing the above manner in which 
compound interest is computed, we discover that the 
successive amounts, which are considered as new prin- 
cipals, form the terms of a geometrical series, whose first 
term is the original principal ; the ratio is the amount of 
$1 for one year, at the given rate per cent. ; the number 
of terms is equal to the number of years, plus one. 

From this we learn that finding the amount of a given 
principal, for a given number of years, at a given rate 
per cent., consists in finding the last term of a geometri- 
cal progression, when the first term, the ratio, and the 
number of terms are given. 

Thus, the amount of $1 for one year, at 3 per cent., 
is $1-03; for two years, it is $(1*03)^ ; for three years, 
it is $(1-03)3; for four years, it is $(r03)* ; and in 
general, for any number of years, it is found by raising 
1*03 to a power denoted by the number of years. 
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TABLE, 

Showing the amoant of Si, or £l,fov any number of yean, not 
exceeding 30, at 3, 4, 5, and 6 per cent., at compoond iateresty 
the interest being compounded yearly. 



Yean. 

1 


3 per cent. 


4 per cent. 


5 per eenU 


• per ceot. 


1-030000 


1-040000 


1-050000 


1-060000 


2 


1-060900 


1-081600 


11 02500 


1-123600 


3 


1-092727 


1-124864 


1-157625 


1191016 


4 


1-125509 


1-169859 


1-215506 


1-262477 


5 


1-159274 


1-216653 


1-276282 


1-338225 


6 


1-194052 


1-265319 


1-340096 


1-418519 


7 


1-229874 


1-315932 


1-407100 


1-503630 


8 


1-266770 


1-368569 


1-477455 


1-593848 


9 


1-304773 


1.423312 


1-551328 


1-689479 


10 


1-343916 


1-480244 


1-628895 


1-790848 


11 


1-384234 


1-539454 


1-710339 


1-898299 


12 


1-425761 


1-601032 


4-795856 


2012196 


13 


1-468534 


1-665074 


1-885649 


2132928 


14 


1-512590 


1-731676 


1-979932 


2-260904 


15 


1-557968 


1-800944 


2-078928 


2-396558 


16 


1-604707 


1-872981 


2-182875 


2-540352 


17 


1-652848 


1-947900 


2-292018 


2-692773 


18 


1-702433 


2-025817 


2-406619 


2-854339 


19 


1-753506 


2-106849 


2-526950 


3021599 


20 


1-806111 


2-191123 


2-653298 


3-207135 


21 


1-860295 


2-278768 


2-785963 


3-399564 


22 


1-916103 


2-369919 


2-925261 


3-603537 


23 


1-973587 


2-464716 


3-071524 


3-819750 


24 


2032794 


2-563304 


3-225100 


4048935 


25 


2-093778 


2-665836 


3-386355 


4-291871 


26 


2-156591 


2-772470 


3-555673 


4-549383 


27 


2-221289 


2-883369 


3-733456 


4-822346 


28 


2-287928 


2-998703 


3-920129 


5-111637 


29 


2-356566 


3-118651 


4-116136 


5-418388 


30 


2-427262 


3-243398 


4-321942 


5-743491 
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We will now solve the following questions by means 
of the preceding table. 

4. What is the amount of $790 for 13 years, at 6 per 
cent.? 

From our table, we find the amount of $1 for 13 years, 
at 6 per cent., to be $2*132928 ; this, multiplied by 790, 
the number of dollars in the principal, gives $1685*013 
for the amount required. 

6. What is the compound interest of $49, for 20 years, 
at 5 per cent. ? 

In this example, we find, from the table, that the 
amount of $1 for 20 years, at 5 per cent., is $2'653298; 
which, multiplied by 49, gives $130*012 for the amount 
of $49, from which, if we subtract $49, we get $81-012 
for the compound interest required. 

6. What is the compound interest of $100 for 17 years, 
at 6 per cent. ? Am, $169*277. 

7. What is the compound interest of $375 for 20 years, 
at 6 per cent. ? Ans, $827*676. 

8. What is the amount of $875 for 12 years, at 6 per 
cent., compound interest? Ans. $1760*672. 

9. What is the amount of $625 for 18 years, at 5 per 
cent., compound interest? Ans. $1504*137. 

10. What is the amount of $379 for 30 years, at 3 per 

cent, compound interest? Ans. $919*932. 

Note. — When the interest is compounded half-yearly, we must 
take the amount of $1 for half a year, and raise it to a power 
denoted by the number of half-years in the whole time ; this 
power, multiplied by the principal, will give the amount. We 
must proceed in a similar way for any other aliquot part of a year. 
Or, in such cases, we may make use of our table, as in the work 
of next question. 

11. What is the amount of $100 for 3 years, at 6 per 
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cent, per annum, when the interest is added at the end 
of every 6 months ? 

In this example, we change the 6 per cent, to 3 per 
cent., and the 3 years to 6 years ; we then find the 
tabular number to be $1*194052; which, multiplied by 
100, gives $119*405 for the amount required. 

12. What will £600 amomit to in 6 years, at 8 per 
cent., compound interest, supposing the interest to be 
receivable half-yearly? Am. £960 12s. 4id. 

13. What will $890 amount to in 5 years and 4 
months, at 9 per cent, per annum, compound interest, 
the interest being added at the end of every 4 months^ 

Ans. $1428-189. 

14. What will $3705 amount to in 3 years and 3 
months, at 12 per cent, per annum, compound interest, 
the interest being added at the end of every 3 months ^ 

Ans. $5440-918. 

15. What will $378 amount to in 7 years and 6 
months, at 8 per cent, per annum, the interest being 
compounded half-yearly ? Ans. $680*757. 

16. What will $1000 amount to in 15 years, at 8 per 
cent, per annum, the interest being compounded half- 
yearly? Ans. $3243*398. 



COMPOUND DISCOUNT. 

69* Compound Discount is an allowance made for 
the payment of money before it is due, on the supposi- 
tion that the money draws compound interest. 

The present worth of a debt payable at some future 
period, without interest, is such a sum as being put out 
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at compound interest, will, in the given time, at the 
given rate per cent., amount to the debt. 

Hence, the finding the present worth resolves itself 
into the following : 

Given the amount at compound interest, the time, and 
the rate per cent., to find the principal. 

Under compound interest, it was shown that the 
amount was equal to the number of dollars in the prin- 
cipal, multiplied by the amount of $1 for one year, 
raised to a power whose exponent is the number of 
years. Hence, we have the following rule to find the 
principal, or present worth : 

RULE. 

Divide the given amount by the amount of $1 for 1 
year, raised to a power whose exponent is eqtuil to the 
number of years. 

EXAMPLES. 

1. What is the present worth of $1685, due 13 years 
hence, allowing discount according to 6 per cent., com- 
pound interest ? 

From the table under Art. 68, we find that the 
amount of $1 for 1 year, at 6 per cent., raised to the 
13th power, or, what is the same, the number for 13 
years is $2*132928; .*. dividing $1685 by 2*132928, 
gives $789*994 for the present worth required. 

The present worth of $1 for one year, at 3 per cent., 
is T-Vs ; fo^ ^wo years, it is (yi 3)* ; for three years, it is 
(tVs)'; for four years, it is (yVa)*; and in general, the 
present worth of $1, at compound interest, is the recip- 
rocal of the amount of $1, at compound interest, for the 
same time and same rate per cent. 
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TABLE, 

Showing the Present Worth of il, or £1, for any number of 
years, from 1 to 30, at 3, 4, 5, and 6 per cent., compound 
discount. 



Yean. 

1 


3 per cent. 


4 per cent. 


5 per cent. 


6 per eent. 


0-970874 


0-961538 


0-952381 


0-943396 


2 


0-942596 


0-924556 


•0-907029 


0-889996 


3 


0-915142 


0-888996 


0-863838 


0-839619 


4 


0-888487 


0-854804 


0-822702 


0-792094 


5 


0-862609 


0-821927 


0-783526 


0-747258 


6 


0-837484 


0:790315 


0-746215 


0-704961 


7 


0-813092 


0-759918 


0-710681 


0-665057 


8 


0-789409 


0-730690 


0-676839 


0-627412 


9 


0-766417 


0-702587 


0-644609 


0-591898 


10 


0-744094 


0-675564 


0-613913 


0-558395 


11 


0-722421 


0*649581 


0-584679 


0-526788 


12 


0-701380 


0-624597 


0-556837 


0-496969 


13 


0-680958 


0-600574 


0-530321 


0-468840 


14 


0-661118 


0-577475 


0-505068 


0-442301 


15 


0-641862 


0-555264 


0-481017 


0-417265 


16 


0-623167 


0-533908 


0-458112 


0-393646 


17 


0-605016 


0-513373 


0-436297 


0-371364 


18 


0-587395 


0-493628 


0-415521 


0-350344 


19 


0-570286 


0-474642 


0-395734 


0-330513 


20 


0-553676 


0-456387 


0-376889 


0-311805 


21 


0-537549 


0-438834 


0-358942 


0-294155 


22 


0-521892 


0-421955 


0-341850 


0-277505 


23 


0-506692 


0-405726 


0-325571 


0-261797 


24 


0-491934 


0-390121 


0-310068 


0-246979 


25 


0-477606 


0-375117 


0-295303 


0-232999 


26 


0-463695 


0-360689 


0-281241 


0-219810 


27 


0-450189 


0-346817 


0-267848 


0-207368 


28 


0-437077 


0-333477 


0-255094 


0-195630 


29 


0-424346 


0-320651 


0-242946 


0-184557 


30 


0-411987 


0-308319 


0-231377 


0-174110 



14 
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The present worth of a given sum of money, dis- 
counting at compound interest, is easily obtained by the 
preceding table. 

2. How much money must be placed out at compound 
interest to amount to $1000 in 20 years, the interest 
being 5 per cent. ? Aris, $376'889. 

3. What is the present worth of $1000, due 27 years 
hence, discounting at 3 ^r cent., compound interest ? 

From the preceding table, we find the present worth 
of $1 for 27 years, at 3 per cent., to be $0*450189 ; this, 
multiplied by 1000, gives $450*189 for the present worth 
required. 

4. What is the present worth of $3525, due in 3 years, 
discounting at 6 per cent., compound interest ? 

Ans. $2959-657. 

5. What is the present worth of $350, due 5 years 
hence, discounting at 6 per cent., compound interest ? 

Ans, $261*54. 

6. What is the present worth of $375, due 17 years 
hence, discounting at 4 per cent., compound interest ? 

Ans. $192*515. 

7. What is the present worth of $672, due 13 years 
hence, discounting at 5 per cent., compound interest ? 

Ans. $356*376. 

8. What is the present worth of $400, due 19 years 
hence, discounting at 6 per cent., compound interest ? 

Ans. $132*205. 

9. What is the present worth of $111, due 29 years 
hence, discounting at 3 per cent,, compound interest ? 

Ans. $47*102. 
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ANNUITIES. 

70» An annuity is a fixed sum of money, which is 
paid periodically for a certain length of time. 

Cdse I. 

To find the amount of an annuity which has been 
forborne for a given time. 

It is obvious that the last year's payment will be sim- 
ply the annuity without any interest ; the last but one 
will be the amount of the annuity for one year ; the last 
but two will be the amount of the annuity for two years, 
and so on ; and the sum of all these partial amounts will 
give the total amount due. Now we discover that these 
partial amounts, or payments, form a geometrical pro- 
gression, whose first term is the annuity, the ratio is the 
amount of $1 for 1 year, and the number of terms is 
equal to the number of years ; therefore, the amount of 
an annuity is found by summing the terms of a geo- 
metrical progression, when the first term, the number 
of terms, and the ratio, are given. This may be done 
by the following . 

RULE. 

From the amount of$l for 1 year, raised to a power 
whose eocponent is equal to the number of years, subtract 
$1 ; divide the remainder by the interest of $1 for 1 
year ; then multiply the annuity by this quotient. 

Note. — ^The different powers of the amount of $1 for one year, 
may be taken from the table under Art. 68. 
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EXAMPLES. 

1 . What is the amount of an annuity of $200, which 
has been forborne 14 years, at 6 per cent., conipound 
interest ? 

From table under Art. 68, we find the 14th power 
of the amount of $1 for one year, at 6 per cent., to be 
$2*260904 ; subtracting $ 1 , and dividing the remainder by 
$0-06, the interest of $1 for one year, we get 21*01506; 
then multiplying $200, the annuity, by 21*01506, we 
find $4203*012 for the amount required. 

2. Suppose a person, who has a salary of $700 a 
year, payable quarterly, to allow it to remain unpaid for 
4 years ; how much would be due him, allowing quar- 
terly compound interest, at 12 per cent, per annum? 

Ans. $3527*453. 

3. What is due on a pension of $150 a year, payable 
half-yearly, but forborne 2 years, allowing half-yearly 
compound interest, at 6 per cent, per annum ? 

Ans. $313*772. 

4. What is due on a pension of $350 a year, payable 
quarterly, but forborne 2 J years, allowing quarterly com- 
pound interest, at 12 per cent.? Ans. $1003*088. 

Questions under this rule may be easily wrought by 

the following table, which shows the amount of an 

annuity of $1, or £1, forborne for any number of years 
not exceeding 30, at 3, 4, 5, and 6 per cent., compound 

interest. 
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TABLE OF ANNUITIES. 



Years. 

1 


3 per cent. 


4 per cent. 


5 per cent. 


per cent 


1-000000 


1-000000 


1-000000 


roooooo 


2 


2-030000 


2040000 


2-050000 


2060000 


3 


3-090900 


3-121600 


3- 152500 


3-183600 


4 


4-183627 


4-246464 


4-310125 


4*374616 


5 


5-309136 


5-416323 


5-525631 


5*637093 


6 


6-468410 


6-632975 


6-801913 


6-975319 


7 


7-662462 


7-898294 


8-142008 


8-393838 


8 


8*892336 


9-514226 


9-249109 


9*897468 


9 


10-159106 


10-582795 


11-026564 


11-491316 


10 


11*463879 


12-006107 


12.577893 


13-180795 


11 


12-807796 


13-486351 


14*206787 


14*971643 


12 


14-192030 


15-025805 


15-917127 


16-869941 


13 


15-617790 


16-626838 


17-712983 


18-882138 


14 


17-086324 


18*291911 


19*598632 


21-015066 


15 


18-598914 


20-023588 


21-578564 


23-275970 


16 


20-156881 


21*824531 


23-657492 


25*672528 


17 


21-761588 


23-697512 


25-840366 


28-212880 


18 


23-414435 


25-645431 


28-132385 


30-905653 


19 


25-116868 


27-671229 


30*539004 


33-759992 


20 


26-870374 


29-778079 


33-065954 


36-785591 


21 


28-676486 


31*969202 


35-719252 


39*992727 


22 


30*536780 


34-247970 


38-505214 


43*392290 


23 


32-452884 


36-617889 


41-430475 


46*995828 


24 


34*426470 


39-082604 


44*501999 


50-815577 


25 


36*459264 


41-645908 


47-727099 


54*864512 


26 


38-553042 


44-311745 


51-113454 


59156383 


27 


40-709634 


47-084214 


54-669126 


63*705766 


26 


42-930923 


49-967583 


58-402583 


68-528112 


29 


45-218850 


52-966286 


62-322712 


73-639798 


30 


47-575416 


56084938 


66-438847 


79-058186 






u* 
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6. What is due on a pension of $1000, which has 
been forborne 27 years, at 3 per cent., compound in- 
terest ? 

From the preceding table, we find the amount of 
an annuity of $1 for 27 years, at 3 per cent., to be 
$40-709634, which, multiplied by 1000, gives $40709*634 
for the amount due. 

6. What is the amount of an annuity of $50, which 
has been forborne 30 years, at 6 per cent., compound 
interest? Ans, $3952*909. 

7. What is the amount of a pension of $300, which 
has been forborne 19 years, at 5 per cent., compound 
interest? Ans. $9161*701. 

8. What is the amount of a pension of $900, which 
has been forborne 17 years, at 4 per cent., compound 
interest? Ans, $21327-761. 

9. What is the amount of an annuity of $75, which 
has been forborne 13 years, at 5 per cent., compound 
interest? Ans. $1328-474. 

Case II. 

To find the present worth of an annuity which is to 
terminate in a given number of years. 

The present worth of an annuity is obviously such a 
sum of money as will, at compound interest, produce 
an amount equal to tlie amount of the annuity. There- 
fore, if we find the amount of the annuity by Case I., 
we may consider it as the amount of a certain principal, 
which principal is the same as the present worth. We 
have already been taught how to find the present worth, 
by rule under Compound Discount. Hence, we have this 
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RULE. 

First find the amount of the annuity, as if it were in 
arrears for the whole timet by the aid of the table under 
Case J. of Annuities. 

Then find the present worth of this amount for the 
given time and rate per cent,, by the use of the table 
under Compound Discount. 



EXAMPLES. 



1. What is the present worth of an annuity of $500, 
to continue 10 years, interest being 6 per cent. ? 

By the table under Case I., of Annuities, we find 
the amount of an annuity of $1 for 10 years, at 6 per 
cent., to be $13' 180795; this, multiplied by 500, gives 
$6590*3975 for the amount of the annuity. 

Now, by the table under Compound Discount, we find 
the present worth of $1 for 10 years, at 6 per cent., to 
be $0-558395; which, multiplied by 6590*3975, gives 
$3680*045 for the present worth required. 

2. What is the present worth of an annuity of $100, 
to continue 20 years, at 5 per cent, interest ? 

Ans. $1246*222. 

The work under this rule may be very much simplified 
by the use of the following table, which gives the present 
worth of an annuity of $1, or JCI, for any number of 
years not exceeding 30, at 3, 4, 5, and 6 per cent. 
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TABLE OP ANNUITIES, 



r — 
Yean. 

1 


3 per cent. 


4 per cent. 


5 per cent. 


per ceot. 


0-970874 


0-961538 


0-952381 


0-943396 


2 


1-913470 


1-086095 


1-859410 


1-833393 


3 


2-828611 


2-775091 


2-723248 


2-673012 


4 


3-717098 


3-629895 


3-545950 


3-465106 


5 


4-579707 


4-451822 


4-329477 


4-212364 


6 


5-417191 


5-242137 


5-075692 


4-917324 


7 


6-230283 


6-002055 


5-786373 


5-582381 


8 


7-019692 


6-732745 


6-463213 


6-209794 


9 


7-786109 


7-435332 


7-107822 


6-801692 


10 


8-530203 


8110896 


7-721735 


7-360087 


11 


9-252624 


8-760477 


8-306414 


7-886875 


12 


9-954004 


9-385074 


8-863252 


8-383844 


13 


10-634955 


9-985648 


9-393573 


8-852683 


14 


11-296070 


10-563122 


9-898641 


9-294984 


15 


11-936935 


11-118387 


10-379658 


9-712249 


16 


12-561102 


11-652296 


10-837770 


10- 105895 


17 


13-166118 


12-165669 


11-274066 


10-477260 


18 


13-753513 


12-659197 


11-689587 


10-827603 


19 


14-323799 


13-133839 


12-085321 


11-158116 


20 


14-877475 


13-590326 


12-462216 


11-469921 


21 


15-415024 


14029160 


12-821153 


11-764077 


22 


15-936917 


14-4511] 5 


13- 163003 


12-041582 


23 


16-443608 


14-856842 


13-488574 


12-303379 


24 


16-935542 


15-246963 


13-798642 


12-550358 


25 


17-413418 


15-622080 


14093945 


12-783356 


26 


17-876842 


15-982769 


14-375185 


13-003166 


27 


18-327031 


16-329586 


14-643034 


13-210534 


28 


18-764108 


16-663063 


14-898127 


13-406164 


29 


19-188455 


16-983715 


15-141074 


13-590721 


30 


19-600441 


17-292033 


15-372451 


13-764831 
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To find the present worth of an annuity by naeans of 
this table, we must take firom it the present worth of $1 
for the given time and rate per cent., and multiply it by 
the number of dollars in the given annuity. 

3. What is the present worth of an annuity of $27 
for 9 years, at 4 per cent. ? 

From the table, we find the present worth of $1 for 
9 years, at 4 per cent., to be $7'435332 ; this, multiplied 
by 27, gives $200*754 for the present worth. 

4. What is the present worth of a pension of $75 for 
15 years, at 5 per cent. ? Ans. $778*474. 

5. A young man purchases a farm for $924, and 
agrees to pay for it in the course of 7 years, paying \ 
part of the price at the end of each year. Allowing 
interest to be 6 per cent., how much cash in advance 
will pay the debt ? Ans. $736*874. 

6. Allowing interest to be 6 per cent., how much shall 
I gain by paying $15 a year for 10 years, in order to 
cancel a debt of $160, now due ? Ans. $49*599. 

7. What is the present worth of an annuity of $375 
for 13 years, interest being reckoned at 4 per cent. ? 

Since 375 is | of 1000, we may multiply the tabular 
number by 3, divide by 8, and remove the decimal point 
three places to the right. 

OpCTtUWT^ 

9*985648 
3 



8 )29*956944 
Ans. $3744*618 



8. What is the present worth of an annuity of $875 
for 11 years, interest being 6 per cent. 7 
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Since 875 is } of 1000, we may multiply by 7, divide 
by 8, and remove the decimal point three places to the 
right. 

Operalion, 

7-886875 
7 

8 )55-208125 

Arts. $6901*015625 

Or, we might have subtracted \ of the tabular number 
from itself, and then have removed the decimal point 
three places to the right, as in this second 

Operation. 

8)7-886875 
985859375 

Arts. $6901-015625 

The student ought to exercise himself in seeking short 
and expeditious methods whenever the nature of the 
operation will admit of contractions. 

Note. — ^When an annuity does not commence until a given time 
has elapsed, or some particular event has happened, it is called a 

REVERSION. 

Case III. 
To find the present worth of an annuity in reversion. 

RULE. 

Find^ hy the use of the table under last Case, the 
present worth of the annuity from the present time up 
to the end of its continuance; find, also, by the same 
tablet its value for the time before it commences ; the 
difference of these results will be the pesent worth. 
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Or, which is the same thing : 

Take the difference of the tabular numbers for these 
two periods, and multiply by the number of dollars in 
the annuity, 

EXAMPLES. 

1. What is the present worth of an annuity of $200, 
to be continued 5 years, but not to commence till 2 years 
hence, interest being 6 per cent. ? 

By our table, we find the present worth of $1 for 
7 years, at 6 per cent., to be $5'582381 ; the same for 
2 years, is $r833393; the difference is $3-748988, 
which, multiplied by 200, gives $749*798 for the present 
worth. 

2. A father leaves to his son a rent of $310 per an- 
num for 8 years, and the reversion of the same rent to 
his daughter for 14 years thereafter. What is the pres- 
ent worth of the legacy of each, at 6 per cent. ? 

Operation, 

6*209794= tabular number for 8 years. 
310 



62097940 
18629382 



$1925-036140=present worth of son's. 

12-041582=tabular number 8+14=22 years. 
6*209794= tabular number for 8 years. 



5-831788 
310 

58317880 
17495364 



$1807-854280= present worth of daughter's. 
3. What is the present worth of a reversion of $100 
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a year, to commence in 4 years, and to continue for 10 
years, interest being at 6 per cent. ? Ans, $582*988. 

4. What is the present worth of a reversion of $800 
a year, to continue 7 years, but not to commence until 
the end of 8 years, interest being 4 per cent. ? 

Ans. $3508-514. 

When the annuity is to continue for ever, it is obvious 
that its present worth will be that sum whose interest 
for 1 year is equal to the annuity ; therefore, to find the 
present worth of an annuity to continue for ever, we 
must divide the annuity by the interest of $1 for 1 year, 
at the given rate per cent. 

6. How much must be paid at present for the title to 
an annuity of $1000, to commence in 7 years, and to 
continue for ever, interest at 6 per cent. ? 

Dividing $1000 by $0*06, we get, for the present 
worth, if entered upon immediately, $16666*66|. From 
table under Compound Discount, we find the present 
worth of $1 for 7 years, at 6 per cent., to be $0*665057; 
this, multiplied by 16666*66|, gives $11084*283 for the 
present worth of $16666*66|, which is evidently the 
same as the present worth of the annuity. 

6. What is the present worth of a reversion of $100 
a year, to commence in 4 years, and to continue for ever, 
interest being 6 per cent. ? 

Dividing $100 by $0*06, we get 1666| for the number 
of dollars in the present worth, if pntered upon imme- 
diately. 

From the table under Compound Discount, we find the 
present worth of $1 for 4 years, at 6 per cent., to be 
$0-792094, which must be multiplied by 1666|. But, 
since 1666| is f of 1000^ we may multiply by 5, divide 
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by 3, and remove the decimal point three places to the 
right, as in the following 

Operatum, 

$0-792074 
5 

3 )3960470 

Am. $1320- 151 



71. The following tables, which have been computed 
by the aid of logarithms, are added more for curiosity 
than for any view to their utility. 

This table gives the time required for a given prin- 
cipal to double itself, at compound interest, the interest 
being compounded yearly. 



Per cflnt. 


Y*an. 


Per cent. 


Yean. 


Percent. 


Yean. 


1 


69-666 


4 


17-673 


7 


10-245 


H 


46-556 


4i 


15-748 


7i 


9-585 


2 


35004 


5 


14-207 


8 


9-006 


2i 


28-071 


5i 


12-946 


8i 


8-497 


3 


23-450 


6 


11-896 


9 


8-043 


3i 


20-150 


6* 


11-007 


9* 


7-638 



The following table gives the time required for a 
given principal to double itself at compound interest, 
the interest being compounded Iwlf-yearly. 

15 
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Ferc«iil. 


Yean. 


Per cent. 


Yean. 


Fet cent. 


Yean. 


1 


69-487 


4 


17-502 


7 


10-075 


U 


46-382 


4i 


15-576 


71 


9-914 


2 


34-830 


5 


14036 


8 


8-837 


2J 


27-899 


5i 


12-775 


81 


8-346 


3 


23-278 


6 


11-725 


9 


7-874 


^ 


19-977 


6i 


10-836 


91 


7-468 



This table gives the time required for a given prin- 
cipal to double itself at compound interest, the interest 
being compounded quarter-yearly. 



Percent. 


Yean. 


Per cent. 


Yean. 


Per cent. 


Yean. 


1 


69-400 


4 


17-415 


7 


9-989 


H 


46-298 


41 


15-490 


71 


9-328 


2 


34-743 


5 


13-946 


8 


8-751 


2i 


27-812 


51 


12-686 


81 


8-241 


3 


23-191 


6 


11-639 


9 


7-788 


3i 


19-890 


61 


10-750 


91 


7-383 



The following table gives the time required for a given 
principal to double itself at compound interest, the interest 
being compounded every instant. 



Per cent. 


Yean. 


Per cent. 


Yean. 


Percent. 


Yean. 


1 


69-315 


4 


17-329 


7 


9-902 


11 


46-210 


41 


15-403 


71 


9-242 


2 


34-657 


5 


13-863 


8 


8-665 


21 


27-726 


51 


12-603 


81 


8-155 


3 


23-105 


6 


11-552 


9 


7-702 


31 


19-804 


61 


10-664 


91 


7-296 



INSTANTANEOUS INTERBST. 



171 



The following table gives the amount of $1, or JBI, 
for any number of years up to 30, for 6 and 6 per cent., 
compound interest, the interest being compounded every 
instant. 



Yean. 


5 par cent 


percent. 


Yean. 


5 par cent. 


per cent. 


1 


10513 


1-0618 


16 


2-2255 


2-6116 


2 


1-1052 


1-1275 


17 


2-3396 


2-7731 


3 


1-1618 


1-1972 


18 


2-4595 


2-9446 


4 


1-2214 


1-2712 


19 


2-5857 


3-1267 


6 


1-2840 


1-3498 


20 


2-7182 


3-3201 


6 


1-3498 


1-4333 


21 


2-8576 


3-5253 


7 


1-4190 


1-5219 


22 


3-0041 


3-7433 


8 


1-4918 


1-5161 


23 


31581 


3-9748 


9 


1-5683 


1-7160 


24 


3-3201 


4-2206 


10 


1-6487 


1-8221 


25 


3-4903 


4-4815 


11 


1-7332 


1-9348 


26 


3-6693 


4-7587 


12 


1-8221 


20544 


27 


3-8573 


50529 


13 


1-9155 


2-1771 


28 


4-0550 


5-3653 


14 


2-0137 


2-3163 


29 


4-2630 


5-6971 


15 


2-1169 


2-4596 


30 


4-4815 


6-0492 



If we compute the instantaneous compound interest 
at 6-76587 per cent., it will, at the end of the year, be 
equal to the simple interest at 7 per cent. 

In the same way, the instantaneous compound interest, 
at 5*8269 per cent., is the same as simple interest at 6 
per cent. 

[For some curious results in regard to Instantaneous Compound Interest, 
see an article which i prepared for the American JowrruU of Seitnee, Vol. 47, 
No. 1.] 
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CHAPTER VIII. 

BANKING. 

99* A Bank is an incorporated institution, created 
tor the purpose of loaning money, receiving deposits, 
and dealing in exchange. 

The Stock, or amount of money in trade, is limited 
by law, and owned by various individuals, who are called 
stockholders. 

Banks are allowed to make notes, which are denomi- 
nated bank bills j which circulate as money, because they 
are obliged to redeem them with specie. 

It is customary for banks, in most cases, when they 
loan money, to take the interest in advance ; * that is, to 
deduct it from the face of the note at the time the money 
is lent. The note is then said to be discounted, 

The sum to be discounted, or the face of the note, is 
called the amount. 

The interest deducted is called the discount. 

What remains is called the present worthy or proceeds. 

A note to be discounted, or bankable, must be made 
payable at some future time, and to the order of some 
person who indorses it. 

It is usual for the banks to take interest for three days 
more than the time specified in the note ; and the bor- 
rower is not obliged to make payment till those three 

■^ . ■ ■ I ■ I I - 1 1 I . _ . _. i__^_^w-^ 

* This method of discounting bank notes is usurious, and is fast 
going out of use, and instead thereof the banks now deduct the dis- 
count as found bv rule under Art. 66. 



BANKING. 173 

days have expired, which are, for this reasoiii called 
days of grace. 

To find the banking discount on any sum of money, 
we have this 

RULE. 

Compute the interest {by Case III., Art. 8S,) on the 
given sum for three days Tnore than is specified, 

EXAMPLES. 

1. What is the banking discount on Si 000 for 3 
months, at 7 per cent. ? 

In this example, we find the interest on Si for 3 
months and 3 days, at 6 per cent., to be $0*0155, which, 
multiplied by 1000, gives $15*50 for the discount at 6 
per cent; ; this, increased by its sixth part, becomes 
$18'08|^ for the discount at 7 per cent., as required. 

2. What is the banldng discount of $150 for 6 months, 
at 6 per cent. ? Ans. $4*575. 

3. What is the banking discount of $375 for 3 months 
and 9 days, at 7 per cent. ? Ans. $7*438. 

4. What is the banking discount of $400 for 9 months, 
at 7 per cent. ? Ans. $21*233. 

5. What is the banking discount of $29*30 for 7 
months, at 5 per cent. ? Ans. $0*867. 

6. What is the banking discount of $472 for 10 
months, at 7 per cent. ? Ans. $27*808. 

• When the present worth of a bankable note, the time . 
for which it is to be discontinued, and the rate per cent. 
^ is given, to find the amount, we have this 

RULE. 

Compute the hanking discount on $1 for the given 

time and rate per cent.; subtract this discount from $1, 

15* 



174 



HIGHER AEITHMETIC. 



then divide the present worth by the remainder^ and the 
quotient will be the number of dollars in the amounts 



EXAMPLES. 

1. What must be the amount of a bankable note, so 
that, when discounted for 3 months, at 6 per cent., it 
shall give a present worth of $600 ? 

In this example, we find the banking discount on $1 
for 3 months, to be $0*0155, which, subtracted from $1, 
gives $0-9845; /. dividing $600 by $0*9845, we obtain 
609*446 for the number of dollars in the required amount 
of the note. 

2. What must be the face of a bankable note, so that, 
when discounted for 2 months, at 7 per cent., the bor- 
rower shall receive $50 ? Ans, $50*62. 

The following table gives the amount of a bankable 
note, so that, when discounted at 5, 6, or 7 per cent., for 
any number of months from 1 to 12, the present worth 
shall be just $1. 



Months. 


5 per cent. 


per cent. 


7 per cent. 


1 


1-004604 


1-005530 


1-006458 


2 


1-008827 


1-010611 


1-012402 


3 


1-013085 


1-015744 


1-018416 


4 


1-017380 


1-020929 


1-024503 


5 


1-021711 


1-026167 


1-030662 


6 


1-026079 


r031460 


1-036896 


7 


1-030485 


1-036807 


1-043206 


8 


1-034929 


1-042095 


1-049593 


9 


1-039411 


1*047669 


1-056059 


10 


1-043932 


1-053186 


1062606 


11 


1-048493 


1-058761 


1-069233 


12 


1-053093 


1-064396 


1-075944 
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We will now work some examples by the aid of the 
preceding table : 

3. What must be the face of a bankable note, so that, 
when discounted for 10 months, at 5 per cent., the pres- 
ent worth may be $1000 ? 

Looking in the table, directly under the 5 per cent., 
and adjacent to 10 months, we find $1*043932; this, 
multiphed by 1000, gives $1043*932 for the face of the 
note required. 

4. What must be the face of a bankable note, so that, 
when discounted for 7 months, at 7 per cent., the pres- 
ent worth may be $70-50 ? Ans, $73'546. 

5. What amount must I make my note, so that, when 
discounted at the bank for 12 months, at 7 per cent., I 
may receive $100? Arts, $107*594. 

6. What must be the amount of a note, so that, when 
discounted at the bank for 6 months, at 6 per cent., the 
borrower may receive $365 ? Arts, $376'483. 

7. What must be the amount of a note, so that, when 
discounted at the bank for 9 months, at 7 per cent., the 
borrower may receive $500 ? Ans, $527*03. 



78. The banks, by this method of discounting, obtain 
a larger per cent, for their money than is obtained by 
the usual method of loaning money. To illustrate this, 
suppose A gets a note of $1 discounted at the bank for 
12 months, or 1 year, at 7 per cent., he receives $0*93 ; 
the $0*07 is retained by the bank, it being the interest 
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of $1 for 1 year. This $0-07 may now be loaned to B, 
and its interest again withheld ; and so on, for an indefi- 
nite period of terms. Hence, at the end of the year, 
the bank will receive for its $1, the number of dollars 
expressed by the sum of the terms of the following 
geometrical progression : 

l + iiz+iTlzY+irUy + y *^c.; this, summed, dis- 
regarding the 3 days of grace, gives ^3^= 1*0752688. 
Therefore, in this case, the bank receives 7'52688 per 
cent, per annum for its money. 

The longer the time for which they discount, the 
larger per cent, do they receive. 

To make this appear obvious, suppose a person wished 
his note discounted at the bank for 14f years, at 7 per 
cent. In this case, the interest would equal the whole 
face of the note ; so that the bank would withhold the 
whole amount, be that ever so large, and the borrower 
would not receive a single cent, but would, nevertheless, 
be obliged to pay > to the bank, at the end of 14f years, 
the faqe of the note. In this case, the per cent, would 
be infinite. 

If we go one step farther, and endeavor to discount 
a note at the bank for a longer period than 14f years 
at 7 per cent., we shall be obliged to pay to the bank 
money from our own pocket before they would accept 
our note. 

The following table shows the per cent, received by 
banks, when their notes are renewed at the end of any 
number of months from 1 to 12, at 5, 6, and 7 per cent., 
lawful interest 
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1T7 



Montlis. 


pef eeot. 


pv emt. 


rpvcMi. 


1 


5-138 


6-200 


T272 


2 


6149 


6-216 


7-295 


3 


6-160" 


6-232 


7-317 


4 


6-172 


6-248 


7-339 


5 


6183 


6-264 


7-362 


6 


6194 


6-281 


7-386 


7 


6-206 


6-298 


7-408 


8 


6-217 


6-316 


7-432 


9 


6-228 


6-332 


7-456 


10 


6-239 


6-349 


7-480 


11 


6-261 


6-366 


7-503 


12 


6-263 


6-383 


7-627 



Note. — ^Were it possible for banks to renew their notes every 
instant, the respective rates per cent, would be 5*137, 6*183, and 
7*351. This is the same as would be received if the interest wer» 
added every instant. 
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CHAPTER IX. 



INVOLUTION. 



74* Involution is the method of fincling the powers 
of numbers. 

We have already defined the power of a number to 
be the result arising from multiplying it into itself con- 
tinually, until the number has been used as a factor as 
many times a? there are units in the exponent denoting 
the power. Thus, to obtain the cube, or third power of 
7, we must use it as a factor three times, which will 
produce 7x7x7= 343. 

EXAMPLES. 

1. What is the square of 23? Ans. 529. 

2. What is the cube of 17? Ans. 4913. 

3. What is the 5th power of 47 ? 

Ans. 229345007. 

4. What is the 9th power of 9 ? Ans. 387420489. 

5. What is the square of 22667121 ? 

Ans. 613798374428641. 

6. What is the square of 0'76 ? Ans. 0'5625. 

7. What is the cube of 0-66 ? Ans. 0-274625. 

8. What is the square of 8| ? Ans. 72^. 



EXTEACTION OF THB SQUAEB BOOT. 179 

EVOLUTION. 

7S. Evolution is the reverse of InvolutUm. It 
explains the method of resolving a number into equal 
&ctor8, which factors are called roots. 

When a number is resolved into two equal factocBy 
this factor is called the sqiuire root of the number. 

When a number is resolved into three equal factors, 
the factor is called the cube root of the number. 

The operation of resolving a number into two equal 
factors is called the extraction of the square root. 
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76. If we square 48 by the usual rule, we get 
48^=2304. But if, instead of 48, we use 40+8, W6 
shall find, by actual multiplication, 

40+8 

40+8 



320+64 
1600+320 

48» = 1600+640+64 

Now, to reverse this operation, that is, to extract the 
square root of 1600+640+64, we proceed as follows : 

We take the square root of 1600, which is 40; this 
is the first part of the root ; its square being subtracted 
firom 1600+640+64, leaves the remainder 640+64. 
We see that 640, divided by twice 40, or 80, gives 8 
for a quotient, which is the second part of the root 
required. 
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Case L 

Prom the preceding process, we deduce the following 
rule for the extraction of the square root of a whole 
number : 

RULE. 

I. Point off the given number into periods of two 
figures eachj counting from the right towards the left. 

When the number of figures is odd, it is evident that 
the left-handy or first period, will consist of but one 
figure. 

II. Find the greatest square in the first period, and 
place its root at the right of the number, in the form 
of a quotient figure in division. Subtract the square 
of this root from the first period, and to the remainder 
annex the second period ; the result will be the first 

DIVIDEND. 

III. Double the root already found, and place it on 
the left of the number for the first trial divisor. 
See how many times this trial divisor, with a cipher 
annexed, is contained in the dividend; the quotient fig- 
ure will be the second figure of the root : this must be 
placed at the right of the trial divisor ; the result will 
be the true divisor. Multiply the true divisor by this 
second figure of the root, and subtract the product from 
the dividend, and to the remainder annex the next period 
for a SECOND dividend. 

IV. To the last true divisor add the last figure of 
the root for a new trial divisor, and continue to 
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operate as before^ until all the periods have been brought 
down. 

EXAMPLES. 

1. What is the square root of 531441 ? 

Opcrottofi^, 

53^4^41(729, root. 
7 49 

First trial divisor, 14 414, first diyidend. 

First true divisor, 142 284 

Second trial divisor, 144 13041, second dividend. 

Second true divisor, 1449 13041 



2. What is the square root of 11390625? 

Operation. 



3 


1 r39"06'2 


63 


9 


667 


239 


6745 


189 




5006 




4669 




33725 




33725 







In the first example, we exhibited the trial divisors, 
as well as the true divisors ; but in the second example, 
we adhered more closely to our rule, and placed the 
succeeding figures of the root at the right of the trial 
divisors, without again writing them down. 
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3. What is the square root of 11019960576? 
1 n0'19'96'05'76(104976 



204 


1 


3089 


1019 


20987 


816 


209946 


20396 




18801 




159505 




146909 




1259676 




1259676 





4. What is the square root of 16983563041 ? 

Ans. 130321. 

5. What is the square root of 79792266297612001? 

Ans, 282475249. 

6. What is the square root of 852891037441 ? 

Am, 923521 

7. What is the square root of 61917364224? 

Am. 248832. 

8. What is the square root of 13422659310152401 ? 

Am. 115856201. 

9. The sum of the four numbers, 386, 21 14, 3970, 
10430, is a perfect square ; so also is the sum of any 
two of these numbers. What are these seven roots ? 

Am, 130, 50, 66, 104, 78, 112, 120. 

Case II. 

To extract the square root of a decimal fraction, or of 
a number consisting partly of a whole number, and partly 
of a decimal value, we have this 
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RULE. 

I. Annex one cipher^ if necessary^ so that the number 
of decimals shall be even. 

II. Then point off the decimals into periods of two 
figures each, counting from the unites place towards the 
right. If there are whole numbers j they must be pointed 
off as in Case L Then extract the root as in Case L 

Note. — ^If the given number has not an exact root, there will be 
a remainder after all the periods have been brought down, in which 
case the operation may be extended by forming new periods of 
ciphers. 

EXAMPLES. 

1 . What is the square root of 3486-784401 ? 

Ans. 69049. 
• 2. What is the square root of 25-62890625 ? 

Ans. 5-0626. 

3. What is the square root of 6*5636 ? Ans. 2*56. 

4. What is the square root of 0-00390625 ? 

Ans 00625. 

6. What is the square root of 17? 

Ans. 4*123, nearly. 

6. What is the square root of 37*5 ? 

Ans. 6*123, nearly. 

7. What is the square root of 0*0000012321 ? 

Ans. 0*00111. 

8. What is the square root of 0*0011943936 ? 

Ans. 0-03466 

9. What is the square root of 60*481729? 

Ans. TIT!. 

Case III. 

To extract the square root of a vulgar firactioni or 
mixed number, we have this 
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RULE. 

I. Reduce the vulgar fraction, or mixed number, to 
its simplest fractional form. 

II. TJien extract the square root of the numerator 
and denominator separately y when they have exact roots ; 
but when they have not, x^duce the fraction to a decimal^ 
and proceed as in Case IL 

EXAMPLES. 

1. What is the square root of |f f ? Ans. |. 

2. What is the square root of f f iH ? ^^' H« 

3. What is the square root of 4|} ? Ans. 2}. 

4. What is the square root of f of | of 4 of J ? Ans. J. 

5. What is the square root of 4| ? Ans. 2"027, nearly. 

6. What is the square root of ||? Ans, 0'8044, nearly. 

7. What is the square root of J| ? Ans, 0*515, nearly. 

8. What is the square root of -^ij ? Ans. 0*052, nearly. 

9. What is the square root of Hit • 

Ans. 0*534, nearly. 

10. What is the square root of if mi ? 

Ans. 0*524, nearly. 

Case IV. 

When there are many figures required in the root, we 
may, after obtaining one more than half the number 
required, find the rest by dividing the remainder by the 
last true divisor, deprived of its right-hand figure. This 
division should be performed according to the abridged 
method, as explained under Art. 41 • 

EXAMPLES. 

1. What is the square root of 11 to 16 decimals^ 
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3 
63 


Operation, 

1 1(3-3166247903553998. 
9 


661 
6626 


2 

189 


66326 
663322 


11 
661 


6633244 
66332487 


439 
39756 


66332494 9 


4144 
397956 




16444 
1326644 




317756 
26532976 




5242624 
464327409 




59934991 
5969924541 




23574559 
19899748 




3674811 
3316625 




358186 
331662 




26524 
19900 




6624 
5970 




654 
597 




57 
53 
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In the preceding example, after obtaining 9 figures of 
the root, by the usual rule, we had, for the remainder, 
23574559 ; the last true divisor was 6633249419, when 
deprived of its right-hand figure. We then divided this 
remainder by this divisor, according to the method of 
abridged divisions of decimals, Art. 41, and obtained 
the remaining 8 figures of the root. 

2. What is the square root of 3 to 10 decimals ? 

Arts. 1-7320508076. 

3. What is the square root of 0*00008876684 to 10 
places of decimals? Arts. 00094216155. 

4. What is the square root of 0*8867081113724 to 
10 places of decimals? Ans, 0*9416517994. 

5. What is the square root of 3*14159265 to 8 places 
of decimals? Am, 1*77245385. 

6. What is the square root of 2 to 9 places of deci- 
mals? ' Arts, 1*414213562. 

7. What is the square root of 10 to 15 places of 
decimals? Arts, 3162277660168379. 

8. What is the square root of the decimal 0*4444, 
&c., or of the simple repetend 0*4 ? 

Arts, 0*666, &c., or f . 
From this example, we see that the square root of a 
repetend may also be a repetend. 



EXAMPLES 

INVOLVING THE 

PRINCIPLES OF THE SQUARE ROOT. 

T7. A TRIANGLE is a figure having three sides, and, 
consequently, three angles. 
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When one of the angles is right, hke the corner of a 
sqaare, the triangle is called a right-angled triangle. 
In this case, the side opposite the right angle is called 
the hypoihenuse. 

It is an established proposition of geometry^ that the 
square of the hypothenuse is equal to the sum of the 
squares of the other two sides. 

From the above proposition^ it follows that the square 
of the hypothenuse, diminisJied by the square of one of 
the sides, equals the square of the other side. 

By means of these properties, when two sides of a 
right-angled triangle are given, the third side can be 
found. 

EXAMPLFS. 

1. How long must a ladder be to reach the top of a 
house 40 feet high, when the foot of it is 30 feet firom 
the house ? 

In this example, it is obvious that the ladder forms 
the hypothenuse of a right-angled triangle, whose sides 
are 30 and 40 feet, respectively. Therefore, the square 
of the length of the ladder must equal the sum of the 
squares of 30 and 40. 

30«= 900 
40» = 1600 



-y/2500=50=the length of the ladder. 

2. Suppose a ladder 100 feet long be placed 60 feet 
from the foot of a tree ; how far up the tree will the top 
of the ladder reach ? Ans, 80 feet. 

3. Two persons start from the same place, and go, 
the one due north 50 miles, the other due west 80 miles 
How far apart are they ? Ans. 94*34 miles, nearly. 
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4 What is the distance through the opposite corners 
of a square yard ? Ans. 4*24264 feet, nearly. 

5. The distance between the lower ends of two equal 
rafters, in the different sides of a roof, is 32 feet, and the 
height of the ridge, above the foot of the rafters, is 12 feet. 
What is the length of a rafter ? Ans. 20 feet, nearly. 

6. What is the distance measured through the centre of 
a cube, from one corner to its opposite comer, the cube 
being 3 feet, or 1 yard, on a side? Ans. 6' 196 feet. 

We knowy from the principles of geometry^ that all 
similar surfaces, or areas, are to each other as the 
squares of their like dimensions. 

7. Suppose we have two circular pieces of land, the one 
100 feet in dianoeter, the other 20 feet in diameter ; how 
much more land is there in the larger than in the smaller? 

By the above principle of geometry, it follows that the 
quantity of land in the two circles must be as the squares 
of the diameters ; that is, as 100* to 20*, or as 25 to 1. 
Hence, there is 25 times as much in the one piece as 
there is in the other. 

8. Suppose two persons, the one 6 feet high, the other 
5 feet, to be both well proportioned in all respects ; how 
much more cloth will it take to make a suit of clothes 
for the first, than for the second ? 

^ It will require l^} times as much for the 
\ first as for the second. 

9. Suppose, by observation, it is found that 4 gallons 
of water flow through a circular orifice of 1 inch in 
diameter, in one minute ; how many gallons would, under 
similar circumstances, be discharged through an orifice 
of 3 inches in diameter, in the same length of time ? 

ins. 36 gallons. 
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10. What must be the circumference of a circular 
pond, which shall contain ^ part as much surface as a 
pond 13| miles in circumference ? Ans. 3| miles. 

11. Required the width and depth of a rectangular 
box, whose length is 3 feet, which shall contain 30000 
solid inches ; the width being to the depth as 2 to 3. 

A box, whose length is 3 feet = 36 inches, width 2 
inches, and depth 3 inches, must contain 36 x 2 x 3 
inches. 

Then, ^^f^^x jVx^X ^=-8-*/-*^, whose square root 

is V"V2=11'*785, nearly; this, multiplied respectively 

by 2 and 3, will give 

I 1 1-785 X 2= 23-57 inches. 

^^' i 11-785x3=35-36 " 

Or, this question may be solved by the following 
method : 

Had the width of the box been the same as the depths 
its volume would have been one half more than it now 
is ; that is, would have been | of 30000=45000 cubic 
inches, which, divided by 36 inches, the length, will give 
1250 square inches for the end area of this new box; 
or, which is the same thing, 1250 is the square of the 
depth of the original box. Hence, -v/l250 = 35-36, 
nearly, for the number of inches in the depth. The 
width is I of 35-36=23-57, nearly. 

12. What length of thread is required to wind spi- 
rally around a cylinder 2 feet in circumference, and 3 
feet in length, so as to go but once around ? 

It is evident that if the cylinder be developed, or 
placed upon a plane, and caused to roll once over, that 
the convex surface of the cylinder will give a rectangle 
whose width is 2 feet, and length 3 feet ; at the same 
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time the thread will fo rm it s diagonal. Hence, the 
length of the thread is V4 + 9= -v/l3= 3-60555 feet. 

13. Seven men purchase a grindstone, of 60 inches 
in diameter. What part of the diameter must each 
grind off, so as to have \ of the whole stone ? 

SoluUon. 

In this question, we disregard the thickness of the 
stone. 

After the first one has ground off his share, the re^ 
maining stone will be f of the original ' stone. There- 
fore, its diameter will be 60 V?=4r«-V^=55'54921, 
nearly. 

The diameter, after the second one has ground off his 
share, will be 60 V^=-W55= 50-70925, nearly. 

The diameter, after the third one has ground off his 
share, will be 60 -v/4=-V-V28 =45*35574, nearly. 

The diameter, after the fourth one has ground off hia 
share, will be 60 V?=VV^= 39*27922, nearly. 

The diameter, after the fifth one has ground off his 
share, will be 60 V?=-V--v/i4= 32*07 1*35, nearly. 

The diameter, after the sixth one has ground off his 
share, will be 60 V^=YV^= 22-67787, nearly. 

Hence, the parts of the diameter ground off are as 
follows : 

Inches^ neeuijf. 

The 1st ground off 60-00000— 55*54921= 4*45079 

2d *' " 55*54921-50*70925= 4-83996 

" 50*70925-45*35574= 6*35351 

" 45-35574-39*27922= 6*07652 

" 39*27922-32-07135= 7*20787 

" 32071 35 -22*67787= 9*39348 

" 22*67787 =22*67787 



3d 

4th 

5th 

6th 

7th 
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T8. If we cube 45 by the usual process, we find 
455=91125. 

If, instead of 45, we take its equal, 40+5, and then 
cube it by actual multiplication, as explained under 
Art. 4, we shall have this 

Operation. 

45=40+ 5 
40+ 5 

200+ 25 
1600+ 200 



45^ = 1600+ 400+ 25 
40+ 5 

8000+2000+125 
64000+16000+1000 

45 3 = 64000 + 24000 + 3000+ 1 25 



Now, to reverse this process, that is, to extract the 
cube root of 64000+24000+3000+ 125, we proceed as 

follows : 

I. We find the cube root of 64000 to be 40, which 
we place to the right of the number, in the form of a 
quotient in division, for the first part of the root sought. 

We also place it on the left of the number in a column 
headed 1st Col.; we next multiply it into itself, and 
place the result in a column headed 2d Col.; this last 
result, being multiplied by 40, gives 64000, which we 
subtract from the number, and obtain the remainder 
24000+3000+125, which we will call the first divi- 
dend. 
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II. We obtain the second term of the 1st column by 
addmg the first term to itself ; the result being multiplied 
by this first term, and added to the first term of the 2d 
column, gives its second term. Again, adding this first 
term to the second term of the 1st column, we get its 
third term. 

III. We seek how many times the second term of the 
2d column is contained in the first dividend ; or, simply 
how many times it is contained in its first part, 24000, 
which gives 5 for the second part of the root. 

IV. Finally, we add this 5 to the last term of the 1st 
column, whose result, multiplied by 5, and added to the 
last term of the 2d column, gives its third term ; which, 
multiplied by 5, gives 27125=24000 + 3000+125. 

latCoL. SdCoL. Number. Boot. 

40 1 600 64000 + 24000 + 3000 + 1 25(40 + 5. 

80 4800 64000 

120 5425 24000 + 3000 + 1 25 = 271 25 
125 5425x5 = 27125 



This work can be written in a more condensed form, 
as follows, where the ciphers upon the right have been 
omitted. 



l«t Col. 
4 


2d CoL. 

16 


2futnber. Boot. 

91125(45 
64 


8 


48 


27125 


12 


5425 


27125 


125 
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Case /. 

From the preceding operation, we may draw the 
following rule for extracting the cube root of a whole 
number. 

RULE. 

I. Since the cube of any number cannot Juzve more 
than three times as many places of figures as the num- 
bcTy we must separate the number into periods of three 
figures each, counting from the unifs place towards the 
left. When the number of figures is not divisible by 3, 
the left-hand period will contain less than three figures. 

II. Seek the greatest cube of tlie first, or left-hand 
period ; place its root at the right of the number, after 
the manner of a quotient in division ; also place it to 
the left of the number for the first term of a column 
marked 1st Col. Then multiply it into itself and place 
the proditct for the first term of a column marked 2d Col. 
Again, multiply this last result by the same figure, and 
subtract the product from the first period, and to the 
remainder annex the next period, and it will give the 
FIRST DIVIDEND. This samc figure must be added to 
the first term of the \st column ; the sum will be its 
second term, which must be multiplied by the same figure^ 
and the product added to the first term of the 2d column ; 
this sum will be its second term, which we shall name the 

FIRST TRIAL DIVISOR. 

The same figure of the root must be added to the 
second term of the \st column, to form its third term. 

III. See how many times the trial divisor, with two 
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ciphers annexed, is contained in the dividend ; the quo- 
tient figure will be the second figure of the root, which 
must be placed at the right of tlie first figure ; also 
annex it to the third term of the 1st column, and multiply 
the result by this second figure, and add the product, 
after advancing it two places to the right, to the last 
term of the 2d column. Again, multiply this last result 
by this second figure of the root, and subtract the product 
from the dividend, and to the remainder annex the next 
period for a new dividend. 

Proceed with this second figure of the root precisely 
as was done with the first figure, and so continue, until 
all the periods have been brought down. 

Note. — ^This role may be readily deduced from the rule for 
extracting the cube root of a polynomial, as given in my Algebra. 

EXAMPLES. 

1. Extract the cube root of 387420489. 

, Operation. 

Number. Root. 

lit ooi. ad ccL. 387"42(y489(729 

7 49 343 

14 147, 1st trial divisor. 44420, 1st div. 

212 15124 30248 

214 15552, 2d trial divisor. 14172489, 2d div. 
2169 1574721 14172489 







Explanation. 



The greatest cube of the first period, 387, is 343, 
whose root is 7, which we place to the right of the 
number for the first figure of the root sought. We also 
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place it for the first term of the first column , whichi 
multiplied into itself, gives 7x7=49, for the first term 
of the 2d column, which, m turn, multiplied by 7^ gives 
49x7=343> which, subtracted from the first period, 
387, leaves the remainder 44, to which, annexing the 
next period, 420, we get 44420 for the Jirst dividend. 

Again, adding 7 to the first term, 7, of the 1st column, 
we get 7+7= 14, for the second term of the 1st column, 
which, multiphed by 7, gives 14 x 7=98 ; this, added to 
the first term of the second column, gives 147 for the 
second term of the 2d column, or the Jirst trial divisor. 

Again, adding 7 to the second term of the 1st column, 
we get 14 4-7 = 21, for the third term of the first 
column. 

The trial divisor^ with two ciphers annexed, becomes 
14700, which is contained 3 times in the Jirst dividend, 
44420. Since the trial divisor is less than the true 
divisor, it will sometimes give too large a quotient figure ; 
such is the case in this present example, where 2 is the 
second figure of the root. 

This second figure, 2, of the root, annexed to the 
third term of the 1st column, gives 212; which, multi- 
plied by 2, gives 424, which, being advanced two places 
to the right, must be added to 147, the last term of the 
2d column. The sum 15124 will form the third term 
of the 2d column, which, multiplied by 2, gives 15124 
X 2=30248, ^hich, subtracted from the first dividend, 
leaves 14172 for the remainder, to which, annexing the 
next period, 489, we get 14172489 for the second divi- 
dend. 

Again, to the last term, 212, of the 1st column, adding 
2, we get 214 for the next term ; which, multiplied by 
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2| gives 428, which, added to 15124, gives 15552 for the 
$econd trial divisor. Again, adding 2 to 214, we get 
216 for the fifth term of the 1st column. 

The second trial divisor, with two ciphers annexed, 
becomes 1555200, which is contained 9 times in the 
second dividend, 14172489; therefore, 9 is the third 
figure of the root, which, annexed to 216, gives 2169 
for the last term of the first column, which, multiplied 
by 9, gives 19521, which, advanced two places to the 
right, and then added to 15552, gives 1574721 ; this, 
multiplied by 9, gives 14172489, which, subtracted from 
the second dividend, leaves no remainder. 

2. What is the cube root of 913517247483640899? 



IMCOL. 

9 


9dCoL. 

81 


Operation. 

Number. Root. 

91 3'517'247'483"640'899(970299 
729 


18 
277 


243 
26239 


184517 
183673 


284 
29102 


28227 
282328204 


844247483 
564656408 


29104 
291069 


28238641 2 279591075640 
28241260821 254171347389 


891078 
2910879 


. 28243880523 25419728251899 
2824414250211 25419728251899 



3. What is the cube root of 10077696 ? 

Ans, 216. 

4. What is the cube root of 2357947691 ? 

Ans. 1331. 

5. What is the cube root of 42875 ? Ans. 35. 
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6. What is the cube root of 117649 ? Ans. 49. 

7. What is the cube root of 360356403707486209 ^ 

Ans. 704969. 

8. What is the cube root of 76084686279296876 ? 

Ans. 421876. 

9. What is the cube root of 7266313856? 

Ans. 1936. 

10. What is the cube root of 106868920913284608? 

Ans. 474662. 

11. The four following numbers, 

208091 3082956455142636, 4937801347510680732948, 
7262810476410016163052, 214972108693241589340948, 

when added together, by taking two at a time, produce 
six distinct sums, each of which is a perfect cube. What 
are the six roots of the$e cube numbers ? 

19146344, 21062342, 60097344, 
23021160, 60369866, 60671840. 

Case II. 



Ans. < 



To extract the cube root of a decimal fraction, or of a 
number consisting partly of a whole number, and partly 
of a decimal value, we have this 

RULE. 

I. Annex ciphers to the decimals, if necessary, so that 
the whole number of decimal places mny be divisible by 3. 

II. Separate the decimals into periods of three figures 
each, counting from the decimal point towards the right, 
and proceed as in whole numbers. 

NoTB. — If the given number has not an exact root, there will be 
a remainder after all the periods have been brought down. The 
process may be continued by annexing ciphers for new periods 
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EXAMPLES. 

1 What is the cube root of 0-469640998917 ^ 

Ans. 0-T773. 

2. What is the cube root of 18*609625? 

Ans. 2-65. 

3. What is the cube root of 1-26992105? 

Ans. 1-08005974, nearly. 

4. What is the cube root of 2 ? 

Ans. 1-25992105, nearly. 

5. What is the cube root of 3 ? 

Ans. 1*442249, nearly. 

6. What is the cube root of 1860867 ? Ans. 123. 

Case III. 

To extract the cube root of a Tulgar fraction, or mixed 
number, we have this 

RULE. 

I. Reduce the fraction, or mixed numhery to its sim- 
plest fractional form. 

II. Extract the cube root of the numerator and de- 
nominator separately, if they have exact roots ; hut 
when they have not, reduce the fraction to a decimal^ 
and tlien extract the root hy Case II. 

EXAMPLES. 

1. What is the cube root of f|f| ? Ans. |f 

2. What is the cube root of tVitVVj ^ ^ns. ||. 

3. What is tlie cube root of 17| ? 

Ans. 2*677, nearly. 
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4. What is the cube root of 6| ? 

Ans, 1726, nearly. 
6. What is the cube root of || ? 

Ans, 0-9363, nearly. 

6. What is the cube root of | ? 

Ans. 0-8736, nearly. 

7. What is the cube root of 47| ? 

Ans. 3-6173, nearly. 

8. What is the cube root of 101 1 ? 

Ans. 4*6692, nearly. 

9. What is the cube root of 9| ? 

Ans. 2*1086, nearly. 

Case IV. 

When there are many decimal places required in the 
root, we may, after obtaining one more decimal figure 
than half the required number, find the rest by dividing 
the remainder by the last term of the second column. 

Before dividing, we can omit from the right of the 
divisor so many figures as to leave but one more than 
the number of additional figures required in the root, 
observing to omit from the right of the dividend one 
figure less than was omitted in the divisor. The division 
must then be performed according to the abridged method, 
as explained under Art. 41* 

EXAMPLES. 

1 . What is the cube root of 7, carried to 9 decimal 
places ? 



300 
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Operalion. 



1st Col. 

1 


2d Col. 
1 


Root. 

7(1-912931182 

1 


2 
' 39 


3 

651 


6 
5859 


48 
671 


1083 
108871 


141 
108871 


572 
5732 


109443 
10955764 


32129 
21911528 


5734 
67369 


10967232 
1097239521 


10217472 
9875155689 


57378 
673873 


1097755923 
1097717313919 


342316311 
329331941757 






12984 369243 
10978 

2006 
1098 

908 

878 

30 
22 

8 



In this example, we proceed in the usual way, until 
we obtain 1-91293; the remainder is 12984369243; 
the last term of the second column is 109777313919; 
therefore, we obtain four more figures by dividing 
12984369243 by 109777313919 ; but these four figures 
may be obtained with equal accuracy by dividing 
12984 by 10977, which gives the remaining figures 
1182. 

2. Extract the cube root of i=0*25 to 13 decimal 
places. 
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901 





OperiUiiOn, 


Root, 


laCCob. 


2dCoi.. 


0-250(0*6299605249474 


6 


36 


216 


. 


12 


108 


34 




182 


11164 


22328 


184 


11532 


11672 


1869 


1170021 


10530189 


1878 


1186923 


1141811 


18879 


118862211 


1069759899 


18888 


119032203 




72051101 


188976 


11904354156 




71426124936 


188982 


11905488048 




624976064 


18898805 


1190549174974025 


595274874870125 








297011819129875 








2381099 








589019 








476220 








112799 








107149 








5650 








4762 








888 








833 








55 








47 








8 



In this example, after obtaining seven decimal figures 
in the root, by the usual process, the remainder was 
29701189129875, and the last term in the second column 
was 119054974974025 ; and, since we wish but six fig- 
ures by division, we reject seven figures from the right 
of the remainder, and eight figures from the right of the 
term of the second column^ and then divide by the rule 
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for abridging the work, Art. 411, and obtain the remain- 
ing figures of the root. 

3. Extract the cube root of 9 to 9 decimals 



tat Col. 
2 


adOoL. 
4 


Root. 

9(2-080083823 
8 


4 
608 


12 
124864 


1 
998912 


616 
624008 


129792 

12979 6992064 


1088 
1038375936512 

49624 063488 
38939 

10685 
10383 

302 
259 

43 
39 

4 



4. What 

5. What 
mals? 

6. What 
decimals ? 

7. What 

8. What 

9. What 



is the cube root of 15| to 5 decimal places? 

Ans. 2-50222. 
is the cube root of jtttjjttj to 8 deci- 

Ans, 0-68278406. 
is the cube root of 0*0000031502374 to 13 

Ans. 0-0146593403377. 
is the cube root of ^ to 21 decimals ? 

Am. 0-793700525984099737376. 
is the cube root of 4 to 10 decimals ? 

Ans. 0-5227579585. 
is the cube root of j-| to 7 decimals ? 

Ans. 0-9032157. 
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10. What is the cube root of jj^ j to 8 decimals ? 

Ans. 01 3992727. 



EXAMPLES 

INYOLYINO THB 

PRINCIPLES OF THR CUBE ROOT. 

79. It is an established theorem of geometry, that 
all similar solids are to each other as the cubes of their 
like dimensions. 

1. If a cannon ball 3 inches in diameter weigh 8 
pounds, what will a ball of the same metal weigh, 
whose diameter is 4 inches ^ 

By the above theorem, we have 3' : 4' : : 8 pounds : 
18f4 pound, for the answer. 

2. Suppose the diameter of the sun to be 887681 
miles ; the diameter of the earth, 7912 miles. How 
many times greater in bulk is the sun than the earth ^ 

(887681 ) ' = 699472706450842241 ; 
(7912V =495289174528 ; 

699472706450842241 -r- 495289174528 = 1412261 
times, nearly. 

3. How many cubic quarter inches can be made out 
of a cubic inch ? Ans, 64. 

4 Required the dimensions of a rectangular box, ^ 
which shall contain 20000 solid inches; the length, 
breadth, and depth being to each other as 4, 3, and 2, 
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10^51 X i X ^X 1=^''^, whose cube root is 5 V^= 

9*4103, nearly. 

r9-4103x 4=37-6412, length. 

Ans.< 94103 X 3=28-2309, breadth. 

L9-4103 X 2= 18-8206, depth. 

Or, as follows : 

If we were to augment the width of this box, so as to 
make it as wide as it is long, its volume would become 
f of 20000 =26666|. Again, if we augment the depth 
of this new box, so that it may be as deep as it is wide, 
and as it is long, its volimie will become 2 times 26666| 
=53333^, which is the contents of a cubical box, whose 
side is equal to the length of the original box. Hence, 
-5/533331=37-641, nearly, for the length. The width 
is i of this length, and the depth is | this length. 

5. What is the side of a cube which will contain as 
much as a chest 8 feet 3 inches long, 3 feet wide, and 

2 feet 7 inches deep ? Ans. 47*9843 inches. 

6. Four ladies purchased a ball of exceeding fine 
thread, 3 inches in diameter. What portion of the di- 
ameter must each wind off so as to share of the thread 
equally ? 

SoluHon, 

After the first one had wound oflF her share, the ball 
which remained would contain | as much thread as it 
did in the first place. Therefore, its diameter was 

3 ^1 = 1 ^6=2*72568 inches, nearly. 

The diameter, after the second one had wound off her 
share, was 3^f = | ^4=2*38110 inches, nearly. 
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The diameter, after the third one bad wound off her 
share, was 3 ^a = | 1^2= 1-88988 inches, nearly. 

Hence, the portions of the diameter which they must 
wind off are as follows : 

JbtcheB, nearly. 

The 1st lady nmst wind off 3-00000 - 2-72668 =0-27432 
2d " " " " 2-72568-2-38110=0-34468 
3d " " " " 2-38110-1-88988=0-49122 

4th " " " " 1-88988 =1-88988 
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SO. Whenever the index denoting the root required 
is a composite number, the root can be found by suc- 
cessive extractions of the roots denoted by the prime 
factors of the original index. 

Thus, the 4th root may be found by extracting the 2d 
root twice in succession. 

The 6th root may be obtained by extracting the 3d 
root of the second root. 

The 8th root may be found by extracting the 2d root 
three times in succession. 

When the index denoting the root is a prime, we 
must have some direct method of obtaining the root. 

By a similar train of reasoning, as was used in de- 
ducing the rule for the cube root, we determine, in 
general, for any root, the following 

RULE. ' 

I. Point the number off into periods of as many 

figures each as there «re units in the index denoting 

the root. 

18 
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II. Findf by trialy the figure of the first period^ which 
will be the first figure of the root ; place this figure to 
the leftj in a column called the first column. Then 
multiply it by itself and place the product for the first 
term of the second column. 7%/^, multiplied by the 
same figure, will give the first term of the third column. 
TTius continue until the number of columns is one less 
than the units in the index denoting the root. 

Multiply the term in the last column by the same 
figure, and subtract the product from the first period, 
and to the remainder bring down the next period, and 
it will form the first dividend. 

Again, add this same figure to the term of the first 
column, multiply the sum by the same figure, and add 
the product to the term of the second column ; which, 
in turn, must be multiplied by the same figure, and 
added to the term of the third column, and so on, tiU 
we reach the last column, the term of which will form 
the FIRST trial divisor. 

Again, beginning with the first column, repeat the 
above process until we reach the column next to the last. 
And so continue to do, until we obtain as many terms 
in the first column <zs there are units in the index 
denoting the root; observing, in each successive opera- 
tion, to terminate on the column of the next inferior 
order, 

III. Seek how many times the first trial divisor, 
when there are annexed to it as many ciphers, less one, 
as there are units in the index, is contained in the first 
DIVIDEND ; the quotient figure will be the second figure 
of the root. Then proceed with this figure the same as 
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was done with the first figure ; observing to advance the 
terms of the different columns as many places to the 
right as the number expressing the order of the column; 
that is, advancing the terms of the first column one 
placCy those of the second column two places^ and so 
for the succeeding columns. 

After completing the requisite number of terms in the 
different columns, by means of this second figure of the 
root, then proceed to obtain the third figure of the root 
in the same way as the second figure was obtained; 
and in this way the operation can be continued until all 
the periods are brought down. If there is still a re- 
mainder, the process can be extended by forming periods 
of ciphers, 

BXAMPLBS. 

1 . What is the fifth root of 36936242722357 ? 



OperaUon. 



IfltCoL. adCoiH 
5 
10 
15 
20 
251 



252 
253 
254 



3d Col. 

125 

500 
1250 
1275251 



4U1C0X.. 
625 
3125 
32525251 
33826005 



25 

75 
150 
250 

25251 1300754 347673946051 
25503 1326510 
25756 1344842293 
26010 



ilpaC. 

3693'62427'22357(517 
3125 



56862427 
32525251 



2433717622357 
2433717622357 



2557 2618899 
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4. What is the fifth root of 5 ? 

^ wu^ ' .1. . '^'^' 1*37974, nearly. 

5. What IS the seventh root of 2 ? 

Am. 11 0409, nearly. 
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CHAPTER X. 



ARITHMETICAL PROGRESSION. 



81. A SERIES of numbers which succeed each other 
regularly by a common .difference, is said to be in arith- 
metical progression. 

When the terms are constantly increasing, the series 
is an arithmetical progression ascending. 

When the terms are constantly decreasing, the series 
is an arithmetical progression descending. 

Thus, 1, 3, 5, 7, 9, &c., is an ascending arithmetical 
progression ; and 10, 8, 6, 4, 2, is a descending arith- 
metical progression. 

In arithmetical progression, there are five things to be 
considered : 

1. The first term. 

2. TTie last term. 

3. TTie common difference. 

4. The number of terms. 

5. The sum of all the terms. 

These quantities are so related to each other, that 
any three of them being given, the remaining two can 
be found. 
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If we denote the five things by the numerals 1, 2, 3, 
4| 5, they may be taken by threes, as follows : 

1, 2, 3, giving 4 and 5, making 2 cases. 
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Hence, there must be 20 distinct cases arising from 
the different combinations of these five quantities. 

To give a demonstration to all the rules of these 20 
cases, would be a very difficult task for the ordinary 
processes of arithmetic ; we will, therefore, content our- 
selves with demonstrating a few of th^ most important 
of them. 

Case I. 

By our definition of an ascending arithmetical pro- 
gression, it follows that the second term is equal to the 
first, increased by the common difference ; the third is 
equal to the first, increased by twice the common dif- 
ference ; the fourth is equal to the first, increased by 
three times the common difference ; and so on, for the 
succeeding terms. 

Herice, when we have g ven the first term, the com- 
mon differeiice, and the number of terms, to find the 
last term, we have this 
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RULE. 

To the first term add the product of the common 
difference into the number of termsy le^s one. 

EXAMPLES. 

1. What is the 100th term of an arithmetical progres 
sion, whose first term is 2, and common difference 3 ? 

In this example, the number of terms, less one, is 99 ; 
which, multiplied by the common difference, 3, gives 
297, which, added to the first term, 2, makes 299 for the 
1 00th term. 

2. What is the 50th term of the arithmetical pro- 
gression, whose first term is 1, the common difference 
being | ? Ans, 25|. 

3. A man buys 10 sheep, giving $\ for the first, $8 
for the second, $5 for the third, and so increasing in 
arithmetical progression. What will the last sheep cost 
at that rate? Ans. $19. 

4. A person bought 100 yards of cloth ; he gave 2 s. 
6 d. for the first yard, 2 s. lOd. for the second yard, 3 s. 
2d. for the third yard, and so continued to give 4d. 
more for each yard than he gave for the preceding one. 
How much did he give for the last yard ? 

Ans. £l 15 s. 6d. 

Case 11. 

From the nature of an arithmetical progression, we 
see that the second term added to the next to the last 
term, is equal to the first added to the last, since the 
second term is as much greater than the first, as the 
next to the last is less than the last. After the same 
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method of reasoning, we infer that the sum of any two 
terms equidistant from the extremes is equal to the sum 
of the extremes. 

Hence, it follows that the terms will average just half 
the sum of the extremes. 

Therefore, when we have given the first term, the last 
term, and the number of terms, to find the sum of all 
the terms, we have this 

RULE. 

Multiply half the sum of the extremes by the number 
of terms. 

EXAMPLES. 

1. The first term of an arithmetical progression is 2, 
the last term is 50, and the number of the terms is 17. 
What is the sum of all the terms ? 

In this example, half the sum of the extremes is 

24-60 

=26; this, multiplied by the number of terms, 

gives 26 X 17=442, for the sum required. 

2. The first term of £in arithmetical progression is 13, 
the last term is 1003, and the number of terms is 100. 
What is the sum of the progression ? Arts. 60800. 

3. A person travels 26 days, going 1 1 miles the first 
day, and 136 the last day; the miles which he traveled 
in the successive days form an arithmetical progression. 
How far did he go in the 25 days ? Ans. 1825 miles. 

4. Bought 7 books, the prices of which are in arith- 
metical progression. The price of the first was 8 
shillings, and the price of the last was 28 shillings. 
What did they all come to ? Ans, £6 6 s. 
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Case Illr 

By Case I. we see that the last term is equal to the 
first term, increased by the product of the common dif- 
ference into the number of terms, less -one. 

Hence, the first term must equal the last term, dimin- 
ished by the product of the common difference into the 
number of terms, less one. 

Therefore, when we have given the last term, the 
number of terms, and the common difference, to find the 
last term, we have this 

RULE. 

Front the last term subtract the product of the com» 
man difference into the number of terms^ less one. 

EXAMPLES. 

1. The last term of an arithmetical progression is 
375, the common difference is 7, and the number of 
terms is 54. What is the first term ? 

In this example, the common difference, multiplied by 
the number of terms, less one, is 7x53=371, which, 
subtracted from the last term, gives 375—371=4, for 
the first term. 

2. The last term of an arithmetical progression is 
39|, the common difference is f , and the number of 
terms is 59. What is the first term ? Ans. f . 

3. A note is paid in 15 annual instalments ; the pay- 
ments are in arithmetical progi'ession, whose common 
difference is 3 ; the last payment is 49 dollars. What 
is the first payment ? Ans, $7. 
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Case IV. 

From Case I. we see that the product of the commun 
difference into the number of terms, less one, is equal 
to the last term diminished by the first. Therefore, the 
difference of the last and first terms, divided by the 
common difference, is equal to the number of terms, 
less one. 

Hence, when we have given the first term, the last 
term, and the common difference, to find the number of 
terms, we have this 

RULE. 

Divide the difference of the extremes by the common 
difference^ and to the quotient add one, 

EXAMPLES. 

1. The first term of an arithmetical progression is 6, 
the last term 176, and the common difference is 3. 
What is the number of terms ? ' 

In this example, the difference of the extremes is 
176—5 = 171 ; this, divided by the common difference, 
gives ■i-|-^ = 57; which, increased by 1, becomes 68, for 
the number of terms required. 

2. The first term of an arithmetical progression is 
11, the last term is 88, and the common difference is 7. 
What is the number of terms ? Ans, 12. 

3. A note becomes due in annual instalments, which 
are in arithmetical progression, whose common differ- 
ence is 3 ; the first payment is 7 dollars, the last pay- 
ment is 49 dollars. What is the number of instalments? 

Ans. 16. 
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Case V. 

We leam from Case I. that the product of the com 
mon difference into the number of terms, less one, is 
equal to the last term diminished by the first. There^ 
fore, the difference of the last and first terms, divided 
by the number of terms, less one, will give the common 
difference. 

Hence, when we have given the first term, the last 
term, and the number of terms, to find the common 
difference, we have this 

RULE. 

Divide the difference of the exti'emes by the number 
of terms, less one. 

EXAMPLES. 

1 . The first term of an arithmetical progression is 5, 
the last term is 176, and the number of terms 68. 
What is the common difference ? 

In this example, the difference of the extremes is 171 ; 
which, divided by the number of terms, less one, becomes 
JjY-=3, for the common difference. 

2. A person performs a journey in 17 days ; the dis- 
tances traveled on the successive days were in arith- 
metical progression ; the first day he went 4 miles, and the 
last day he went 84. How many miles more did he go on 
each day, than on the preceding day ? Ans. 5 miles. 

3. A man has 7 sons, whose ages are in arithmetical 

progression; the age of the eldest is 41 years, the 

youngest is 5 years old. How many years is the com- 

nion difference of their ages ? Ans. 6 years. 

19 
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Case VI. 

By Case 11. we know that the sum of all the terms 
of an arithmetical progression is equal to half the sum 
of the extremes multiplied into the number of terms; 
therefore, the number of terms is equal to the sum of all 
the terms divided by half the sum of the extremes. 

Hence, when we have given the first term, the last 
term, and the sum of all the terms, to find the number 
of terms, we have this 

RULE. 

Divide the sum of all the terms by half the sum of 
the extremes, 

EXAMPLES. 

1. The first term of an arithmetical progression is 1, 
the last term is 1001, and the* sum of all the terms is 
251001. What is the number of terms? 

In this example, half the sum of the extremes is 

—-=501 ; then, dividing the sum of all the terms 

by this, we obtain ^-^jVV-^ = 501, for the number of 

terms. 

2. In a triangular field of com, the number of hills in 

the successive rows are in arithmetical progression ; in 
the first row there is but one hill, in the last row there 
are 81 hills, and the whole number of hills in the field 
is 1681. How many rows are there? Arts. 41. 

3. A man bought a certain number of yards of cloth, 
for $152-50, giving 4 cents for the first yard, and in 
creasing regularly on each succeeding yard, up to the 
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last yard, for which he gave $3*01. How many yards 
of cloth did he purchase 7 Ans* 100. 

Case VIL 

We also infer from Case II. that the sum of all the 
terms, divided by half the number of terms, will give 
the sum of the extremes. . Therefore, if from the quo- 
tient of the sum of all the terms, divided by half the 
number of terms, we subtract the last term, we shall 
have left the first term. 

Hence, when we have given the last term, the numbei 
of terms, and the sum of all the terms, to find the first 
term, we have this 

RULEu 

From the quotient of the sum of all the terms, divided 
by half the number of terms, subtract the last term, 

EXAMPLES. 

1. If the last term of an arithmetical progression is 
170, the number of terms 50, and the sum of all the 
terms 4450, what is the first J;erm? 

In this example, the sum of all the terms, divided by 
half the number of terms, is A4|jl_-i78; from which, 
subtracting the last term, we obtain 178—170=8, for 
the first term. 

2. A person wishes to discharge a debt of $1125 in 
18 annual payments, which shall be in arithmetical pro- 
gression. How much must his first payment be, so as 
to bring his last payment $120 ? Ans. $6. 

3. The miles which a person travels in 19 successive 
days, form an arithmetical progression, whose last term 
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18 80, the sum of all the terms 950. How many miles 
does he travel the first day ? Ans. 20 miles. 

Case VIII. 

From what has been said under Case VII. we infer 
that the first term subtracted from the quotient of the 
sum of all the terms divided by half the number of 
terms, will give the last term. 

Hence, when we have given the sum of all the terms, 
the first term, and the number of terms, to find the last 
term, we have this 

RULE. 

From the quotient of the sum of all the terms^ divided 
hy half the number of terms, subtract the first term. 

EXAMPLES. 

1. If the first term of an arithmetical progression is 
7, the number of terms 1000, and the sum of all the 
terms 560000, what is the last term ? 

In this example, the sum of all the terms, divided by 
half the number of terms, gives ■^•jVTr^^=1120; from 
which subtract the first term, we get 1120—7=1113, 
for the last term. 

2. If the first term of an arithmetical progression is 
7, the number of terms 16, and the sum of all the terms 
142, what is the last term? Ans. lOf. 

3. The first term of an arithmetical progression is 13, 
the number of terms 100, and the sum of all the terms 
50300. What is the last term ? Ans. 993. 

Note. — ^The remaining cases are obtained by combining the 
eonditions of Cases I. and II. 
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Case XL 

Given the common difference, the number of terms, 
and the sum of all the terms, to find tlie first term. 

RULE. 

Divide the sum of the terms by the number of t&rms ; 
from this quotient subtract half the product of the com- 
mon difference into the number of terms, less one, 

EXAMPLES. 

1. The common difference of the terms of an arith« 
metical progression is 7, the number of terms 54, and 
the sum of all the terms is 10233. What is the first 
term? 

In this example, the sum of the terms, divided by the 
number of terms, is 189^ ; half the product of the 
number of terms, less one, into the common difference, 
is 185^ ; which, subtracted from 189|, leaves 4 for the 
first term. 

2. The common difference of the terms of an arith- 
metical progression is |, the number of terms is 69, and 
the sum of all the terms is 1180. What is the first 
term? Ans, f. 

3. A father divides $2000 among five sons, so that 
each should receive $40 more than his next younger 
brother. What is the share of the youngest ? 

Ans. $320. 

Case X. 

Given the common difference, the number of tenn8> 

and the mim of all the terms, to find the last term. 

19* 
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RULE. 



To the quotient of the sum of the terms, divided by 
the nuniber of terms, add half the product of the comr 
man difference into the number of terms, less one. 

EXAMPLES. 

1. The common diflference of the terms of an arith- 
metical progression is 6, the number of terms is 7, and 
the sum of all the terms is 161. What is the last term? 

In this example, the sum of the terms, divided by the 
number of terms, is ^4-8-= 23. Again, the common dif- 
ference multiplied into the number of terms, less one, 
is 6x6=36, the half of which is 18, which, added to 
23, gives 41 for the last term. 

2. The common difference of the terms of an arith- 
metical progression is 7, the number of terms is 54, and 
the sum of all the terms is 10233. What is the last 
tenn? Ans. 375. 

3. The common difference of the terms of an arith- 
metical progression is 6, the number of terms is 14, and 
the sum of all the terms is 4970. What is the last term ? 

Ans. 394. 

Case XL 

Given the first term, the common difference, and the 
number of terms, to find the sum of all the terms. 

RULE. 

To ttmce the first term, add the product of the com- 
mon difference into the number of terms, less one ; mul 
tiply this sum by half the nunAer of terms. 
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EXAMPLES. 

1 . The first term of an arithmetical progression is 37, 
the common difference is 11, and the number of terms 
99. What is the sum of all the terms ? 

In this example, the product of the common difference 
into the number of terms, less one, is 11x98 = 1078; 
this, added to twice the first term, gives 74+1078= 
1152, which, multiplied by half the number of terms, 
gives 57024 for the sum of all the terms. 

2. The first term of an arithmetical progression is 7, 
the common difference is 1|, and the number of terms 
37. What is the sum of all the terms? Ans. 1258. 

3. A person buys 37 sheep, paying for them in arith- 
metical progression ; for the first he gives 3 shillings, 
and increases 1 shilling for each succeeding one. How 
much did they all come to? Ans, £38 17s. 

Case XIL 

Given the first term^ the common difference, and the 
last term, to find the sum of all the terms. 

RULE. 

Divide the difference of the squares of the last and 
first terms by twice the common difference, and to this 
qitotient add half the sum of the last and first terms. 

EXAMPLES. 

1. The first term of an arithmetical progression is 16, 
the common difference is 2, and the last term 100. What 
is the sum of all the terms ? 
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In this example, the difference of the squares of the 
last and first terms is 9744, which, divided by twice the 
common difference, gives 2436 ; this, increased by half 
the sum of the last and first term, becomes 2494, for the 
sum of all the terms. 

2. The first term of an arithmetical progression is 5, 
the common difference is 7, and the last term is 75. 
What is the sum of all the terms ? Ans, 440. 

3. The first term of an arithmetical progression is 8, 
the common difference 3, and the last term 170. What 
is the sum of all the terms ? Ans, 4895. 

Case XIII, 

Given the common difference, the number of terms, 
and the last term, to fird the sum of all the terms. 

RULE. 

From twice the last term^ subtract the product of the 
common difference into the number of terms, less one , 
multiply this remainder by half the number of teims, 

EXAMPLES. 

1. The common difference of the terms of an arith- 
metical progression is 11, the number of terms is 19, 
and the last term is 199. What is the sum of all the 
terms ? 

In this example, the product of the common differ- 
ence into the number of terms, less one, is 1 1 x 18 = 198; 
this, subtracted from twice the last term, gives 200, 
which, multiplied by half the number of terms, becomes 
1900, for the sum of all the terms. 
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2. The common diflference of the terms of an arith- 
metical progression is 15, the number of terms is 47, 
and the last term is 545. What is the sum of all the 
terms? Ans. 9400. 

3. The common difference of the terms of an arith- 
metical progression is 4^, the number of tenns is 100, 
and the last term is 1000. What is the sum of all the 
terms? Ans. 7T725. 

Case XIV. 

Given the first term, the number of terms, and the 
sum of all the terms, to find the common difference. 

, RULE. 

From twice the sum of the terms, subtract twice the 
product of the first term into the number of terms ; 
divide this remainder by the product of the number of 
tenns into the number of terms, less one, 

EXAMPLES. 

1. The first term of an arithmetical progression is 21, 
the number of terms is 50, and the sum of all the terms 
is 3500. What is the common difference ? 

In this example, twice the product of the first term 
into the number of terms, is 2100 ; which, subtracted 
from twice the sum of the terms, gives 4900 ; the num- 
ber of terms multiplied into the number of terms, less 
one, is 2450 ; hence, 4900, divided by 2450, gives 2 for 
the common difference. 

2. The first term of an arithmetical progression is f , 
the number of terms is 13, and the sum of all the terms 
is 139f . What is the common difference ? Ans. If. 
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3. The first term of an arithmetical progression is f 
the number of terms is 26, and the sum of all the terms 
is 60|. What is the common difference ? Ans. | 

Case XV. 

Given the first term, the last term, and the sum of all 
the terms, to find the common difference. 

RULE. 

Divide the difference of the squares of the last and 
first term by twice the sum of all the terms^ diminished 
by the sum of the last and first term* 

EXAMPLES. 

1. The first term of an arithmetical progression is 4, 
the last term is 204, and the sum of all the terms is 
139f. What is the common difference ? 

In this example, the difference of the squares of the 
last and first term is (204)^ — (4)^=4284 ; twice the 
sum of all the terms, diminished by the sum of the last 
and first term, is 257|. Dividing 428^ by 257|, we 
get f =1|, for the common difference. 

2. The first term of an arithmetical progression is 8, 
the last term is 170, and the sum of all the terms is 
4895. What is the common difference ? Ans. 3. 

3. The first term of an arithmetical progression is 12, 
the last term is 102, and the sum of all the terms is 912. 
What is the common difference ? Ans. 6. 

Case XVI. 

Given the number of terms, the last term, and the 
sum of all the terms, to find the common difference. 
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, RULE. 

From twice the product of the nwmbet of terms into 
the last term, subtract twice the sum of all the terms ; 
divide the remainder by the product of the number of 
terms into the number of terms, less one, 

EXAMPLES. 

1. The number of terms of an arithmetical progres- 
sion is 17, the last term is 50, and the sum of all the 
terms is 442. What is the common difference ? 

In this example, twice the product of the number of 
terms into the last term is 2x 17x50=1700; the pro- 
duct of the number of terms into the number of terms, 
less one, is 17x16=272; also 1700, diminished by 
twice the sum of all the terms, becomes 816, which, 
divided by 272, gives 3 for the common difference. 

2. The number of terms of an arithmetical progres- 
sion is 14, the last term is 14, and the sum of all the 

terms is 105. What is the common difference? 

Ans. 1. 

3. The number of terms of an arithmetical progres- 
sion is 7, the last term is 41, and the sum of all the 

terms is 161. What is the common difference ? 

Ans. 6. 

Note. — ^The remaining foar cases require for their solution the 
Extraction of the Square Root. 

Case XVIL 

Given the first term, the common difference, and the 
sum of all the terms, to find the number of terms. 
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RULE. 

Svbtract the common difference from twice the first 
term ; divide the remainder by twice the common differ- 
ence ; to the square of this quotient add the quotient of 
twice the sum of all the terms divided by the commm 
difference; extract the square root of the sum; then 
divide twice the first term, diminished by the common 
difference, by twice the common difference, and subtract 
this quotient from the root just found. 

EXAMPLES. 

1. The first term of an arithmetical progression is 7, 
the common difference is |, and the sum of all the terms 
is 142. What is the number of terms ? 

In this example, the common difference, subtracted 
from twice the first term, gives 13f, which, divided by 
twice the common difference, gives 27|, which, squared, 
becomes 766|. Twice the sum of all the terms, divided 
by the common difference, gives 1136, which, added to 
756 J, gives 1892}, the square root of which is 43^; 
from this, subtracting 27^, we get 16 for the number of 
terms. 

2. The first term of an arithmetical progression is 2, 
the common difference is 3, and the sum of all tlie terms 
is 442. What is the number of terms ? Ans. 17. 

3. The first term of an arithmetical progression is |, 
the common difference is |, and the sum of all the terms 
is 60} . What is the number of terms ? Ans. 26. 

Case XVIIL 

Given the common difference, the last term, and the 
sum of all the terms, to find the number of terms. 
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RULE. 

To twice the last term add the common difference; 
divide the sum by twice the common difference ; square 
the quotient, and from this square subtract the quotient 
of twice the sum of the terms divided by the common 
difference ; extract the square root of the remainder ; 
then subtract this root from the quotient of the sum of 
twice the last term and common difference^ divided by 
twice the common difference, 

EXAMPLES. 

1 . Tbe common difference of the terms of an arith- 
metical progression is \, the last term is 35^, and the 
sum of all the terms is 1900. What is the number of 
tenns ? 

In this example, twice the last term, increased by the 
common difference, is 71 i, which, divided by twice the 
common difference, gives 107 ; this, squared, becomes 
11449. Again, twice the sum of all the terms, divided 
by the common difference, gives 11400; this, subtracted 
frop 11449, gives 49, whose square root is 7. Sub- 
tracting this root from 107, we get 100 for the number 
of terms. 

2. The common difference of the terms of an arith- 
metical progression is J, the last term is 3f , and the 
sum of all the terms is 60}. What is the number of 
terms ? Ans. 26. 

3. The common difference of the terms of an arith- 
metical progression is 1, the last term is 14, and the 
sum of all the terms is 105. What is the number of 
ternis? Ans. 14. 
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Case XIX, 

Given the first term, the common difference, and the 
sum of all the terms, to find the last term. 

RULE. 

From the first term subtract half the common differ^ 
ence, and to the square of the remainder add twice the 
product of the common difference into the sum of ali the 
terms ; then extract the square root ; which, diminished 
by half the common difference, will give the last term, 

EXAMPLES. 

1. The first term of an arithmetical progression is 4, 
the common difference is 7, and the sum of all the terms 
is 10233. What is the last term ? 

In this example, half the common difference, sub- 
tracted from the first term, gives ^, which, squared, is }; 
this, added to twice the product of the common difference 
into the sum of all the terms, which is 2x 7x 10233= 
143262, gives ii-^^^i-i, whose square root is ^f^ ; from 
this, subtract half the common difference, and we find 
^l—l=^■S■=S75 for the last term. 

2. The first term of an arithmetical progression is |, 
the common difference is |, and the sum of all the terms 
is 1180. What is the last term? Ans. 39^. 

3. A man has several sons, whose ages are in arith 
metical progression ; the age of the youngest is 5 years, 
the common difference of their ages is 6 years, and the 
sum of all their ages is 161. What is the age of the 
eldest? Ans. 41 years. 
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Case XX. 

Given the common difference, the last tenn, and the 
sum of all the terms, to find the first term. 

RULE. 

Add half the common difference to the last term^ and 
jrcm the square of the sum subtract twice the product 
of the common difference into the sum of all the terms ; 
then extract the square root of the remainder^ and to 
this root add half the common difference, 

EXAMPLES. 

1 . The common difference of the terms of an arith- 
metical progression is 4, the last term is 1008, and the 
sum of all the terms is 127512. What is the first term? 

In this example, half the common difference, added 
to the last term, gives 1010, which, squared, is 1020100; 
twice the product of the common difference into the 
sum of all the terms is 1020096, which, subtracted from 
1020100, leaves 4, the square root of which is 2; this, 
increased by half the common difference, becomes 4 for 
the first term. 

2. The common difference of the terms of an arith- 
metical progression is 3, the last term is 49, and the sum 
of all the terms is 420. What is the first term ? 

Ans. 7. 

3. The common difference of the terms of an arith- 
metical progression is 10, the last term is 1003, and the 
sum of all the terms is 50800. What is the first term ? 

Ans. 13. 
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CHAPTER XI. 

GEOMETRICAL PROGRESSION. 

89. A SERIES of numbers which succeed each other 
regularly, by a constant multiplier, is called k geometrical 
progression. 

This constant factor, by which the successive terms 
are multiplied, is called the ratio, 

Wlien tlie ratio is greater than a unit, the series is 
called an ascending geometrical progression. 

When the ratio is less than a unit, the series is called 
a descending geometrical progression. 

Thus, 1, 3, 9, 27, 81, &c., is an ascending geometrical 
progression, whose ratio is 3. 

And 1, J, yV, tV, &c., is a descending geometrical 
progression, whose ratio is J. 

In geometrical progression, as in arithmetical pro- 
gression, there are five things to be considered : 

1. The first term. 

2. TTie last term. 

3. The common ratio. 

4. The number of terms. 

5. The sum of cdl the terms. 

These quantities are so related to each other, that any 
three being given, the remaining two can be found. 
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Hence, as in arithmetical progression, it may be 
shown that there must be 20 distinct cases arising from 
the different combinations of these five quantities. 

The solution of some of these cases requires a 
knowledge of higher principles of mathematics than 
can be detailed by arithmetic alone. 

We will give a demonstration of the rules of some of 
the most important cases. 

Case L 

By the definition of a geometrical progression, it 
follows that the second term is equal to the first terfh 
multiplied by the ratio ; the third term is equal to the 
first term, multiplied by the second power of the ratio ; 
the fourth term is equal to the first term, multiplied by 
the third power of the ratio ; and so on, for the suc- 
ceeding terms. 

Hence, when we have given the first term, the ratio, 
and the number of terms, to find the last term, we have 
this 

RULE. 

Multiply the first term by the power of the ratio whose 
exponent is one less than the number of terms. 

EXAMPLES. 

1. The first term of a geometrical progression is 1, 
the ratio is 2, and the number of terms is 7. What is 
the last term ? 

In this example, the power of the ratio, whose expo- 
nent is one less than the number of terms, is 2** =64, 
which, multiplied by the first term, 1, still remains 64, 

for the last terra. 

20* 
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2. The first term of a geometrical progression is 5, 
the ratio is 4, and the number of terras 9. What is the 
last term ? , Ans. 327680. 

3. A person traveling, goes 5 miles the first day, 10 
miles the second day, 20 miles the third day, and so on, 
increasing in geometrical progression. If he continue 
to travel in this way for 7 days, how far will he go the 
last day ? Ans, 320 miles. 

Case IL 

If we multiply all the terms of a geometrical pro- 
gression by the ratio, we shall obtain a fiew progression, 
whose first term equals the second term of the old pro- 
gression ; the second term of our new progression will 
equal the third term of the old progression, and so on 
for the succeeding terms. Hence, the sum of the old 
progression, omitting the first term, equals the sum of 
the new progression, omitting its last term. The sum 
of the new progression is equal to the old progression 
repeated as many times as there are units in the ratio. 
Therefore, the difference between the new progression 
and the old progression is equal to the old progression 
repeated as many times as there are units in the ratio, 
less one. But \ve also know that the difference between 
these progressions is equal to the last term of the new 
progression diminished by the first terra of the old pro- 
gression ; and, since the new progression was formed by 
multiplying the respective terms of the old progression 
by the ratio, it follows that the last term of the new pro- 
gression is equal to the last term of the old progression 
repeated as many times as there are units in the ratio. 
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Therefore, the last term of the new progression, dimin- 
ished by the first term of the old progression, is equal 
to the last term of the old progression repeated as many 
times as there are units in the ratio and diminished by 
the first term of the old progression. Hence, we finally 
obtain this coijdition : 

That the sum of all the terms of a geometrical pro^ 
gression, repeated as many times as there are units in 
the ratio, less one, is equal to the last term multiplied by 
the ratio and diminished by the first term. 

Hence, when we have given the first term of a geo- 
metrical progression, the last term, and the ratio, to find 
the sum of all the terms, we have this 

RULE. 

Subtract tlie first term from the product of the last 
term into the ratio ; divide the remainder by the ratio^ 
less one, 

EXAMPLES. 

1. The first term of a geometrical progression is 4, 
the last term is 78732, and the ratio is 3. What is the 
sum of all the terms ? 

In this example, the first term, subtracted from the 
product of the last term into the ratio, is 236192, which, 
divided by the ratio, less one, gives 118096, for the sum 
of all the terms. 

2. The first term of a geometrical progression is 5, 
the last term is 327680, and the ratio is 4. What is the 
sum of all the terms ! Ans. 436905. 

3. A person sowed a peck of wheat, and used the 
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whole crop for seed the following year ; the produce of 
this second year again for seed the third year, and so on. 
If, in the last year, his crop is 1048576 pecks, how many 
""^cks did he raise in all, allowing the increase to have 
en in a four-fold ratio? Ans. 1398101 pecks. 



Case III, 

Since by Case I. the last term is equal to the first 
jrm multiplied into a power of the ratio whose expo- 
nent is equal to the number of terms, less one, it follows 
iiat the first term is equal to the last term divided by 
ihe power of the ratio whose exponent is one less than 
the number of terms. 

Hence, when we have given the last term, the ratio, 
and the number of terms, to find the first term, we have 
this 

RULE. 

Divide the IcLst term by a power of the ratio whose 
exponent is one less than the number of terms. 

EXAMPLES. 

1. The last term of a geometrical progression is 
1048576, the ratio is 4, and the number of terms is 11. 
What is the first term ? 

In this example, the ratio, 4, raised to a power whose 
index is 10, one less than the number of terms, is 4^ » = 
1048576; .'. 1048576, divided by 1048576, gives 1 for 
the first term. 

2. A man has 6 sons, among whom he divides his 
estate in a geometrical progressipn, whose ratio is 2; 
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the last son received $4800. How much did the first 
son receive ? Ans $150. 

d. A person bought 10 bushels of wheat, paying for 
it in geometrical progression, whose ratio is 3 ; the last 
bushel cost him $196*83. What did he give for the 
first bushel ? Ans, 1 cent. 

Case IV. 

We also discover from Case I. that the last term 
divided by the first term, will give the power of the 
ratio, whose exponent is the number of terms, less one. 

Hence, when we have given the first term, the last 
term, and the number of terms, to find the ratio, we 
have this 

RULE. 

Divide the last term by the first term ; extract that 
root of the quotient which is denoted by the number of 
termSy less one. 

EXAMPLES. 

1. The first term of a geometrical progression is 1, 
the last term is 64, and the number of terms is 7. What 
is the ratio ? 

In this example, the last term, divided by the first 
term, is 64 ; the number of terms, less one, is 6, /. we 
must extract the 6th root of 64 ; we first extract the 
square root, which is 8, we now extract the cube root of 
8, which is 2, for the ratio. 

2. In a country, during peace, the population increased 
every year in the same ratio, and so fast that in the 
space of 5 years it became firom 10000 to 14641 souls. 
By what ratio was the increase, yearly T Ans, f J. 
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3. The first term of a geometrical progression is 4, 
the last term is 78732, and the number of terms is 10. 
What is the ratio ? Ans. 3* 

Case V. 

If in Case II. we write the product of the first term 
into the power of the ratio, whose exponent is the number 
of terms, less one, instead of the last term, as drawn 
firom Case I., we shall have the sum of all the terms, 
repeated as many times as there are units in the number 
of terms, less one, equal to the power of the ratio, 
whose exponent is equal to the number of terms dimin* 
ished by one, and multiplied by the first term. 

Hence, when we have given the first term, the ratio, 
and the number of terms, to find the sum of all the 
terms, we have this 

RULE. 

From the power of the ratio, whose exponent is the 
number df terms, subtract one, divide the remainder by 
the ratio, less one, and multiply the quotient by the first 
term, 

EXAMPLES. 

1. The first term of a geometrical progression is 3, 
the ratio is 4, and the^^ number of terms is 9. What is 
the sum of all the terms ? 

In this example, the ratio, raised to a power whose 
exponent is the number of terms, is 4* = 262144; this, 
diminished by one, becomes 262143, which, divided by 
3, gives 87381 ; this, multiplied by the first term, becomes 
87381 X 3=262143, for the sum of all the terms. 
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2. A king in India, named Sheran, wished (according 

to the Arabic author Asephad,) that Sessa, the inventor 

of chess, should himself choose a reward. He requested 

the grains of wheat which arise when 1 is calculated for 

the first square of the board, 2 for the second square, 

4 for the third, and so on ; reckoning for each of the 64 

squares of the board twice as many grains as for the 

preceding. When it was calculated, to the astonishment 

of the king, it was found to be an enormous number. 

What was it? 

Ans, 18446744073709551615 grains. 

3. A gentleman married his daughter on New- Year's 
day, and gave her husband 1 shilling towards her por- 
tion, and was to double it on the first day of every 
month during the year. What was her portion ? 

Ans. £204 15 s. 

Case VL 

We know from Case V. that the sum of all the terms 
multiplied by the ratio, less one, is equal to one sub- 
tracted from the power of the ratio, whose exponent is 
the number of terms, and this remainder multiplied by 
the first term. 

Hence, when we have given the sum of all the terms, 
the number of terms, and the ratio, to find the first term, 
we have this 

RULE. 

Multiply the sum of all the terms by the ratio, less 
one ; divide the product by the power of the ratio, whose 
index is the number of terms, after diminishing it by 
one. 
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EXAMPLES. 



1. The sum of all the terms of a geometrical pro- 
gression is 262143, the number of terms is 9, and the 
ratio is 4. What is the first term ? 

In this example, the sum of all the terms, multipUed 
by the ratio, less one, is 262143 x 3 =786429; the power 
of the ratio, whose exponent is the number of terms, is 
4» =262144; this, diminished by 1, becomes 262143; 
.-. 786429, divided by 262143, gives 3 for the first term. 

2. The sum of all the terms of a geometrical pro- 
gression is 591tV5'V> ^^1® number of terms is 7, and the 
ratio is J. What is the first term ? Ans. 9. 

3. If a debt of $4095 is discharged in 12 months hy 
paying sums which are in geometrical progression, the 
ratio of which is 2, how much was the first payment ? 

Ans, $1. 

Case VIL 

We have shown under Case II. that the sum of all 
the terms, multiplied by the ratio, less one, is equal to 
the first term subtracted from the last term into the* 
ratio ; therefore, the first term is equal to the product of 
the ratio into the last term, diminished by the product of 
the ratio, less one, into the sum of all the terms. 

Hence, when we have given the sum of all the terms, 
the last term, and the ratio, to find the first term, we 
have this 

RULE. 

Multiply the Icist term by the ratio, and from the pro- 
duct subtract the product of the sum of all the terms 
into the ratio, less one. 
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EXAMPLES. 

1. The sum of all the terms of a geometrical pro- 
gressioQ is 436905, the last term is 327680, and the 
ratio is 4. What is the first term ? 

In this example, we find the last term, multiplied by 
the ratio, to be 1310720. The product of the sum of 
the terms into the ratio, less one, is 1310715; /. 1310720 
— 1310715=5, for the first term. 

2. The sum of all the terms of a geometrical pro- 
gression is 6138, the last term is 3072, and the ratio is 2. 
What is the first term ? Ans. 6. 

3. The sum of all the terms of a geometrical pro- 
gression is 1860040, the last term is 1240029, and the 
ratio is 3. What is the first term ? Ans, 7. 

Case VIIL 

From the condition under Case II., we see that the 
ratio, multiplied into the sum of all the terms, diminished 
by the last term, is equal to the sum of all the terms, 
diminished by the first term. 

Hence, when we have given the first term, the last 
term, and the sum of all the terms, to find the ratio, we 
have this 

RULE. 

Divide the sum of all the terms, diminished hy the 
first term, by the sum of all the terms, diminished hy 
the last term. 

EXAMPLES. 

1. The first term of a geometrical progression is 5, 

the last term is 327680, and the sum of all the terms is 

436905. What is the ratio ? 

21 
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In this example, the sum of all the terms, dimimshed 
bv the first term, is 436900, and the sum of all the terms, 
diminished by the last term, is 109225; /. 436900, 
divided by 109225, gives 4 for the ratio. 

2. The first term of a geometrical progression is 6, 
the last term is 3072, and the sum of all the terms is 
6138. What is the ratio ? Am. 2. 

3. The first term of a geometrical progression is 7, 
the last term is 1240029, and the sum of all the terms 
is 1860040. What is the ratio?. Ans. 3. 

Note. — ^The demonstration of the rules for the four following 
cases have not been given ; they may, however, be obtained by 
combining the conditions of some of the foregoing cases. 

CcLse IX. 

Given the first term, the ratio, and the sum of all the 
terms, to find the last term. 

RULE. 

To the first term add the product of the ratio, less 
one, into the sum of all the terms ; divide this sum by 
the ratio. 

EXAMPLES. 

1. The first term of a geometrical progression is 4, 
the ratio is 3, and the sum of all the terms is 118096. 
What is the last term ? 

In this example, the product of the ratio, less one, 
into the sum of all the terms is 236192, which, added to 
the first term, gives 236196; this, divided by the ratio, 
gives 78732, for the last term. 

2. A man bought a certain number of yards of cloth« 
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giving 3 cents for the first yard, 6 cents for the second 
yard, 12 cents for the third yard, and so on, for the 
succeeding yards. If the whole number of yards cost 
$122*63, what did the last cost? Am. $62*33. 

3. A person bought a certain number of pears for 
£4 5s. 3d. 3far.; he gave 1 farthing for the first, 2 
farthings for the second, 4 for the third, and so on, 
doubling each time. What did he pay for the last ? 

Arts. £2 2 8. 8d. 

Case X. 

Given the ratio, the number of terms, and the sum of 
all the terms, to find the last term. 

RULE. 

Raise the ratio to a power whose exponent is the 
number of terms, less one ; multiply together this power ^ 
the sum of all the term^y and the ratiOy less one ; then 
divide this product by one less than the power of the 
ratio, whose exponent is the number of terms. 

EXAMPLES. 

1. The ratio of the terms of a geometrical progres- 
sion is 3, the number of terms is 10, and the sum of all 
the terms is 1 1 8096. What is the last term ? 

In this example, the ratio, raised to a power whose 
exponent is the number of terms, less one, is 3' = 19683 ; 
this, multipUed by the sum of all the terms, and the 
ratio, less one, is 19683 x 1 18096 x 2=4648967136 ; the 
power of the ratio, whose exponent is the number of 
terms, is 59049 ; this, diminished by 1, becomes 59048; 
/. 4648967136, divided by 59048, gives 78732, for the 
last term. 
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2 The ratio of the terms of a geometrical progres 
sion is 3, the number of terms is lO, and the sum of all 
the terms is 296240. What is the last term ? 

Ans. 196830. 
3. The iratio of the terms of a geometrical progres- 
sion is 2, the number of terms is 11, and the sum of all 
the terms is 20470 ? What is the last term ? 

Ans. 10240. 

Case XL 

Given the first term, the number of terms, and the 
last term, to find the sum of all the terms. 

RULE. 

Extract the root denoted by the number of terms, less 
one, of the last and first terms ; then raise these roots 
to a power, whose exponent is the number of terms; 
then divide the difference of ittese powers by the dif* 
ference of the roots. 

EXAMPLES. 

1. The first term of a geometrical progression is 1, 
the number of terms is 10, and the last term is 19683. 
What is the sum of all the terms ? 

In this example, we must extract the 9th root of the 
last and first terms, which give 3 and 1 for the roots ; 
these must each be raised to the 10th power, which give 
69049 and 1, the difference of which is 69048; this, 
divided by 3— 1=2, gives 29524, for the sum of all the 
terms. 

2. The first term of a geometrical progression is 1, 
the last term is 2048, and the number of terms is 12. 
What is the sum of all the terms ? Ans. 4096. 
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3. The first term of a geometrical progression is 1, 
the last term is 10077696, and the nmnber of terms 
is 10. What is the sum of all the terms? 

Ans. 12093235. 

Case XIL 

Given the ratio, the number of terms, and the last 
term, to find the sum of all the terms. 

RULE. 

Raise the ratio to a power whose exponent is the 
number of terms ; from this power subtract one^ and 
multiply the remainder hy the last term; divide this 
product by the product of the ratio, less one, into the 
power of the ratio, whose exponent is the number of 
terms, less one, 

EXAMPLES. 

1 . The ratio of the terms of a geometrical progression 
is 2, the number of terms is 12, and the last term is 
2048. What is the sum of all the terms ? 

In this example, the ratio, raised to a power whose 
exponent is the number of terms, is 2'* =4096; this, 
diminished by 1, becomes 4095, which, multiplied by 
2048, becomes 8386560 ; again, the power of the ratio, 
whose exponent is one less than the number of terms, 
is 2048, which, multiplied by the ratio, less one, is not 
changed ; /. 8386560, divided by 2048, gives 4095, for 
the sum of all the terms. 

2. The ratio of the terms of a geometrical progres- 
sion is I, the number of terms is 8, and the last term is 
106HI- What is the sum of all the terms ? 

Ans. 307Hi. 
21* 
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3. The ratio of the terms of a geometrical progres- 
sion is }, the number of terms is 7, and the last term is 
258f IJf. What is the sum of all the terms ? 

Ans. 591/oVe- 

Note- — The eight remaining cases in geometrical progression 
cannot be solved by the ordinary processes of arithmetic, but 
require for their solution a knowledge of logarithms^ and algebraic 
equations above the second degree. 



8S« When the ratio of a geometrical progression is 
less than a unit, the first term will be the largest, and 
the last term the least; the progression, will, in this 
case, be descending. But, if we consider the series of 
terms in a reverse order, that is, calling the last term 
the first, and the first the last, the progression may then 
be considered as ascending. 

If a decreasing geometrical progression be continued 
to an infinite number of terms, we may neglect the last 
term as of no appreciable value ; we can find the sum 
of such a progression by Case II., when it is modified, 
as follows : 

Given the first term of a descending geometrical pro- 
gression, and the ratio, to find the sum of all the terms, 
when continued to infinity. 

RULE. 

Divide the Jirst term by a unit diminished by the 
ratio. 

EXAMPLES. 

1. What is the sum of all the terms of the infinite 
series 1, i, J, |, &c.? 
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In this example, a unit, diminished by the ratio, is 
1 — 1=1; and the first term, 1, divided by |, gives 2, 
for the sum of all the terms. 

2. What is the sum of the infinite series 1, ^, i, j\y 
&c.? Am. 1^. 

3 What is the sum of the infinite series jVi Tlir> 

4. What is the sum of the infinite series y\, yj^, 

5. What is the sum of the infinite series ji^, rirf tt» 

6. What is the sum of the infinite series tV> tI t> 

.3 6 a 1 6 Jlrf* f Jnc 1 
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CHAPTER XII. 
MISCELLANEOUS QUESTIONS SOLVED BY ANALYSIS. 

84. A MAN and his wife usually drank out a cask of 
beer in 12 days ; but when the man was from home, it 
lasted the woman 30 days. How many days would the 
man alone be in drinking it ? 

Solution. 

Since it requires 12 days for the man and his wife 
to drink out the cask, they must, in each day, drink ^^ 
of it. 

Again, since the woman is 30 days in drinking it, she 
must, in each, day, drink ^V of it. 

Hence, the fractional part which the man drank in 
1 day, must be tV— 3V=tV; •*• i" 20 days he could 
drink the whole. 

2. A person bought several gallons of wine for $94, 
and after using 7 gallons himself, sold \ of the remainder 
for $20. How many gallons had he at first ? 

SohiMon. 

Since he sold \ of the remainder, after using 7 gal- 
lons, for $20, he could have sold the whole of the 
remainder for $80 ; therefore, the value of the 7 gallons 
which he used was 94 — 80=$14; and 1 gallon must 
have cost -y-=$2. The wine being worth $2 per gal- 
lon, he must have purchased -^-=47 gallons. 
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3. A person in play lost i of his money, and then 
won 3 shillings, after which he lost | of what he then 
hsid ; and this done, he found that he had but 12 shillings 
remaining. How much had he at first ? 

Soluiion. 

This, like all other questions of a similar nature, is 
most readily solved by an inverse operation. Thus, 
since the 12 shillings which finally remained, was only 
I of what he had before losing ^, we may find what he 
had before losing the |, by dividing 12 shillings by |, 
which thus becomes | of 12 shillings =18 shillings; 
now, deducting the 3 shillings which he won, we get 15 
shillings, which is | of what he had at first; therefore, 
^ of 15 shillings = 20 shillings, is what he had at first. 

4. A fish was eaught whose tail weighed 9 pounds , 
his head weighed as much as his tail and half his body, 
and his body weighed as much as his head and tail 
together. What was the weight of the fish ? 

Soluiion, 

Since the head of the fish is equal to | of the body, to- 
gether with the tail, which equals 9 lbs., it follows that the 
head and tail together must equal | of the body +18 lbs. 
But, by the question, the head and tail together is equal 
to the whole body; .*. we have this relation ^ of the 
body +18 pounds, must equal the whole body; conse- 
quently, ^ of the body must equal 18 pounds, and the 
whole body is 36 pounds. And, since the body weighed 
as much as the head and tail together, it follows that the 
weight of the whole fish was twice that of the body, or 
8 times that of the tail, which is 72 pounds. 
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> 5. A person engaged a workman for 48 days. For 
each day that he labored he rec^eived 24 cents, and for 
each day that he was idle, he paid 12 cents for his board. 
At the end of the 48 days, the account was settled, when 
the laborer received 85*04. Required the number of 
working days, and the number of days he was idle. 

SoluUon. 

Had he worked all the time, he would have received 
24x48=81 1-62; but he received only $5-04. There- 
fore, by being idle, he lost $ir52 — $5-04 = $6-48. 
Now, for each idle day, he loses the 24 cents which he 
might have earned, as well as the 12 cents which he 
gives for his board ; so that every idle day is to him a 
loss of 24+12=36 cents. But we have just shown 
that his total loss was $6*48 ; .'. the number of idle days 
was -Vff-=18i and he worked 48—18=30 days. 

6. A gentleman bought two pieces of silk, which, 
together, measured 36 yards. Each of them cost as 
many shillings per yard as there were yards in the piece, 
and their whole prices were as 4 to 1 . What were the 
lengths of the pieces ? 

Solution, 

Since each piece cost per yard as many shillings as 
there were yards in its length, it follows that their values, 
expressed in shilhngs, must be as the squares of their 
lengths. By the question, their prices were as 4 to 1 ; 
therefore, the squares of their lengths must be to each 
other as 4 to 1 ; consequently, their lengths must be to 
each other as 2 to 1. 

The question is now reduced to the following : divide 
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36 into 2 parts, which shall be to each other as 2 to 1 
These parts are | of 36=24, and | of 36=12. 

7. In a mixture of wine and cider, \ of the whole, 
+25 gallons, is wine, and ^ of the whole,— 6 gallons, 
is cider. How many gallons were there of each ? 

SokUioTi. 

By the question, the wine=| of the whole +25 gal- 
lons, and the cider =| of the whole— 5 gallons. Hence, 
taking the sum of these expressions, we get the whole 
=(1+3) or I of the whole + 20 gallons ; .*. | of the 
whole equals 20 gallons ; consequently, the whole is 
120 gallons. 

Now I of the whole is 60 gallons, to which, add 25 
gallons, we get, for the wine, 85 gallons. 

Again, | of the whole is 40 gallons, from which, sub- 
tracting 5 gallons, we get, for the cider, 35 gallons. 

8. A market-woman bought a certain number of eggs, 
at 2 for a penny, and as many more at 3 for a penny ; 
and, having sold them again, all together, at the rate of 
5 for 2 pence, found that she had lost 4 pence. How 
many eggs had she ? 

SohUion. 

Since, by the question, half of the eggs cost J of a 
penny apiece, and the other half cost ^ of a penny apiece, 
it follows that the average price which she gave for the 
eggs was (i + i)-^2=/j of a penny apiece. Since she 
sold them all together at the rate of 5 for 2 pence, that 
is, f of a penny apiece, she must have lost on each egg 
y»^— | = yV of a penny. Therefore, to lose 1 penny, she 
must have disposed of 60 eggs, and to lose 4 pence, she 
must have had 240 eggs. 
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9. A and B can, together, do a piece of work in 8 
days ; A and C can, together, do it in 9 days ; B and C 
can, together, do it in 10 days. How many days would 
it require for each to perform the work alone ? 

Sokntion, 

Since A and B can do the work in 8 days, they can, 
in 1 day, do \ part of it ; for a similar reason, A and C 
can do ^ part of it in 1 day ; B and C can do yV P^rt of 
it in 1 day. Adding these fractional parts together, and 
observing that each individual has been included twice, 
we shall get, by dividing the sum by 2, the following 
fraction, (i + i + To)-^2=||i, which is the fractional 
part of the work which they all together would perform 
in 1 day. 

We have already seen that the part which B and C 
can perform in 1 day is yV; •'• Hi— tV = 7Vo> is the 
fractional part which A could perform in 1 day. Hence, 
the time in which A could alone perform the work is 
W=14|*days. 

Again, the fractional part which A and C together 
could perform, is |; .'. tI7"~7 = T2V> is the fractional 
part which B could perform in 1 day ; hence, the time 
in which B could alone perform the work, is -TV-=l'7|f 
days. The fractional part which A and B together could 
perform, is |; .*. \^\^\:=z^^^^ is the fractional part 
which C could perform in 1 day; hence, the time in which 
he could alone perform the work is -Vr- =233^1- days. 

10. A and B have each the same income. A contracts 
an annual debt, amounting to | of it ; B lives on | of it ; 
and, at the end of ten years, B lends to A enough to pay 
off his debts, and has $160 left. What is the income ? 
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SoliUian. 

Since B lives on } of his income, he must save | of 
it. A's debt for 1 year being } of the income, B will 
have left, after paying A's debt, i—} = ^jpf his income. 
And, since this would in 10 years amount to $160, /^ 
of his income must equal $16. Hence, the income was 
Y of $16=$280. 

1 1 . A merchant supported himself 3 years for $50 a 
year ; at the end of each year, he added to that part of 
his stock which was not thus expended, a sum equal to 
I of this part. At the end of the third year, his original 
stock was doubled. What was the stock ? 

Solution, 

After supporting himself the first year, he will have 
his original stock, —$50; this, increased by its third 
part, will become f of his original stock, — | of $50; 
living upon another $50, he will have left | of his 
original stock, — fof $50— $50. This must again be 
increased by its third part, giving -^^ of his original 
stock, -V- of $50-^ of $50. 

Again, living upon $50, he will have left V* of his 
original stock, — V*^ of $50— J of $50— $50 ; increasing 
this once more by its third part, we get f 4 of his original 
stock, -14 of $50 -J/ of $50-1 of $50. This, by 
the question, is equal to twice his original stock, or to 
14 of his original stock. 

Hence, I4"-|4 = H of his original stock must equal 
14 of $50+-V- of $50 + 4 of $50=JyV- of $50=^44^ 
dollars ; .'. his stock was ^44J^^44=$740. 

12. Fourteen oxen have, in 3 weeks, eaten all tht' 

23 
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g^HS which grew on 2 acres of land, m such a manner, 
tliat they not only ate all the grass which at first was 
there, but also that which grew during the time they 
were grazing.. In like manner have 16 oxen, in 4 weeks, 
eaten all the grass upon 3 acres of land. How many 
oxen can, in this way, graze for 5 weeks upon 6 acres 
of land ? 

Solution. 



AVrei. Oz^n. Weeks 

(1.) 2 14 3^ 



(2.) 
(3.) 

(4.) 

(5.) 
(6.) 



1 
3 
3 

3 
3 



7 

7 
63 

16 
64 



3 
9 

1 J 



Wx 



l8t condition. 



t! 



By 2d condition. 



If the grass of 2 acres, 
with its growth for 3 wks., 
keep 14 oxen for 3 weeks, 
then will the grass of one 
acre, with its growth for 
3 weeks, keep 7 oxen for 
3 weeks ; and the grass 
of 3 acres, with its growth for 3 weeks, will keep 7 oxen 
9 weeks, or 63 oxen for 1 week, which result corresponds 
with (4) in the adjoining table. 

Again, by the second condition of the question, if the 
grass of 3 acres, with its growth for 4 weeks, keep 16 
oxen for 4 weeks, then will the grass of 3 acres, with 
its growth for 4 weeks, keep 64 oxen for 1 week, which 
corresponds with (6). 

By carefully comparing (4) and (6), we see that the 
growth of 3 acres for 1 week is sufficient to keep 1 ox 
1 week ; consequently, the growth of 6 acres for 1 week 
will keep 2 oxen for 1 week ; or, which is the same 
thing, the growth of 6 acres for 5 weeks will keep 2 
oxen for 5 weeks. 

By (4) we have seen that the grass of 3 acres, with 
its growth for 3 weeks, will keep 63 oxen for 1 week ; 
but the growth of 3 acres for 3 weeks, will keep 3 oxen 
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1 week; consequently, the grass alone of 3 acres will keep 
60 oxen 1 week, and the grass of 6 acres will keep 120 
oxen for 1 week, or it will keep 24 oxen for 5 weeks. 
Hence, finally, the grass of 6 acres, with its growth for 
6 weeks, will keep, during 5 weeks, 2+24=26 oxen. 

13. A person expends just £100 for live stock, con- 
sisting of geese, sheep, and cows; for each goose he 
paid Is., for each sheep dCl, and for each cow £5. How 
many did he purchase of each kind, so as to have just 
100 in all ? 

SoluUon, 

Since the average price of the animals was £1 =20s., 
the price of a goose was 19 s. below the average, and 
the price of a cow was 80 s. above the average. 

Hence, were he to purchase the geese and cows only 
in the ratio of 80 geese to 19 cows, their whole cost 
would be just as many pounds sterling as there were 
animals ; thus, by purchasing 80 geese and 19 cows, he 
would have 99 animals, together worth iC99. Now, by 
adding 1 sheep, worth dCl, he will have 100 animals, 
together worth £100. So that he bought 80 geese, 1 
sheep, and 19 cows. 

14. A and B leave Utica for Albany at the same time 
that C leaves Albany for Utica. If A goes 8 miles each 
hour, B 12 miles, and C 9, when will C be equally dis- 
tant between A and B, if the distance between Utica 
and Albany is 95 miles ? 

SoVuUon, 

The average velocity of A and B is 10 miles an hour; 
hence, if D, a fourth person, leave Utica at the same 
time, going 10 miles each hour, he will always be equally 
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distant between A and B, and the time sought will be 
when he is met by C, Now D and C together travel 
19 miles each hour; consequently, they will meet in 
95-^-19=5 hours, at which time C will be equally dis- 
tant from A and B. 

15 A, B, C, D, and E, play together on this con- 
dition : that he who loses shall give to all the rest as 
much as they abready have. First, A loses, then B, 
then C, then D, and at last also E. All lose in turn, 
and yet, at the end of the fifth game, they have all the 
same sum, viz., each $32. How much had each before 
they began to play ? 

SoliUian. 

The solution of this question is the most readily 
effected by a reverse process ; that is, by beginning with 
the last game, and playing them all in a reverse order, 
as follows : first, take from A, B, C, and D, half they 
have, and add it to E's money ; second, take from A, 
B, C, and E, half what they now have, and add it to 
D's ; third, take from A, B, D, and E, half what they 
now have, and add it to C's ; fourth, take half of A's, 
C's, D's, and E's, and add it to B's ; lastly, take half of 
B's, C's, D's, and E's, and add it to A's. 

These successive operations may be exhibited as 
follows : 

$32 $32, end of 5th game, 

16 96, end of 4th game, 

88 48, end of 3d game, 

44 24, end of 2d game, 

22 12, end of 1st game, 
11 6, before playing. 



A. 

$32 


B. 

$32 


c. 

$32 


16 


16 


16 


8 


8 


8 


4 


4 


84 


2 


82 


42 


Ans. 81 


41 


21 
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16. A father left to his three sons, whose ages are 8, 
10, and 13 years, $10000, to be so divided that ihe 
respective parts, being placed out at 5 per cent., com- 
pound interest, should amount to equal sums when they 
became 21 years of age. What are the parts ? 

Solution. 

By the question, their respective shares would be at 
interest, 13, 11, and 8 years. 

We find, by table under Art. 69, the present worth 
of $1 for 13, 11, and 8 years respectively, at 5 per cent., 
compound interest, to be $0-530321, $0'584679, and 
$0*676839. Now it is obvious that the parts must be to 
each other in the same ratio as the numbers 530321, 
584679, and 676839; the sum of these numbers is 
1791839. Hence, the parts are as follows : 

The 1st one's part is ttVtYsV of $10000 =$2959-646. 

The 2d one's part is ttVtVVV of $10000=$3263'011. 

The 3d one's part is ttVttW of $10000 =$3777' 343. 

17. Find what each of the four persons. A, B, C, and 
D, are worth, by knowing, 

1st. That A's money, together with i of B's, C's, and 
D's, is equal to $137. 

2d. That B's money, together with } of A's, C's, and 
D's, is equal to $137. 

3d. That C's money, together with \ of A's, B's, and 
D's, is equal to $137. 

4th. That D's money, together with i of A's, B's, and 
C's, is equal to $137. 

Solution. 

It is evident that | of B's, C's, and D's money is the 

same as 4 of the sum of alh minus \ of A's ; therefore, 

22* 
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A*8, together with ^ of B's, C's, and D's, is equal to 
A's+I of the sum of all— \ of A's, which, by the first 
condition, equals $137. 

Consequently, | of A's=$137~i of the sum of all, 
:. A's=f of $137— ^ of the sum of alL In a similar 
way, we get B's = f of $137—^ of the sum of all. 

C's = f of $137— J of the sum of all 
D's = | of $137— i of the sum of all. 

Taking the sum of these values of A, B, C, and D, 
we get the sum of aZZ=(f + f + | + |) of $137— (J + J 
+ T + i) of the sum of all .'. (1+i+i+i + i) of the 
sum of aW=:(f + i + f + 1) of $137. And the sum of 

aH=:_i±i±i±i_ of $137= Ht of $137=$317. 

This value for the sum of all, being substituted in the 
above values of A, B, C, and D, we obtain the following 
results : 

A's = | of $137-i of $317=$ 47. 

B's = ^ of $137-1^ of $317=$ 77. 

C's = f of $137-1 of $317=$ 92. 

D's=| of $137-i of $317=$101. 

Note. — It is obvious that this method of solving the above ques- 
tion will apply in the case of any number of unknown quantities 
which are similarly related to each other. 

18. A and B, settling accounts, found that if £6 were 
added to f of A's money, and the same sum taken from 
I of B's, the sum would be | of the remainder , and that 
the sum and the remainder, added together, made £12. 
What was each man's money ? 

SolvMon. 

Since £^ was added to | of A's money, and subtracted 
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from I of B's money, the sum of A's and B's money, 
after this addition and subtraction, is the same as it would 
have been had no such addition and subtraction been 
made. Therefore, | of A's and B's money is, by the 
question, £^72. 

Again, by the question, | of A's, increased by jC6, 
is equal to | of | of B's, diminished by £6 ; .*. | of 
A's, increased by £6, is to | of B's, diminished by £6, 
as 7 to 8. But we have already seen that | of A's, 
increased by £6, added to f of B's, diminished by £6, 
is £^72. Hence, if we divide dC72 into two parts which 
are to each other as 7 to 8, these parts will be | of A's, 
increased by £6, and | of B's, diminished by £6. The 
parts of £72 which are to each other as 7 to 8, arc ^ 
of £72=£33|, and j\ of i;72=£38f. Therefore, f 
of A's, increased by £6, is equal to £3d| ; consequently, 
I of A's is £33|~£6=£27| ; and the whole of A's 
money is | of £27|=£41f. And f of B's, diminished 
by £6, is equal to £38|. Therefore, | of B's is £38| 
-f-£6 = £44|; and the whole of B's money is | of 
£44f=£66f. 

19. A purse of $2850 is to be divided among three 
persons. A, B, and C. A's share is to be to B's as 6 to 
11, and C is to have $300 more than A and B together. 
What is each one's share ? 

SohUion. 

Since C is to have $300 more than A and B together, 
it follows that A and B must have half of what is left, 
after subtracting $300 ; hence, A and B together have 
$1275; this, divided into two parts, which are to each 
other as 6 to 11, gives A's = tV of $1275 =$450; B's= 
fl of $1275=$825; C's is evidently $1676. 
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20. Two persons, A and B, purchase in company 100 
acres of land for 8 1000, of which the southern portion 
is of rather the best quality. In the division of it, A 
says to B, let me have the southern portion, and I will 
pay for my part $1tt P®^ ^^r® more than you pay for 
yours. How much land must each have, and at what 
price per acre ? 

Note. — This, and like questions, can be solved by the following 

RULE. 

Divide kalf the whole cost by the whole number of acres, and to the 
square of the gtuftient add the square of half the difference of the prices 
per were; then extract the square root of the sum, and to this root add the 
quotient of half the whole cost, divided by the whole rmmber of acres. 
This last sum, increased by half the difference of the prices per acre, wUl 
give the price per acre of the best lands and, diminished by the same^ 
will give the price per acre of the poorest. 

Applying the above rule, we find the quotient of half 
the whole cost, divided by the whole number of acres, 
to be 5, which, squared, gives 25 ; this, increased by the 
square of half the difference of the price per acre, 
becomes 25+tVVV=~V2V6S whose square root is -W-; 
this root, added to 5, gives -V6''=^0^V* Therefore, the 
price per acre of A's land, is lOg-V + if =$10f. The 
price of B's land is lOgV-if = $91. 

$500-4- Sl0f=47TV acres, for A's portion. 

$500 H-$ 9i=52|f acres, for B's portion. 

21. A boy divided his apples among his four com- 
panions in the following manner : To the first he gave 
half an apple more than half his whole number ; to the 
second he likewise gave half an apple more than half 
he number which he then had ; in the same manner he 
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divided with the third and fourth companion, giving to 
each half an apple more than half the number which 
was left after giving to the preceding one. After having 
divided with the fourth companion, he had but one apple 
left. How many had he at first ? 

SohUion, 

This question is most easily solved by beginning 
vnth the last companion, and reversing each successive 
operation. 

Since he had but one apple left after making the last 
division, he must have had 3 after the third division, 
because 3, diminished by \ more than its half, leaves 1 ; 
for a similar reason, he must have had 7 after the second 
division. In this way we may retrace the process, by 
multiplying the number by 2, and adding 1 to the pro- 
duct for each successive step. In this way we find that, 
after the first division, he must have had 7x2+1 = 15. 
And, before he divided with the first, he must have had 
15x2+1=31 apples. 

NoTB. — From the above method of solving this question, we see 
that it would not be difficult to extend the solution to the case of 
any number of divisions. Indeed, we see that the number required 
is always one less than 2, raised to a power whose index is one 
more than the number of divisions. 

Thus, had there been 10 companions to divide with, after the 
above method, he must have had 2"— 1=2047 apples at first. 

This method of division is effected without dividing an individual 
apple. 

22. A hare is 50 leaps before a greyhound, and takes 
4 leaps to the greyhound's 3, but 2 leaps of the hound 
are equal to 3 of the hare's. How many leaps must the 
greyhound take before he catches the hare ? 
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SohUion. 

Since 2 leaps of the greyhound equals 3 leaps of the 
hare, it follows that 6 leaps of the greyhound equals 9 
leaps of the hare. 

But, while the greyhound takes 6 leaps, the hare 
takes 8 leaps ; therefore, while the hare takes 8 leaps, 
the greyhound gains on her 1 leap. Hence, to gain 50 
leaps, she must take 50 x 8=400 leaps ; but, while the 
hare takes 400 leaps, the greyhound would take 300 
leaps, since the number of leaps taken by them were as 
4 to 3. 

23. From a cask of wine a tenth part is drawn out, 
and then the cask is filled with water ; after which, a 
tenth part of the mixture is drawn out; again, the cask 
is filled, and again a tenth part of the mixture is drawn 
out. Now suppose the fluids mix uniformly at each 
time the cask is replenished, what fractional part of 
wine will remain after the process of drawing out and 
replenishing has been repeated ten times ? 

Solution. 

Since yV of the wine is drawn out at the first drawing, 
there must remain yV* And after the cask is filled with 
water, yV of the whole being drawn out, there will re- 
main yV of the mixture ; but y*^ of the mixture, we have 

already seen, is wine ; therefore, after the second draw- 

92 
mg, there will remain y^ of yV of wine, or . By 

similar reasoning, we see that after the third drawing 

there will remain yV of yV of y\ of wine, or 



93 



103 
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From this, we see that the part of wine remaining is 
expressed by the ratio j*y, raised to a power whose ex- 
ponent is the number of times the cask has been drawn 
from. Hence, in the present question, the fractional 

part of wine is ^ = ^VAVAVAV = 0-3486784401, 
which is nearly 35 per cent. 

24. There are two vessels of equal capacity, the one 
I full of wine, the other | full of water ; now suppose 
the vessel containing the wine to be first filled from the 
water vessel, and then the water vessel to be filled from 
the wine vessel; and so on, alternately filling the one 
firom the other. Now, on the supposition that the fluids 
mix uniformly at each time, how much wine, and how 
much water will the wine vessel contain after it has been 
filled 5 times ? And how much water, and how much 
wine will the water vessel contain after it has been filled 
5 times ? 

Solution. 

In the first place, the wine vessel is filled from the 
water, so that it will consist of | of wine, and | of 
water, and there will remain in the water vessel | of 
water. 

Now the water vessel is filled from the wine vessel 
by drawing from it |; that is, | of | of wine=| of 
wine, and | of ^ of water=f of water, so that the water 
vessel consists of f of water and | of wine ; and there 
remains in the wine vessel | of wine, and ^ of water. 

We next fill the wine vessel, and find that it will con- 
tain ^4 of wine, and ^^ of water, and that there will 
remain in the water vessel /y of water, and ^V ^f wine. 
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These successive operations will be more clearly 
comprehended by the aid of the following 

TABLE. 





WATER. 


WINE. 


WATER. 


WINE. 




1 






1 




1 

3 




1 
3 


a 

3 


Water Tessel 
filled Ist time. 


i 


4 
7 


i 


f 




/r 


5S 


1 3 


1 4 

7T 


Water vessel 
filled 2d time. 


H 


H 


1 3 
8T 


il 




iVV 


4 

743 


1 a 1 

243 


1 33 
243 


Water vessel 
filled 3d time. 


m 


m 


1 2 1 

T77 


1 23 

T37 




3 6 5 


364 
7T?T 


109 3 

TTsT 


109 4 

7T8T 


Water vessel 
filled 4th time. 


32 8 1 


lilf 


109 3 

ITsTT 


7I7T 




33 8 1 
TTTT3 


tWtV 


9 8 4 1 
17783 


tVVVj 


Water vessel 
filled 5th time. 


IHH 


nm 


9 8 4 1 
fi7747 


9 8 4 3 

77747 



Wine vessel 
filled 1st time. 



Wine vessel 
filled 2d time. 



Wine vessel 
filled 3d time. 



Wine vessel 
filled 4th time. 



Wine vessel 
filled 5th time. 



The law of continuation is so simple, that this table 
might with ease be carried to any extent desired. The 
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denominators of the partial fractions expressing the 
wine and water, are the successive powers of 3, and 
,the numerators are found by dividing the denomina- 
tors into two parts, differing from each other by a unit. 
Thus, after the 5th pouring, the wine vessel has been 

filled 3 times, and the quantity of wine is ^-^ — -^— ^ 

= if I, and the water is ^^^-— — ^ =iH' After the 6th 

o 

pouring, the water vessel has been filled 3 times, and 
the water is ji^!±L)=3||, and the wine is ^^^''"^^ 

— 364 

We may remark that an odd number of pourings 
leaves the wine vessel full, and, consequently, the water 
vessel ^ full ; and an even number of pourings leaves 
the water vessel full, and, consequently, the wine vessel 
i full.- 

We may also remark that the fluids will never become 
equally mixed, since the denominators which express the 
fractional pans of wine and water, at any particular time, 
are always the same, while their numerators differ a. 
unit; so that the wine vessel will always contain an 
excess of wine, and the water vessel an excess of water. 
Notwithstanding they are never equal, still they approach 
more nearly to an equality the greater the number of 
times the operation is performed. 

25. A person possesses a wagon with a mechanical 
contrivance, by which the difference of the number of 
revolutions of the wheels on a journey may be deter- 
mined. It is known that each of the fore wheels are 

5J feet, and that each of the hind wheels arc 7| feet in 

23 
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circumference. Now, when on a journey, the fore wheel 
has made 2000 revolutions niore than the hind wheel ; 
how great was the distance traveled ? 

Solution, 

Circumference of fore wheel =6 J ft.=\'-=-*/- feet. 
" hind wheel=7i ft.= V- feet. 

Now find the least number that will divide by 42 and 
57, (by Rules under Art. lO or 11.) This number is 
798. Hence, the least number which will divide by -^^ 
and V- is ^f ^. 

Now, in going -^-f^ feet, the fore wheel turns over 
i|^-7--*/-=19 times; and the hind wheel turns over 
i|j._^jf-i=:14 times; therefore, in making a journey of 
^fi feet, the fore wheel turns over 19—14=6 times 
more than the hind wheel. Hence, in order that the 
fore wheel may turn over 2000 times more than the hind 
wheel, he must perform a journey of ^f ^ x ■2-<lo-= 39900 
feet, the answer. 

26. Suppose $1 had been put out at compound in- 
terest, at 7 per cent., the 5th day of October, 1585, how 
much would it have amounted to on the 5th day of Oc- 
tober, 1841 ? 

SolnUunh, 

By referring to what has been said under the subject 
of compound interest, we see that we must find the 
256th power of 1*07. After reaching the 4th power, 
the subsequent multiplications have been performed by 
the abridged method, Art. 39. 
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987 



1*07= 1 year. 
r07 



749 
107 

1-1449=2 yrs. 
1-1449 



103041 
46796 
45796 
11449 
11449 

1-310796010=4 yw. 
1-310796010 

1310796010 

893238803 

13107960 

917567 

117972 

7865 

13 



1-718186180=8 yrs. 
1-718186180 

1718186180 

1202730326 

17181862 

13745489 

171819 

137465 

10309 

172 

137 

2-9521 63749= 16 yrs. 



2-952163749 
2-952163749 

5904327498 

2656947374 

147608187 

5904327 

296216 

177130 

8856 

2066 

118 

26 

8-715270798 =32 yrs. 
8-715270798 

69722166384 

6100689659 

87152708 

43576354 

1743054 

610069 

6101 

784 

70 



75-965945083=64 yrs. 
75-955945083 



631691616581 

37977972541 

6836035067 

379779725 

37977973 

6836035 

303824 

37978 

608 

23 



5769-305593425 = 1 28yTS 
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5769-30559345 
576930559345 

2884652796725 

403851391542 

34615833561 

5192375034 

173079168 

2884652 

51924 

1731 

1231 

29 



Ans. $33284887-03062=256 years. 

27. Suppose from an acorn there shoots up a single 
stalk, at die end of the year ; that, at the end of each 
year thereafter, this stalk puts forth as many new 
branches as it is years old ; also suppose all the branches 
to follow the same law, that is, to produce as many 
new branches as they are years old. How many 
branches will this oak tree consist of at the end of 20 
years. 

Solution.* 

From the conditions of the question, we know that at 
the end of the first year there will be simply one stalk, 
or branch, which we will denote by 1 ^ ; at the end of 
the second year, this branch will become 1 year old, and 
produce a new branch, so that we shall have 1 , + 1 ^ ; 
at the end of the third year, the branches, 1 , + 1 ,, will 
become 1 , + 1 1 > the first of which being 2 years of age, 
will produce 2 new branches ; the other will produce 

* For an algebraic solution of this, see Recurring Series in mj 
Alobbba. 
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I new one; we shall, therefore, have la + l,+3g 
Proceeding in this way, we obtain the following results : 

End of 1st year, 1^, 



it 



i< 



i< 



(( 



2d 

3d 

4th 

6th 

6th 



« 



it 



it 



tt 



= 1 
= 2 
= 5 
= 13 
=34 



l, + lo 

l, + l,+3o .... 

13 + l,+3,+8, . . . 

14 + I3 + 3S+81+2I, . 

15 + l4+33+8,+21, + 66,=89 

In this scheme, the small figures at the bottom of the 
larger ones, denote the age, in years, of the branches to 
which they are attached. Thus, at the end of the fifth 
year, there will be 1 branch 4 years old, 1 branch 3 
years old, 3 branches 2 years old, 8 branches 1 year old, 
and 21 new branches of no age. 

The law of the above series is obvious. It is such, 
that twice any term, increased by the sum of all the 
preceding terms, gives the next succeeding term. Or^ 
three times any term, decreased by the next preceding 
term, will give the next succeeding term. 

These terms may be found most easily by continual 
addition, as given by the following table, where each 
succeeding term is found by adding the two preceding 
ones. 



Total branches Ist year, 

Total branches 2d year, 

Total branches 3d year, 

Total branches 4th year, 

Total branches 6th year, 

Total branches 6th year, 



New branches 1st year. 
New branches 2d year. 




1 
1 
2 

3 New branches 3d year. 
5 

New branches 4th year. 
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8 
13 
21 
34 
55 
89 



New branches 5th year. 
New branches 6th year. 
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144 New branches 7th year 
Total branches 7th year, . . 233 

377 New branches 8th year. 
Total branches Sth year. . . 610 

987 New branches 9th year. 
Total branches 9th year, . . 1597 

2584 New branches 10th year. 
Total branches 10th year, . . 4181 

6765 New branches 11th year. 
Total branches 11th year, . 10946 

17711 New branches 12th year. 
Total branches 12th year, . 28657 

46368 New branches 13th year. 
Total branches 13th year, r 75025 

121393 New branches 14th year. 
Total branches 14th year, . 196418 

3 1 78 1 1 New branches 1 5th year. 
Total branches 15th year, . 514229 

832040 New branches 16th year. 
Total branches 16th year, . 1346269 

2178309 New branches 17th year. 
Total branches 17th year, . 3524578 

5702887 New branches 18th year. 
Total branches 18th year, . 9227465 

14930352 New branches 19th year. 
Total branches 19th year, 24157817 

39088169 New branches 20th year. 
Total branches 20th year, 63245986 

28. Find ten numbers, such that the first, with \ of 
all the others, shall make 845693 ; the second, with \ of 
all the others, shall make 845693 ; the third, with \ of 
all the others, shall make 846693 ; the fourth with |, 
the fifth with ^, the sixth with yV» the seventh with yV> 
the eighth with xV> ^^ ninth with yV, and the tenth with 
y*y of all the others, shall make, respectively, the same 
number, 845693. 

This may be solved by a method analogous to the one 
employed for the solution of question 17, pages 257-8. 
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Thus, i of the 2d, 3d, 4th, 5th, 6th, 7th, 8th, 9th, and 
10th, is the same as | of the sum of ally minus \ of the 
1st. Therefore, the 1st, together with J of the others, 
is equal to the lst+ i of the sum of all— ^ of the 1st, 
which, by the first condition of the question, equals 
845693. Consequently, i of the 1 st= 845693— i of the 
sum of all. 

Therefore, the lst=f of 845693— J of the sum of 
alL 

In a similar way, we get, 

2d = f of 845693— } of the sum of all. 
3d = I of 845693— } of the sum of all. 
4th = I of 845693— | of the sum of all. 
5th = f of 845693— i of the sum of all. 
6th =V- of 845693— i of the sum of all 
7th =H of 845693— yV of the sum of all 
8th = I?- of 845693— tV of the sum of all. 
9th =11 of 845693— yV of the sum of all. 
10th =11 of 845693— tV of the sum of all. 

if we take the sum of the above values, and observe 
that 

i + i + i + |4-i+ i +tV+tV+tV+tV=HHH» 
we shall obtain, 

Sum of all=^-fy\%\^^ of 845693-^11 f of the sum 
of all. • 

Therefore, (1+A|e|f) of the sum of all=^\%\\Y 
of 845693, or f if ff f of the sum of a«=-VAVTn^ of 
845693. 

Consequently, -the sum of aZZ= 4088933. 

Having found the sum of ally we can readily find the 
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lBt = 

2d = 
3d = 
4th = 
5th = 



s. 

4 

8 
S 

i 

8 

T 



1" 



respective numbers by substitutuig it in 
expressions, thus : 

of 845693- i of 4088933 

of 845693- 1 of 4088933 

of 845693- i of 4088933 

of 845693- I of 4088933 

of 845693- i of 4088933 
6th =V- of 845693- \ of 4088933 
7th =U of 845693- tV of 4088933 
8th = 1^ of 845693 -tV of 4088933 
9th =11 of 845693 -yV of 4088933 
10th=H of 845693- tV of 4088933 

If, instead of the constant number 845693, it were 
required to have the respective numbers, when increased 
by the above fractional parts of the others, equal to any 
other constant number, we must multiply these answers 
by the ratio of this new number to 845693. 

[For a complete algebraic solution of this, and all other analogous ques- 
tions, see my Algebra.] 



the foregoing 

= 34883. 
= 197045. 
= 305153. 
= 382373. 
=440288. 
=485333. 
= 521369. 
= 550853. 
=575423. 
= 596213. 
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CHAPTER XIII. 

MISCELLANEOUS QUESTIONS. 

S8m What are the prime factors of 20P6 ? 

Am. 2006=2x17x69. 

2. 'WLzX are the prime factors of 3742 ? 

Ans. 3742=2x1871. 

3. What is the greatest common measure of 720, 
360, and 180 ? Ans. 2« x 3* x 6 = 180. 

4. What is the greatest common measure of 420, 
147, and 210? Ans. 3x7=21. 

5. What is the least common multiple of 4, 16, 24, 
and 40 ? Ans. 2* x 3 x 5=240. 

6. What is the least common multiple of 8, 36, and 
100? Ans. 23x3«x5» = 1800. 

7. What are all the divisors of 376 ? 

Ans. 1, 2, 4, 8, 47, 94, 188, 376. 

8. What are all the divisors of 23456? 

1, 2, 4, 8, 16, 32, 733, 1466, 2932, 

5864, 11728, 23456. 

9. What is the number of the divisors of 7866 ? 

Ans. 2x3x2x2=24. 

10. What is the number of the divisors of 1000 ? 

Ans. 4x4=16. 

11. Reduce f}| to its lowest terms. Ans. ^. 

12. Reduce Hf Hf ^ i^ lowest terms. 

Ans. UHh 



Ans. \ 
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13. Reduce the improper fraction ^ff-i to a mixed 
fraction. Ans. 19if. 

14. Reduce -VtV^ ^^ * mixed fraction. Ans, O^Vr- 

15. Reduce 67t*t to an improper fraction. 

Ans. ^yV^. 

16. Reduce 37^ to an improper fraction. 

Ans. J.^. 

17. What is the product of -V/- into f 4 ? 

Ans. 35H- 

18. What isi the product of f f into Vr- ? -^w*. ^ i. 

19. Reduce the compound fraction | of | of f of If 
to a simple fraction. Ans. yV- 

20. Reduce y'y, 3*3* ^uid 4> to fractions having a com- 
mon denominator. Ans. ^VV, /j*y> iff 

21. What is the sum of yV, 4, and y\ ? 

22. What is the quotient of ^Vt divided by | ? 

Ans. II 
41 

23. Reduce the complex fraction — to its simplest 

form. - Ans. ||. 

24. What is the value of y\ of a mile ? 

Ans. 1 ftir. 16 rods, 7|| feet. 
26. Can the vulgnr fraction y\ be accurately expressed 
in decimals ? Ans. It cannot. 

26. How many places of decimals will be required to 
express || ? Ans, 4 places. 

27. Find the compound repetend equivalent to 3V • 

Ans, 0-0384615 

28. Find the perfect repetend arising from f\, 

02127659574468085106382 

97872340425531914893617. 

29. Convert 0*3756 into a vulgar fraction. 

Ans. yVVV- 



Ans. \ 00 
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90. Convert |}^ into a continued fraction. 

Ans. 

l+i 

14-1 



2+1 



3+1 



1 + 1 



1 + 1 



7+Jl 
2. 
31. Find some of the approximative values of the 

continued fraction 



3+1 



3+1 



3+1 



3+, &c. 

32. What must be the length of a thread which will 
wind spirally about a cylinder of 4 feet in circumference, 
and 60 feet in length, the distance between each turn of 
the thread being 1 foot ? Ans, 247*36, &c. feet. 

33. If A can perform a piece of work in 10 days, B in 
12 days, C in 16 days, then how many days will be re- 
quired for all together to perform the work ? Ans. 4yV« 

34. A shepherd, in the time of war, fell in with a 
party of soldiers, who plundered him of half his flock, 
and half a sheep over ; afterwards a second party met 
him, who took off half of what he had left, and half a 
sheep over ; and, soon after this, a third party met him, 
and used him in the same manner, and then he had only 
five sheep left. It is required to find what number of 
sheep he had at first. Ans. 47 sheep. 



A must contribute 


2 Oq 


B 


ii 


a 


1 5q 
57°. 


C 


a 


a 


1 Sq 


D 


it 


n 
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35. Four persons, A, B, C, and D, spent 20 shillings 
in company, when A proposed to pay ^, B i, C |, and 
D i part; but when the money came to be collected, 
they found it was not sufficient to answer the intended 
purpose. The question then is, to find how much each 
person must contribute to make up the whole reckoning, 
supposing their several shares to be to each other in the 
proportion above specified. 



Ans. •< 



36. A 'stationer sold quills at 10 s. 6d. a thousand, by 
which he cleared ^ of this money ; but, growing scarce, 
he raised them to 12 s. a thousand. What did he clear 
per cent, by the latter price ? Ans. 71^ per cent. 

37. How much can a person give for an annuity of 
$400, which has to run 12 years, if the interest be 
reckoned at 3 per cent.? Ans. $3981-602. 

38. A debt, due at this present time, amounting to 
$1200, is to be discharged in seven yearly and equal 
payments. What is the amount of one of these pay- 
ments, if the interest be calculated at 4 per cent. ? 

Ans. $199-931. 

39. An usurer lent a person $600, and drew up for 
the amount a bond of $800, payable in 3 years, bearing 
no interest. What did he take per cent., if compound 

nterest be taken into consideration ? 

Ans. 10-06424 per cent. 

40. A debtor, being unable to pay his debts, amounting 
to $12950, at once, agrees with his creditors to discharge 
this sum by monthly instalments, viz.: $600 the 1st month, 
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and each succeeding month $50 more than the preceding 
one. In how many months will he have discharged his 
whole debts, and how much does he pay the last month ^ 

Ans. In 14 months, and $1250. 

41. A person dying, leaves half of his property to his 
wife, one sixth to each of two daughters, one twelfth to 
a servant, and the remaining $600 to the poor. What 
was tlie amount of his property ? Ans. $7200. 

42. We know, from natural philosophy, that any body 
which falls in vacuo, passes, in the first second, through 
a space of IGy'^ feet; and, in each succeeding second, 
32^- feet more than in the one immediately preceding. 
Now, if a body has been falling 20 seconds, how many 
feet will it have fallen the last second, and how many in 
the whole lime ? Ans. 627 j feet, and 6433^ feet. 

43. An estate of $7500 is to be divided between a 
widow, two sons, and three daughters, so that each son 
shall receive twice as much as each daughter, and the 
widow herself $500 more than all the children. What 
was Jier share, and what the share of each child ? 

[ Widow's share, . . $4000. 

Ans. '{ Each son's, .... $1000. 

[Each daughter's, . $ 500. 

44. Three soldiers, in a battle, made $96 booty, which 
they wished to share equally. In order to do this. A, 
who made the most, gave B and C as much as they 
already had ; in the same manner, B then divided with 
A and C, and, after this, C vrith A and B. If, then, by 
these means, the intended equal division is effected, how 
much booty did each soldier make ? 

Ans. A, $52; B, $28; and C, $16. 

45. Two carpenters, twenty-four journeymen, and 

24 
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eight apprentices, received, at the end of a certain time, 
$144. The carpenters received $1 per day, each jour- 
neyman half a dollar, and each apprentice 25 cents. 
How many days were they employed ? Arts, 9 days. 

46. A man, to please his children, brings home a 
number of apples, and divides them as follows : To the 
first and eldest of his children, he gives the half of the 
whole number, less 8; to the second, the half of the 
remainder, again diminished by 8, and he does the same 
with the third and fourth. After this, he gives the 20 
remaining apples to the fifth. How many apples did he 
bring home ? Ans. 80. 

47. A farmer being asked how many sheep he had, 
answered that he had them in five fields ; in the first he 
had I, in the second ^, in the third |, in the fourth yV» 
and in the fifth 450. How many had he ? Ans. 1200. 

48. I once had an untold sum of money lying before 
me. From this, I first took away the 3d part, and put 
in its stead i^50. A short time after, I took from the 
sum, thus augmented, the 4th part, and put again in its 
stead, $70. I then counted my money, and found $120. 
What was the original sum ? Ans, $25. 

49. After paying away \ and \ of my money, I had 
$66 left in my purse. How many dollars were in it at 
first? Ans. $120. 

60. A countryman brings his eggs to market, and first 
sells 4 more than the half of them ; then he goes far- 
ther, and sells half of the remainder, and 2 over. Now 
6. eggs more than half of the remainder are stolen firom 
him, and, dissatisfied about this loss, he returned to his 
village with the 2 eggs which remained in his basket 
How many eggs did he take to town ? Ans. 80 eggs. 



MISCELLANEOUS aUESTIONS. 279 

51. A person goes to a tavem with a certain sum of 
money in his pocket, where he spends 2 shiUings ; he 
then borrows as much money as he had left, and, going 
to another tavern, he there spends 2 shillings also ; then 
borrowing again as much money as was left, he went to 
a third tavern, where, hkewise, he spent 2 shillings, and 
borrowed as much as he had left ; and, again spending 
2 shillings at a fourth tavem, he then had nothing 
remaining. What had he at first ? Ans. 3 s. 9 d. 

52. A cistern can be filled by 3 pipes ; by the first in 
1| hours, by the seconci in 3| hours, and by the third in 
5 hours. In what time will this cistern be filled when 
all 3 pipes are open at once ? Ans. In 48 minutes. 

53. Into what parts must 36 be divided, so that 
^ of the first, | of the second, and i of the third, may 
be all equal to each other? Ans. 8, 12, and 16. 

54. A dog pursues a hare. Before the dog started, 
the hare had made 50 paces, and this is the distance 
between them at first. The hare takes 6 paces to the 
dog's 5, and 9 of the hare's paces are equal to 7 of the 
dog's. How many paces can the hare take before the 
dog overtakes her ? Ans. 700 paces. 

55. A person wishes to dispose of his horse by lottery. 
If he sells the tickets at $2 each, he will lose $30 on 
his horse; but if he sells them at $3 each, he will 
receive $30 more than his horse cost him. What was 
the number of tickets, and what did the horse cost him ^ 

t The number of tickets was 60. 
'^^' \ The horse cost him $150. 

66. A person had two barrels, and a certain quantity 
of vrine in each. In order to have an equal quantity in 
sach, he poured out as much of the first cask into the 
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second as it already contained; then again he poured 
out as much of the second into the first as it then con- 
tained ; and, lastly, he poured out again as much from 
the first into the second as there was still remaining in 
It. At last, he had 16 gallons of wine in each cask. 
How many gallons did they contain originally ? 

Ans. The first, 22; the second, 10 gallons. 

57. What is the sum of the cubes of the seven fol- 
lowing fractions : |f |, Hi, III, lii lii, lil, and 
IH? Arts. 6, 

58. A gentleman hires a servant, and promises him, 
for the first year, only $60 in wages ; but, for each fol- 
lowing year, 84 more than for the preceding. How 
much will the servant receive for the 17th year of his 
engagement, and how much for all 17 years together ^ 

Ans. $124, and $1564. 

59. A general, wishing to draw up his regiment into 
a square, tried it in two ways. The first time he had 
39 men over; the second time, having extended the side 
of the square by one man, he wanted 50 men to complete 
the square. What was the number of soldiers in the 
regiment? Ans, 1975 soldiers. 

60. From a sum of money, $50 more than the half 
of it is first taken away ; from the remainder, $30 more 
than its fifth part ; and again, from the second remainder, 
$20 more than its fourth part. At last there remained 
only $10. What was the original sum? Ans, $275, 

61. HiERO, king of Sicily, ordered a crown to be 
made, containing 63 oz. of pure gold ; but, suspecting 
that the workmen had debased it by using part silver, 
lie recommended the detection of the fraud to the famous 
Archimedes, who, putting it into water, found that it 
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displaced 8'2245 cubic inches of water. He next found 

that a cubic inch of gold weighed 10:36 ounces, and a 

cubic inch of silver weighed 5' 85 ounces ; then, from 

this data, he calculated the proportions of gold and silver 

of which the crown was composed. What must have 

been his result ? 

I 2*5447 oz. of gold to every 2' 1434 oz. 

( 01 silver. 

62. The number 48 is divided into two parts, such 
that if the greater part be multipUed by 24, and the less 
part by 12, the difference of their products will be 504. 
What are the parts? Ans. 30, and 18. 

63. A man and his son together worked 50 days. 
The man received $1 per day, and the son $0'75. 
Their whole wages amounted to $44. How many days 
did each work ^ j J The man worked 26 days. 

i The son " 24 " 

64. Three men, A, B, and C, together work 60 days, 
and all receive $48 ; A received $0*70 per day, B $0-80, 
and C $0'90. How many days did each work ? 

A and C worked each the same 
number of days, and B worked 
the balance of the 60 days, be 
the same more or less. 

65. Two men, A and B, are on a straight road, on 
the opposite sides of a gate, and distant from it 308 yards 
and 277 yards, respectively, and travel each towards the 
original station of the other. How long must they walk 
so that they shall be equally distant from the gate, if B 
goes 2 yards per second, and A 2^ yards per second ? 

Ans, 1 minute, 33 seconds. 

66. Every thing being supposed as in the preceding 

24* 
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question, at what time will each be at the same distance 
from the original station of the other as the other is from 
his ? Ans. 4| minutes after starting. 

67. Suppose the elastic power of a ball which falls 
from a height of 100 feet, to be such as to cause it to 
rise 50 feet, or one half the height from which it fell, 
and to continue in this way, diminishing the height to 
which it will rise, in geometrical progression, till it come 
to a state of rest, how far will it have moved ? 

Am. 300 feet. 

68. What is the square of 12890625 ? 

Ans. 166168212890625. 

Note. — ^In this question, it will be observed that the square of 
the above number ends with the same set of figures as the number 
itself; and this must hold good for any power of the above number. 
The same is true of the number 109376. Either of these numbers 
can be carried to any extent, by prefixing the proper figures. These 
are the only numbers which possess this remarkable property. 
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In this Appendix we shall, by using the Roman nota 
tion, number the different portions the same as the Arti- 
cles in the body of the work, which they are designed to 
explain or enlarge upon. 

II. The particular form of many of the symbols em- 
ployed to indicate the relations of numbers, as well as the 
different operations which are requited to be performed 
upon them, are no doubt entirely arbitrary. But some of 
them are easily traced to their true origin, and a reason 
is readily seen why they were employed. Under this 
article we propose to make a few remarks on what may 
be properly called the philosophy of arithmetical sym- 
bols. Not that we presume to know positively the rea- 
sons for the particular form of all symbols, but it is 
thought a few suggestions and queries on this subject 
might not be uninteresting to the inquiring mind. 

The most natural method which could be devised for 
indicating that one quantity or number was greater than 
another is the symbol >, or <, so placed between the 
quantities or numbers compared as to open towards the 
greater, showing that in passing from the angle of this 
symbol to the opposite side, there is an increase. In 
this sense, this same symbol is used in music. 

In conformity with this use of the above symbol we 
have$l>99 cents; 46 cents < $1 ; &c. The symbol 
$, employed to denote dollars is no doubt derived from a 
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combination of the letters U and S, which, taken together, 
form the abbreviation for United States. If a com 
pound letter be formed by uniting these letters, it will at 
once be seen how small a modification it is necessary to 
make in it so as to obtain the symbol $. And when we 
consider that this kind of currency, hjiving a dollar for 
its unit, is peculiarly that of the United States, the ex- 
planation seems quite satisfactory. 

Having agreed to employ the symbol >, or <, to de- 
note inequality, we may ask how must it be modified 
when placed between two equal quantities so as to be- 
come the symbol of equality ? In this case, there is no 
reason why this symbol should be placed with its open- 
ings towards the one quantity rather than the other, since 
neither is larger than the other. It ought to open equally 
towards each ; hence it must of necessity become =, 
which is the symbol of equality. 

The addition of one quantity to another might very 
concisely be represented by the union of two straight 
lines. But in what manner shall these two lines be uni- 
ted? When numbers afe united by addition, the first 
may be said to be added to the second, or the second 
may be said to be added to the first, so that the two 
terms united have mutual relations with each other. So 
also when two numbers are united by multiplication, they 
are each factors, and have mutual relations. And more- 
over since the operations of multiplication are so nearly 
allied to those of addition, it would seem natural to rep- 
resent multiplication also by the union of two lines so 
placed as to be mutually related. If two equal lines 
mutually bisect each other at right angles, it would form 
a symbol which might be appropriately used to denote 
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either addition or multiplication. When these lines are 
so placed as that one may be horizontal and the other 
perpendicular, as +, it is the symbol of addition. When 
this symbol is so placed that the lines are oblique as x , 
the symbol denotes multiplication. 

Since the symbol +> denotes the union of two num- 
bers by addition, if we take one away, or perform the 
operation of subtraction, this operation might be indica- 
ted by the symbol + after one of the lines, as for instance 
the vertical one, had been taken away, so as to give — 
for the symbol of subtraction. 

The symbol -^, for division, was probably suggested 
by the idea of separating or dividing by means of a line 
passing through the quantity, leaving a portion on each 
side of the straight line, which portions are represented 
by the two dots placed on the two sides of this straight 
Une. If we substitute numbers for those dots^ consider- 
ing the one above the line to correspond with the dividend, 
and the one below the line to correspond with the divi- 
sor, we shall thus have, in the case of 7 divided by 5, 
the expression J, which is in strict accordance with the 
notation for a vulgar fraction, which shows that a vulgar 
fraction is but another method of denoting a division 
where the numerator corresponds with the dividend, and 
the denominator with the divisor. 

If in the proportion 6 : 3 : : 8 : 4, we draw a straight 
horizontal line between the two dots separating the first 
and second terms, as well as between the two dots which 
separate the third and fourth terms ; also draw two hori- 
zontal Unes joining the four dots between the second and 
third terms, we shall have 

6-1-3: = : 8^4, 
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which is read, 6 divided by 3 is equal to 8 divided by 4, 
and this is precisely what the first expression, 

6 : 3 : : 8 : 4, meant. 

The symbol V, which denotes a root, is without doubt 
derived from the letter r, which is the initial of root. 

And may not the symbol .'., which usually denotes 
therefore, have been formed from the consideration that 
in a syllogism there are three essential parts or proposi- 
tions, which are indicated in this symbol by the three 
dots placed in the above synmietrical form ? 



V. T%c difference between two numbers which are 
composed of the same digits, the digits being placed in 
any order whatever, is exactly divisible by 9. 

For two numbers, being composed each of the same 
digits, will, when divided by 9, each leave the same re- 
mainder, hence their difference must be an exact multi- 
ple of 9, that is, it must be exactly divisible by 9. 

If from any number we subtract the sum of its digits, 
the remainder will be exactly divisible by 9. 

For we have already shown that any number divided 
by 9, will give the same remainder as will be found by 
dividing the sum of its digits by 9, therefore the differ- 
ence between any number and the sum of its digits is 
exactly divisible by 9. 

From the above property, a very interesting arith- 
metical puzzle is deduced. Thus, you request a per- 
son to write down any number he may choose, then di- 
rect him to subtract from it the sum of all its digits ; this 
done, request him to cancel or obliterate one of the digits 
of the result ; after which, request him to give the sum 
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of the remaining figures, and then you will be able to say 
just what figure was obliterated. 

For, had no figure been obUterated, the sum of the 
digits must have been divisible by 9, therefore the fig* 
ure which it is necessary to add to the result which he 
gives you, to make it a multiple of 9, is the figure that 
was obliterated. If a nine or zero had been obliterated, 
the result would still be a multiple of 9, and you could 
then only say that it was either 0, or 9, that had been 
cancelled, but you could not tell which. 

The number 1 1 possesses some remarkable properties, 
which we will now proceed to point out. 

10^= 10= 11-1 
10«= 100= 99+1 
103= 1000= 1001-1 
10*= 10000= 9999+1 
10^ = 100000= 100001-1 
&c. &c. &c. 

From the above method of separating the different 
powers of 10, we see that if 1 is added to the odd pow- 
ers of 10, the results will be divisible by 11 ; also, if 1 
be subtracted from the even powers of 10, the results 
will also be divisible by 11, since the numbers 11, 99, 
1001, 9999, 100001, &c., are each divisible by 11. 

If we take any number, as 78534, it may, by the aid 
of what has just been shown, be decompounded as fol- 
lows : 78534 = 70000 + 8000 +500+30+4. 
But 70000=7 X 10000=7x (9999+ l)=7x 9999+7 
8000= 8x 1000=8 X (1001 -l)=8x 1001-8 
600= 5x100= 6 X (99+1)= 5x99+5 
30= 3x10= 3X(11-1)= 3x11-3 
4= 4 = 4 = +4 
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Therefore, 78534=7 x 9999+8 x lOOl +5 x 99 + 3 X 11 

+ (7-8+5-3+4). 

Each of the expressions 7 x 9999, 8x1001, 5x99, 
3x11, being exactly divisible by 11, it follows that the 
number 78534 is exactly divisible by 1 1 when the ex- 
pression 7— 8+5— 3 + 4 is. That is, any number is 
divisible by II, when the difference between the sum of 
the digits occupying the odd places, counting from the 
right-hand towards the left, and the sum of the digits 
occupying the even places, is divisible by II. 

If then we take the difference between the sum of the 
digits occupying the odd places, and the sum of those oc- 
cupying the even places, and divide it by 11, we shall 
obtain the same remainder as will be found by dividing 
the number itself by 11. 

This method of determining whether a number is 
divisible by 1 1 may be simplified as follows : 

Subtract the first figure from the second, the result 
from the third, this result from the fourth, and so on. 
The final result, or this result increased by 11, if it is 
negative, will be the remainder required. 

Thus, what is the remainder when 1642915 is divi- 
ded by 1 1 ? We commence at the left-hand and say, 
1 from 6, 5 ; 5 from 4, — 1 ; — 1 from 2, 3 ; 3 from 9, 
6; 6 from 1, —5; —5 from 5, 10; so that 10 is the 
remainder. Take the number 348531, we say 3 from 
4, 1 ; 1 from 8, 7; 7 from 5, —2; —2 from 3, 5; 5 
from 1, —4, to which add 1 1, we have 7 for the remainder. 

By this method the pupil will see that subtracting a 
minus, or negative number, is the same as adding it, 
considered as positive, which is in accordance with the 
algebraic rule for the subtraction of negative numbers. 
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When a number is divided by 9, or when the sum of 
its digits is divided by 9, the remainder is called its 
excess of nines. 

Hence, in addition, the sum of the excess of nines 
of the different numbers added, is eqtuil to the excess of 
n nes of the sum. 

In subtraction, if we subtract the excess of nines of 
the subtrahend from the excess of nines of the minuend, 
the remainder will be the excess of nines of the differ^ 
ence. If the excess of the minuend is less than that of 
the subtrahend, we must first increase it by 9 before sub^ 
tracting. 

In multiplication, the product of the excesses of the 
factors is equal to the excess of the total product. 

In division, the excess of the divisor multiplied by the 
excess of the quotient and added to the excess of the re- 
viainder is equal to the excess of the dividend. 

By the help of the foregoing relations, vfe are enabled 
to verify the operations of the four fundamental rules of 
arithmetic. 

Similar methods of verification could be employed in 
reference to the number 11. 

The operation of multiplication may be readily veri- 
fied by using any number whatever, in accordance with 
the following properly : If the product of any two fac- 
tors be divided by any number, the remainder will be 
the aame as would be found by first finding the remain- 
ders in reference to the same divisor of the respective 
factors, taking the product of these remainders, and then 
finding the remainder of this product. As an example, 

25 
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what is the remainder by 7 of the product of 365 by 89? 
The remainder of 365 by 7 is 1 ; the remainder of 89 
by 7 is 5; therefore the remainder of the product is 
1x5 = 5. Again, what is the remainder by 7 of 377 
multiplied by 87 ? The remainder of 377 by 7 is 6 ; the 
remainder of 87 by 7 is 3. Therefore the remainder 
sought is the same as the remainder of 6 x 3= 18 taken 
in reference to 7, which is the remainder of 4. 



VI. Much time has been spent, and much ingenuity 
displayed by many distinguished mathematicians in at- 
tempting to find a sure and simple means of discovering 
whether a number is a prime. Among other methods we 
will mention the following; 

Take the continued product of all the natural numbers 
until we reach the number which is a unit less than the 
number under consideration, to this product add 1 , if the 
result is divisible by the number, then will that number 
be a prime. 

Thus; take the number 7, we have the product 
1x2x3x4x5 X 6 = 720, to which add 1, we have 721, 
which is exactly divisible by 7, consequentlyj by the 
above, the number 7 is a prime. 

Although this method is strictly accurate in theory, it 
is of no practical benefit, on account of the great labor 
of performing the multiplication of many factors, when 
the number is of considerable magnitude. 

By this principle we may readily solve the following 
problem : 

A gentleman asked a shepherd what number of sheep 
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he had, who answered, that when he numbered them 2 
and 2, 3 and 3, 4 and 4, 5 and 5, 6 and 6, there remained 
one in each case; but when he numbered them 7 and 7 
there remained ; what number of sheep had he ? 

The number 2x3x4x5x6=720, will divide ex- 
actly by 2, 3, 4, 5, and 6, since it is composed of these 
factors, hence, adding 1, the result, 721, will, when di- 
vided by either of the numbers 2, 3, 4, 5, or 6, give one 
for a remainder; but it is exactly divisible by 7, since 7 
is a prime. 

The least multiple of 2, 3, 4, 5, and 6, is 60. Now 
find the least multiple of 60, which with 1 added will 
become divisible by 7, which multiple is 300, to which 
adding 1, we have 301, which also satisfies the above 
question. In a similar manner other answers might be 
found. 

The following methods of deducing primes by a series 
of numbers, according to a fixed law, deserves notice : 

Write the series of even numbers, 2, 4, 6, 8, 10, 12, 
14, 16, 18, 20, 22, &c., then commencing with 17, add 
it to 2, the first term of this series, and we obtain 19, 
which added to 4, the second term of the series, gives 
23, which in turn added to 6, the third term, gives 29 ; 
thus continuing we find the new series 

17, 19, 23, 29, 37, 47, 69, &c. 

Each term of this series is a prime, and this will be 
found to hold good until we reach the 16th term, which 
will be the composite number 17x 17. The 17th term 
will give the composite number 17x 19. After passing 
the 17th term, the 18th, 19th, 20th, &c., yield primes. 

If to our series of even numbers we had commenced 
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With 41 instead of 17, we should have found the follow 
ing primes : 

41, 43, 47, 63, 61, 71, &c., 

which fails at the 40th and 41st terms, which are respec- 
tively the composite numbers 41 x41, 41 x43. 

If to the arithmetical progression 2, 6, 10, 14, 18, 22, 
&;c., we commence with 29, and add as before, we shall 
find the series of primes, 

29, 31, 37, 47, 61, 79, 101, &c., 

which holds good until we reach the 28th term, which 
is the composite number 59x29, after which it again 
gives primes. 



XVII. When a number terminates on the right with 
a zero, it is a whole, number of tens, and is therefore 
divisible by 2 as well as by 5. 

When a number terminates with 5, it must be divsi- 
ble by 5, since the tens are divisible by 5, and the units 
being 5, are also divisible by 5. 

When the number expressed by the two right-hand 
figures of any number is divisible by 4, the whole num- 
ber is divisible by 4. For the number is composed of a 
whole number of hundreds and the number expressed by 
the two right-hand figures. The hundreds are always 
divisible by 4, and, by supposition, the part expressed 
by the two right-hand figures is also divisible by 4, 
consequently the whole number is divisible by 4. 

When the number expressed by the three right-hand 
figures of any number is divisible by 8, the whole num 
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ber will be divisible by 8. For the number is composed 
of a whole number of thousands together with the num 
ber expressed by the three right-hand figures. The 
thousands are always divisible by 8, and, by supposi- 
tion, the number expressed by the three right-hand fig- 
lures is also divisible by 8, consequently the whole num- 
ber is divisible by 8. 

From the above, we are able to determine whether 
any given number is divisible by either of the numbers 
2, 3, 4,5,6, 8,9, 10, 11, 12. 

Thus if we wish to know whether a number is divisi- 
ble by 2, we must see whether it ends on the right with 
a zero or with the figure 2, in either case it is divisible 

by 2. 

If we wish to know whether it is divisible by 3, we 
must see if the sum of its digits is divisible by 3, or see 
whether there is no excess of threes, if so, then the num- 
ber is divisible by 3. 

If we wish to know whether it is divisible by 4, we 
see whether the number expressed by its two right-hand 
figures is divisible by 4, if so, the number is divisible 

by 4. 

If we wish to know whether it is divisible by 5, we 
see whether it ends on the right with a zero or a 5, if 
so, it is divisible by 5. 

If we wish to know whether a number is divisible by 
6, we first see if it is divisible by 2, we also see if it is 
divisible by 3, if so, then it is divisible by 6, since 6 
equals 2 times 3. 

If we wish to know whether it is divisible by 8, we see 

if the number expressed by its three right-hand figures 

is divisible by 8, if so, the number is divisible by 8. 

25* 
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If we wish to know whether a number is divisible by 

9, we^ee whether the sum of its digits is divisible by 9, 
if so, the number is divisible by 9. 

If we wish to know whether a number is divisible by 

10, we notice whether the number end on the right with 
a zero, if &o, the number is divisible by 10. 

If we wish to know whether a number is divisible by 

11, we see if the difference of the sum of the digits of 
the even places, and those of the odd places, is zero, or 
a multiple of 11, which may be most readily done by 
subtracting the first or left-hand digit from the second, 
and this result from the third, and the result now ob- 
tained from the fourth, and so on, as explained under V. 
of this Appendix. If then the difference is either zero, 
or a multiple of 11, the number is divisible by 11. 

If we wish to know whether a nimiber is divisible by 

12, we see whether it is divisible by 3, we also see if it 
is divisible by 4, if so, it will be divisible by 3 times 4, 
or by 12. 

There is no simple practical method of determining 
whether a number is divisible by 7. The best way, in 
this case, is to make the trial by the method of short 
division. 

By the application of the above rules, which in prac- 
tice will be found to be very simple, we may at once 
abbreviate or reduce vulgar fractions, when any of these 
factors are common to the numerator and denominator. 

If the numerator and denominator are both primes, the 
fraction is in its lowest terms. Also, if either the numer- 
ator or denominator is a prime, and not a divisor of the 
other, the fraction is in its lowest terms. 

When a decimal fraction is expressed by writing its 
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denominator, it becomes a vulgar fraction whose denom- 
inator is some power of 10, and therefore contains no 
prime factors except 2 and 5, hence if the numerator is 
not divisible by 2 or 5, the fraction is in its lowest terms. 



LIII. We have seen that Complementary repetendsy 
which include the Perfect repetends, arise from express- 
ing the reciprocals of primes by the aid of decimals. 
All prime numbers will not give rise to complementary 
repetends, they will all give Simple repetends, except 
2 and 5. The following table, shows the number of 
places of decimals in each period of the simple repe- 
tend, arising from the primes up to 1051, except the 
primes 2 and 5, whose reciprocals are accurately ex- 
pressed by decimals. Those in the table marked with 
C give complementary repetends, and those marked 
with P are not only complementary repetends, but are 
also perfect repetends. It will be seen, by inspecting 
this table, that when the number of decimal places is 
one less than the prime, it is not only complementary 
but also perfect. 

At first view the pupil might imagine the labor of form- 
ing this table to be exceedingly great, on account of the 
great number of places in some of the periods ; this labor 
would truly be 'immense were we obliged to find these 
decimals by the usual method, but if we employ the pro- 
cess explained under Art. 4*5, the work is rapidly per- 
formed. Indeed the number of places in a period may 
be found even without actually finding the decimal fig- 
ures, by a method which is rather simple, but which 
would require considerable space to explain. 
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No. of 


No. ofi) 


No, of 1 No. o( 1 i Nii. ui 


PrimM. ! dec. 


PrimM. j dec, (J Priinea. 


fiec. j Priiiwa. dec. | Primes. j ibc. 




piacM. 


pl«c«.' 


place*. I places. 




1 p'actf. 

1 822 


3 


i 1; 163! 81jP367 


366 iP 593 592 


'P 823 


P 7. 6 


Pl67il66rC373 


186 


1 599 299!i 827! 413! 


C ll! 2 


173 43 P 379 


378 


iC601 


300 


C 829 


276 


C 13; 6 


P179 178 P383 


382 


C607 


202 


839 


419 


P 17i 16 


P181 


180 


P389 


388 


613 


51 


853 


213 


p 19: 18 


191 


95 


397 


99 


C617 


88 


P 857 


856 


P 23 22 


P193 


192 


C401 


200 


P619 


618 


C 859 


26 


P 2? 28 


C197 


98 


C409 


204 


631 


315 


P 863 


862 


31 15 


199 


99 


P419 


418 


C641 


32 


C 877 


438 


37: 3 


C2II 


30 


C421 


140 


643 


107 


C 881 


440 


4li 5 

1 


P 223 222 


431 


215 


P647 


646 


883 


441 


43i 21 


227I113 


P433 


432 


C653 


326 


P 887 


886 


P 47; 46 


P 229 228 


439 


219 


P659 


658 


907 


151 


53 


13 


P 233 232 


443 


221 


C661 


220 


C 911 


450 


P 59 


58 


239 


7 


C449 


32 


JC673 


224 


919 


459 


P 61 


60 


C241 


30 


C457 


152 


C677 


338 


C 929 


464 


67 


33 


C251 


50 


P461 


460 


683 


341 


P 937 


936 


71 


35 


P257 


256 


C463 


154 


C691 


230 


P 941 


940 


C 73 


8 


P263 


262 


467 


233 


P701 


700 


947 


473 


79 


13 


P269 


268 


479 


239 


P709 


708 


P 953 


952 


83 


41 


271 


5 


P487 


486 


719 


359 


C 967 


322 


C 89 


44 


277 


69 


P491 


490 


P727 


726 


P 971 


970 


P 97 


96 


C281 


28 


P499 


498 


733 


61 


P 977 


976 


ClOl 


4 


283 


141 


P503 


502 


0739 


246 


P 983 


982 


C103 


34 


C293 


146 


P509 


508 


P743 


742 


991 


495 


107 


53 


307 


153 


C521 


52 


751 


125 


C 997 


166 


P109 


108 


311 


155 


523 


261 


757 


27 


1009 


252 


P113 


112 


P313 312 


P541 


540 


C761 


380 


1013 


253 


C127 


42 


317 


79 


547 


91 


C769 


192 


P10I9 


1018 


P131 


130 


C331 


110 


C557 


278 


773 


1931 


P1021 


1020 


C137 


8 


P337 


336 


563 281 


787 


393 


1031 


103 


C139 


46 


347 


173 


C569 284 


797 


199 


P1033 


1032 


P149 


148 


C349 


116 


P571 570 


C809 


202 


1039 


519 


151 


75 


C353 


32 


P 577 576 


P811 


810 


C1049 


524 


C157 78! 


359 179 


687I293 


P821 


820 


P1051 


1050 
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We have shown that the reciprocal of all prime num- 
bers, except 2 and 5, when expressed by decimals, give 
repetends whose number of places of figures cannot ex- 
ceed the units, less one, contained in the prime number. 
When the number of places in the period is less than 
the units of the prime, after one has been subtracted, it 
must be a multiple of this number. So that if the pro- 
cess of decimating the reciprocal of any prime number, 
except 2 and 5, be carried to as many decimals, less one, 
as there are units in the prime, the remainder must of 
necessity be a unit. That is, if we divide the power of 
10, which is denoted by an exponent which is one less 
than our prime divisor, the remainder will be 1. Hence, 
if from this power we subtract 1, the remainder will be 
exactly divisible by this prime. When 10 is raised to 
any power, it will consist of 1 placed to the left of as 
many zeros as there are units in the exponent, and if we 
subtract 1, the result will be a number denoted by as 
many nines as there was zeros. Hence, any prime di- 
visoTy except 2 and 5, is exactly contained in a number 
which consists of as mmty successive nines as there are 
units, less one, in the prime. 

As examples, 3 is a divisor of 99 ; 7 is a divisor of 
999999 ; 11 is a divisor of 9999999999 ; 13 is a divisor 
of 999999999999 ; and so on. 

As each of these expressions is divisible by 9, which 
contains only the prime 3, their quotient, which will con- 
sist of a succession of Is, must be divisible by the same 
primes as before, excepting in the case of the prime 3, 
which is a factor of 9. TTiat is, any prime divisor, ex^ 
cept 2, 3, and i, is exactly contained in a number which 
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consists of as many successive \s as there are units less 
one m the prime. 

As examples, 7 is a divisor of 111111; 11 is a divi- 
sor of 1111111111; 13 is a divisor of 111111111111; 
and so on. 

If these numbers, which consist of a succession of 
Is, are multiplied by any one of the nine digits, the pro- 
ducts will consist of numbers composed of the same 
digits taken as many times in succession as there were 
Is in the number multiplied. This multiplication can- 
not impair their divisibility. Hence, in general, any 
prime divisor, except 2, 3, and 5, is exactly contained in 
a number which consists of as many successive digits of 
any kind as the units in the prime divisor. 

As examples, 7 is a divisor of the numbers 111111, 
222222, 333333, 444444, 555555, 6Q^6m, llllTI, 
888888, and 999999. 11 is a divisor of the numbers 
1111111111, 2222222222, 3333333333, &c. 

We will in this place mention the following additional 
properties of numbers, the reasons for which may be 
readily discovered by the student : 

The sum of any number of even numbers, is an even 
number. 

The difference of any two even numbers, is an even 
number. 

The sum of an even number of odd numbers, is an 
even number. 

The sum of an odd number of odd numbers, is an 
odd number. 

The dijQFerence of two odd numbers, is an even 
ftumber. 
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The sum, or difference, of an even number and an odd 
number, is odd. 

The product of an even and odd number, is even. 

If an even number be divisible by an odd number, the 
quotient will be even. 

The product of any number of factors is even, if any 
one of the factors is even. 

Any number which is a measure of two numbers is 
also a measure of their sum, their difference, and their 
product. 



LXIII. Since we consider 30 days to the month, 
and 12 months to the year, it might, at first view, seem 
that we made the year to consist of 30 x 12=360 days; 
so that the interest obtained by our rule would be to the 
true interest, in the ratio of 365 to 360; but a more 
careful investigation will show that no such error is com- 
mitted ; that in fact, in most cases, a very slight differ- 
ence, if any, can exist. For when we wish the interest 
©n months, whether we consider a month of 30 days, or 
any other number of days, all will be right, so long as a 
month is regarded as j\ of a year, for then evidently the 
interest for one month is one-twelfth of the interest for 
one year. So that the only difference which can possi- 
bly occur is in reference to the interest on whatever odd 
days there may be. 

This rule, while it is very near the truth, is an exceed- 
ingly simple rule, and therefore a most excellent one in 
practice. 

Since the interest of a certain sum at seven per cent, 
for one year is y J ^ oi the principal, it will in one day be 
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liy of j-Iff of the principal, or by cancelling the 7 of the 
numerator against a part of the 365 of the denominator, we» 

find of ji^ of the principal. If for , we use its 

close approximate value j\, we shall see that the interest 
on a given sum for one day may be found by dividing the 
given principal by 52 and removing the decimal point 
two places towards the left, for removing the decimal 
point two places to the left is equivalent to dividing by 
100. Hence, the interest on a given sum at 7 per cent. 
for any number of days may be found by the following 
concise 

RULE. 

Multiply the given principal by the number of days, 
divide the product by 52, and remove the decimal point 
two places towards the left. 

As an example, find the interest of $59*23 for 13 
days, at 7 per cent. 

Operation. 

59-23 

13 

17769 
5923 



52)769*99(14-80, Removing the decimal point two 
52 places towards the left, we have 

249 $0-148 for the interest. 

208 

419 
416 

a9 
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• 

LXVII. If A owes me $100, due at the end of 3 
months, and $100, due at the end of 9 months, and I 
accept his note for $200, at 6 months, do I gain or lose 
by this operation ? 

Since I have delayed the payment of the first $100 
for 3 months beyond the time it was due, I of course 
lose the interest of $100 for 3 months ; but on the other 
hand I receive the second $100 three months before it 
was due, by wliich I gain the discount of $100 for 3 
months. But the discount of a certain sum of money 
at a certain rate per cent, is always less than the interest 
of the same sum at the same rate per cent., and for the 
same time. Therefore I lose by the change. 

And in general, if a person accept, for the sum of sev- 
eral debts, due at different periods, an obligation at an 
equated time, as found by the usual rules, he loses. 
This loss is usually so small, and the usual rule for find- 
ing the equated time so simple, as to cause it to be pre- 
ferred. Still we have thought it in place here to point 
out its defects. The new rule deduced by considering 
the present values of the several debts is strictly accurate. 

In connection with this subject I will add the follow- 
ing questions, which may b^ found in the Elementary 
Arithmetic : 

1. If I buy a certain number of oranges at 3 cents 
each, and as many more at 5 cents each, and sell them 
at 4 cents each ; do I gain or do I lose ? 

Ans. I neither gain nor lose. 

2. If I buy a certain number of oranges at 3 for one 

cent, and as many more at 5 for one cent, and sell them 

It 4 for one cent ; do I gain, or do I lose ? 

Ans, I lose. 
26 
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3 If I expend a certain sum of money for oranges at 

3 cents each, and as much more money for other oranges 

at 5 cents each, and sell them at 4 cents each ; do I 

gain, or do I lose ? 

Ans, I gain. 

A careful consideration of these three questions, which 
at first might appear nearly equivalent, will aid very much 
in the right imderstanding of some of the conditions of 
successive operations of arithmetic, which we shall pres- 
ently explain. 

In the first example, the 4 cents for which each orange 
was sold is an arithmetical mean between 3 and 5, and 
therefore exceeds the 3 cents, the price of the first lot of 
oranges, just as much as it falls short of 5 cents, the price 
of the second lot ; and as there was just as many oranges 
at 3 cents each as there were at 5 cents each, there can 
be neither gain nor loss. 

In the second example, the | of a cent for which each 
orange was sold is not an arithmetical mean between 
I and I, the respective prices paid for the different 
lots of oranges ; but I is the reciprocal of the mean 
of 3 and 5. The first lot of oranges having cost | of 
a cent each, by selling them at | of a cent each, we lose 
on each orange i— t = T2 of ^i cent. On the second lot 
there was a gain of l — } = ^\ of a cent on each orange ; 
hence the loss is greater than the gain. 

In the third example, the number of oranges bought in 
the first lot is equal to one-third the number of cents ex- 
pended, and in the second lot the number was one-fifth 
of the money expended ; so that more than one-half of 
the whole number of oranges were bought for 3 cents each, 
while less than one-half cost 5 cents each ; consequently, 
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as ihey were all sold at 4 cents each, there ^must have 
been a gain. 

From these remarks, in connection with the foregoing 
examples, we see that, the reciprocal of the meaji of two 
numbers, as of the numbers 3 and 5, is not the same 
as the mean of the reciprocals of the same numbers. 

The first, that is, the reciprocal of the mean of 3 and 5, 
1 



is 



1 



i(3+5) *• 
The second, that is, the mean of the reciprocals of 3 

and6isi(i+i)=TV 

Here, then, we discover that it makes a difference 

whether we first take the mean, and then take the recip- 
rocal of that mean, or whether we first take the recip- 
rocals of the numbers, and then take the mean of those 
reciprocals. 

Similar results arise from other operations ; as the 
square root of the sum of two quantities is different 
from the sum of the square roots of the same quantities. 

Thus, the square root of the sum of 9 and 16 is 

V9+16 =-v/25=5. 

The sum of the square roots of 9 and 16 is 

•v/9+ Vl6=3+4=7. 

On the other hand there are many arithmetical opera- 
tions which yield the same result, in whatever order of 
succession they are performed, as for instance, the roots 
of powers, or the powers of roots. Thus, the cube root 
of the second power of 8 is (8«)*=(64)*=4. The 
second power of the cube root of 8 is (8*)^ =(2)* =4. 

When several successive operations, which are re- 
quired to be performed upon a number or numbers, are 
of such a nature as to give the same result, whatever 
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may be their order of succession, they may with pro- 
pnety be called homogeneous operations. 

But, when these operations are such as to give diflfer- 
ent results, when the order of succession is different, 
they may be called heterogeneous operations. 

Taking of roots, raising to powers, multiplying, divid- 
ing, and reciprocating, are homogeneous operations. 

So with addition and subtraction. 

But addition or subtraction, taken in connection with 
either of the preceding mentioned operations, become 
heterogeneous operations. 

As an example of homogeneous operations, we will 
give the following, which gives six varieties, all leading 
to the same result : 

1 . The reciprocal of the third root of the second power 

2. The reciprocal of the second power of the third 
root of 8, is -^=-. 

3. The second power of the third root of the recip- 
rocalof8,is [(i)*p=l. 

4. The second power of the reciprocal of the third 
root of 8, is (■^P^=J. 

5. The third root of the second power of the recipro- 
calof8,i9[(|)*]*=l. 

6. The third root of the reciprocal of the second power 
of8,is(-|^)*=I. 

There are many algebraic operations, whicli by con- 
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tinually repeating them give results which recur in peri- 
ods. In arithmetic, we have seen an instance of this 
in the case of decimating certain vulgar fractions, which 
give a decimal value consisting of a period of figures 
which continually recur to infinity. The process of re- 
( iprocating a number several times in succession, leads 
10 results which recur in periods. 

Thus, the reciprocal of 4 is | ; the reciprocal of the 
reciprocal of 4, or the reciprocal of | is 4 ; the reciprocal 
of the reciprocal of the reciprocal of 4 is J ; and, the re- 
ciprocal of the reciprocal of the reciprocal of the recip- 
rocal of 4 is 4 ; and so on, w^here the results are 4, J, 4, 
J, 4, &c., constantly recurring in periods. 

Taking the reciprocal of a number is the same as di- 
viding a unit by that number, and again taking the recip- 
rocal of this result, is the same as dividing a unit by this 
result, or which is the same, it consists in dividing a unit 
by the reciprocal of this number, but dividing by a num- 
ber is the same as multiplying by its reciprocal, therefore, 
taking the reciprocal of the reciprocal of a number is the 
same as multiplying a unit by the number, which evi- 
dently gives for a result the number itself, which explains 
why these successive results recur in periods. 

The following is a very curious result of the principle 
of successive operations : Any root of any number being 
continually taken, the successive results continually ap- 
proxiinate to a unit. 

For, if the number is greater than a unit, its root will 

be smaller than the number, and therefore it w^ill be 

nearer a unit than the quantity; and for the ijame reason 

the root of this root will be still nearer the value of a unit; 

26* 
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and thus continuing to take the root of the last result, 
each result must be nearer 1 than the preceding result. 

]f the original number is less than a unit, its root will 
exceed the number, and therefore be nearer the value of 
a unit than the number ; and for a similar reason the root 
of this root will be still nearer 1 . Hence, we may con- 
clude that any root of any number being successively taken 
an infinite number of times, the result must become 1. 
After reaching 1, which it could not do short of an infinite 
number of extractions, it could not possibly depart from 
this unit value, since all roots as well as all powers of 1 
are I. 



LXXI. Perhaps there is nothing which requires more 
to be well understood by all business men, than the prin- 
ciples and rules in relation to interest of money. 

According to all the methods now in use in different 
countries, as well as jhe various rules adopted by our 
diiferent states, there is wide room for different individu- 
als to arrive at very different results in computing the 
interest on many bills of obligation. That which gives 
rise to the most difficulty, is the distinction between sim- 
ple and compound interest. By the laws of this country, 
a loan for any period, even though it exceeds one year, is 
not allowed any more than simple interest ; while at the 
same time the loan may be made for as short a period as 
we please, and at the end of said period the interest may 
be added to ihe principal and the result again loaned as a 
new principal ; by which means it may be made to draw 
even a greater interest than the ordinary compound inter- 
Sn long as the statute of the land has laws to pre- 



APPENDIX. 307 

vent usury, it ought to provide some certain and infallible 
method for computing interest. 

Another common source of perplexity in computing 
interest, is in the case of bills of obligation, where pay- 
ments are made at various periods, some being made at 
intervals less than one year, and others at longer inter- 
vals. So great has this source of perplexity been, that 
our difierent states have adopted their distinct rules in" 
regard to the method of computing interest in such cases. 

It is obvious that so long as the unit of time is di finite 
quantity, as one year, no «:ule can be devised which shall 
in all cases be equitable to both parties, for when the 
payments are made before the end of the year, they must 
affect the parties different from what they would when 
nlade after they became due. By the many ways in 
which contracts are drawn, new cases are almost daily 
presented^ which require much labor as well as skill to 
determine the exact rate per cent, per annum received. 

I see no way by which such difficulties can be avoided, 
so long as a finite portion of time is allowed before the 
interest is considered as due. It may be asked, why is 
a man's interest any more due at the end of the year, 
than the half of it at the end of six months? or than any 
fractional part of a year's interest which may have accrued 
at any other period ? The true way, in my opinion, is 
to consider the interest due at any and all periods of 
time ; or in other words, that a sum of money at interest 
should be constantly augmenting ; that is, I would have 
all sums of money, whether for great or small portions of 
time, at compound interest, the interest being added in at 
the end of every instant. This would give a unity to all 
cases of casting interest; no misunderst^ding could then 
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possibly arise as to the amount of interest due. I shall 
show that it is not difficult to compute interest tables on 
this principle. The per cent, per annum may be so taken 
as to make the interest due at the end of one year, the 
same as in the case of simple interest. 

I do not suppose that such a method of casting interest 
will ever come into general use ; all I wish is, to show 
that such a method is practicable, and if adopted would 
at once settle all disputes in respect to usury. Interest 
would then be a uniformly increasing quantity, not lim- 
ited to any particular epoch for feceiving its increments. 

If we consider instantaneous* compound interest to be 
taken at the rate per cent, per annum, as expressed by 
the second column of the following table, it will pro- 
duce the same result at the end of the year as would be 
found by using the corresponding per cent, given by the 
first column, when simple interest is considered. 



Hate per cent. 


Rate per cent, uisUntane- 
out Conipouud interest. 


Difference between than 


Simple iuterest 


rates per cent. 


0-03 


00295587 


0-0004413 


0035 


00344013 


00005987 


0-04 


00392206 


0.0007794 


0045 


00440169 


00009831 


0-05 


00487902 


0-0012098 


0055 


0.0535408 


00014592 


0-06 


0.0582690 


00017310 


0065 


0.0629748 


0-0020252 


007 


0.0676587 


0-0023413 



The following table makes a comparison between the 
simple interest at 7 per cent., and the compound instan- 
taneous interest at 6-76587 per cent, per annum, for por- 
tions of time not exceeding one year. 
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D«7^ 


Amooat of f 1 at ifanple 
inlerest, toe rate per 
oenc per anoum beiof 7. 


Amount off 1 at compound 
intenet, the intenat be- 
iflir eompoonded at the 
end of erery instant,— 
the rate ya cent, per 
annum beini; 6-76587. 


DJflcrHwa betwecD toe 
rimple interest and the 
compewid iataraau 


•1 


1-000192 


1000183 


0-000009 


2 


1 000384 


1-000371 


0-000013 


3 


1-000575 


1-000556 


0-000019 


4 


1000767 


1-000742 


0000025 


5 


1-000959 


1000927 


0-000032 


6 


1-001151 


1-001113 


0-000038 


7 


1-001342 


1-001298 


0-000044 


8 


1001534 


1-001484 


0-000050 


9 


1001726 


1-001670 


0-000056 


10 


1-001918 


' 1-001855 


0000063 


20 


1 003836 


1-003714 


0-000122 


30 


1-005753 


1-005576 


0000177 


40 


1-007671 


1-007442 


0-000229 


50 


1 009589 


1-009311 


0-000278 


60 


1-011507 


1-011884 


0000323 


70 


I 01 3425 


1-013060 


0-000365 


80 


1-015342 


1-014940 


0-000402 


90 


1-017260 


1-016823 


0-000437 


100 


1019178 


1-018709 


0000469 


200 


1-038356 


1-037769 


0-000587 


300 


1-057534 


1-057185 


0-000349 


365 


1-070000 

• 


1-070000 


0-000000 



By the foregoing table we see that the greatest differ- 
ence, as given in the fourth column, is $0*000587, which 
corresponds to 200 days, or a little more than half a year; 
the greatest difference, when more accurately found is 
$0*000592, which corresponds with 0*5025 of a year. 
This difference is less than y^ of a mill on one dollar. 
If this instantaneoiis compound interest is deemed too 
great, the rate per cent, per annum may be taken as 
much smaller as we please. All that we wish to show 
is, that this method of considering instantaneous com 
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pound interest is practicable, and may be safely and 
readily employed. It is true, the tables to be employed 
in this case require for their construction a higher knowl- 
edge than can be given by arithmetic alone. The same 
is true of many of our tables in frequent use, such as 
logarithmic tables, astronomic tables, &c. 

Before closing this article, we will show that the com- 
pound interest, calculated strictly by the usual rule, be- 
comes less than the simple interest, when the time is 
less than one year. 

The amounts, at compound interest, of $1 for 1, 2, 3, 
4, &c., years, at 7 per cent., are represented by (1*07) ', 
il'07y] (1'07)», (1-07)S &c., respectively. From 
which we see that this amount is a power of 1*07, hav- 
ing for its exponent a number equal to the number of 
years. Now when the time becomes less than one year, 
as for instance, | of a year, the expression for tlie amount 
of $1 will become (r07)j, the value of which is the 
square root of 1*07, which root we find to be 1*0344, 
nearly. So that, by this process, we find the compound 
interest of $1 for 6 months, at 7 percent., to be $0*0344, 
while the simple interest on the same sum for the same 
time, at the same rate per cent., is $0*035, which shows 
that in this case the compound interest for a period less 
than one year, is less than the simple interest. And by 
a similar process it may be shown to be the same for 
other rales per cent., and other periods of time, which 
are less than one year. When the compound interest is 
to be computed for a given number of years and a frac- 
tion of a year, the usual method is to compute the amount 
at compound interest for the whole number of years, and 
then on this amount to compute the simple interest for 
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the fraction of the year, which gives a trifle more than 
would be found by the method of logarithms, where the 
mixed number denoiing the years and the fraction of a 
year is taken for the exponent. This method of com- 
puting compound interest by logarithms is explained in 
Treatise on Algebra. , 



LXXIV. The square of the sum of any number of 
numbers may be found as follows : By rule under Art. 
4, we know that the square of the sum of any two num- 
bers, as 6+8, is equal to 6^+2x6.8+8*, which result 
may be thus expressed : 

The square of the sum of two numbers is equal to the 
square of the first number^ plus twice the product of the 
first number into the second, plus the square of the 
second. 

If we wish the square of the sum of three numbers, as 
6+8+9, we may unite the first and second by means 
of a parenthesis, thus, for 6+8+9, we may make use 
of (6 + 8) +9^ and now regarding 6+8 as one number, 
the preceding rule for the sum of two numbers, will ap- 
ply to (6 +8) +9, that is, the square of 6+8+9 is equal 
to the square of (6+8), plus twice the product of (6+8) 
into 9, plus the square of 9. But the square of 6+8 
has already been shown to be, the square of 6, plus 
twice the product of 6 into 8, plus the square of 8. 
Hence, the square of 6 + 8+9 is equal to the square of 
6, plus twice the product of 6 into 8, plus the square of 
8, plus twice the product of the sum of 6 and 8 into 9, 
plus the square of 9. Or in general terms. 
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The square of the sum of three numbers is equal to 
the square of the first number, plus twice the product of 
the first number into the second, plus the square of the 
second; plus twice the product of the sum of the first 
two 'into the third, plus the square of the third. 

Continuing in this way, we could show that, the square 
of the sum of any number of numbers is the square of 
the first number, plus twice the product of the first num- 
ber into the second, plus the square of the second ; plus 
twice the product of the sum of the first two into the 
third, plus the square of the third; plus twice the pro- 
duct of the first three into the fourth, plus the square of 
the fourth ; plus twice the product of the first four into 
the fifth, plus the square of the fifth ; and so on. 

We will nov/ apply this general rule to a few ex- 
amples. 

1. (2 + 3)^=22 + 2x2.3 + 3^ 

2. (5 + 7)2=:52+2x6.7+7^ 

3. (3+4 + 5)2 =32 +2 X 3.4+42 +2 x(3 + 4).5+5«. 

4. (5 + 6 + 7)2=52+2x5.6+62+2x(5 + 6).7+72. 

5. (7+8 + 9)2 =72 +2 X 7.8 + 82 +2 x(7+8).9 + 92. 

6. (35)2 =(30+5)2 =302 +2x30.5 + 52. 

7. (47)2 =(40+7)2 =402 +2x40.7 + 72. 

8. (365)2= (300 + 60 + 5)2 _, 3002 + 2x300.60+' 
602+2x(300+60).5 + 52. 

9. (487)2 = (400 + 80 + 7)2 = 4OO2 + 2 x 400.80 + 
802+2x(400+60).7+72. 

The above method of squaring a number consisting of 
the sum of two or more numbers, is elegantly illustrated 
geometrically as follows : 
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The square 
A.BCD may be M 
enlarged to the y 
square AEKF, 
by the addition 
of the two equal 
rectangles BG, 
and DH, whose 
lengths are each 
equal to the side 
AB of the origi- 
nd square, and ^ 

whose widths are B EL 

equal to BE, the 

quantity by which the side of the square has been aug- 
mented, also a little square, CGKH, whose side is the 
same as the width of one of the equal rectangles. 

Again, the square AEKF, having its side increased 
by EL, becomes augmented by the two rectangles EN, 
FP, and the little square KR. Thus we might continue 
to augment the square last found by the addition of two 
equal rectangles, and a little square ; the length of each 
rectangle being equal to the side of the square which is 
to be augmented, and the width equal to the quantity by 
which the side of the square is increased, also, the side 
of the little square will be the same as the width of one 
of the rectangles. 

We will now endeavor to discover a general rule for 

the cube of the sum of any number of numbers. If we 

wish the cube of 6 + 8, we will first take its square, which 

is 52 +2 X 6*8+8^, multiplying this by 6+8, by the rule 

under Art. 4, we obtain 6»+3x6^8+3x6.8«+8«. 

«7 
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That is, the cube of the sum of two numbers is^ the 
cube of the first number, plus three times the product 
of the square of the first number into the second, plus 
three times the product of the first into the square of 
the second, plus the cube of the second. 

If we wish the cube of the sura of three numbers, as 
6+8+9, we may unite the first and second by means 
of a parenthesis, thus, for 6+8+9, we may make use of 
(6+8) +9, and regarding (6+8) as one number, w^e find 
that the cube of (6 + 8) +9 or the cube of 6+8+9 is 
equal to the cube of (6+8) plus three times the product 
of the square of (6+8) into 9, plusJthree times the product 
of (6+8) into the square of 9, plus the cube of 9. But 
the cube of 6+8, has already been shown to be equal to 
the cube of 6, plus three times the product of the square 
of 6 into 8, plus three times the product of 6 into the 
square of 8, plus the cube of 8. Hence the cube of 
6+8+9 is equal to the cube of 6, plus three times the 
square of 6 into 8, plus three times 6 into the square of 
8, plus the cube of 8 ; plus three times the square of the 
sum of 6 and 8 into 9, plus three times the sum of 6 and 
8 into the square of 9, plus the cube of 9. And in gen- 
eral, we have the cube of the sum of any number of 
numbers equal to the cube of the first number, plus 
three times the square of the first number into the second, 
plus three times the first into the square of the second, 
plus the cube of the second ; plus three times the square 
of the sum of the first two into the third, plus three 
times the sum of the first two into the square of the 
third, plus the cube of the third ; plus three times the 
product of the square of the sum of the first three into 
the fourth, plus three times the sum of the first three 
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into the square cf the fourth, plus the cube c^ the 
fourth, and so on. 
Thus, 

(2 + 3)» = 2=+3x 2^3+3 x2.3»+;)». 

(5+7)'=5' + 3x5».7+3x5.7*+7'. 

(5+6+7)'=5='+3x5».6+3x5.6»+6* 
+ 3x(5 + 6)».7 + 3x(5+6).7»+7'. 

(365)3-(3004-60+5)'^300' + 3x300'.60 
+3x300.60= +60' +3 x(30O+60)*.5 
+ 3x(300+60).5»+5^ 

This method of giving the cube of the sum of two or 
more numbers may be illustrated geometricdly as follows: 

Let the cube, which is represented by the figure 1, be 
augmented by three equal rectan- Ptg- 1- 

gular parallelepiped ons, which 
we will call slabs, and it will 
appear as represented by figure j 
2. Let this second solid be 
further augmented by three other | 
equal rectangular parallelopipe- 
dons which we will call comer 
pieces, and it will take the form, 
as represented by figure 3. 
Finally increase this last solid 
by the little cube at the con 
and we shall obtain the perfect | 
cube represented by figure 4. 

The length and breadth of one 
of these equal slabs is the sb 
as the side of the original cube, 

the thickness is tlie quantity by which the side of the 
cube is augmented. 
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The length ot one of the 
equal comer pieces is the same 
BB the side of the original cube, 
its thickness and width Ib the . 
same as the thickness of the | 
slabs. 

The side of the httle cube [ 
at the comer is the same 
the thickness of the slabs or 
comer pieces. 

In the same way the cube 
denoted by figure 4 may be 
augmented by three equal 
slabs, three equal comer pieces, 
a little comer cube, and when 
thus augmented it will still be 
a perfect cube. 

We will now endeavor to 
explain more fully the reason 
of the rules for extracting the square root, and cube root 
of numbers. 

Let it be required toextractthesquareroot of 531441. 
For the sake of simplicity we will suppose we are re- 
quired to find the number of feet in the side of a square, 
so that its area shall contain 531441 square feet. 

We know that the number denoting the square root of 
531441, or the number of feet in the side of our sought 
square must consist of three places of figures, since the 
number 531441 is greater than the square of 100 and 
less than the square of 1000. The greatest square which 
does not exceed 53 is 49, hence the figure in the hun- 
dredth's place is 7, that is, the side of the square sought, 
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is greater than 700 and less than 800 feet. U we 8up« 
pose a square whose side is 700 feet, it will contain 
490000 square feet, which subtracted from 531441 square 
feet leaves 41441 square feet, which is called the first 
dividend. It is necessary to increase the side of our sup- 
posed square, so that its area shall be augmented by 
41441 square feet. A square may be increased by equal 
additions on all its four sides and still retain its square 
form, or it may be increased equally on any two adja- 
cent sides. The latter method being the simplest, is the 
plan we shall follow. 

If, then, we suppose two equal rectangles added upon 
any two adjacent sides of the square of 700 feet, there will 
still be required a small square whose side is equal to the 
width of these additional rectangles, in order to form a 
perfect square. Now as the area of these rectangles is 
by far the largest poition of the additional part, and since 
the length of each rectangle is 700 feet, both together 
will be 1400 feet, the trial divisor, it follows that if we 
divide 41441 by 1400, we shall obtain the approximate 
width of these rectangles. Performing the division, we 
find a quotient between 20 and 30, hence, the figure in 
the ten's place is 2. 

If to the sum of the lengths of the two rectangles, which 
is 1400, we add the side of the additional square, which 
IS 20, being the same as width of rectangles, we shall 
have 1420, the true divisor, which, multiplied by 20, 
gives 28400 for the number of square feet thus added. 
Subtracting 28400 from 41441, we find 13041 for the sec- 
ond dividend. So that our second square, whose side is 
720 feet, is less than the sought square by 13041 square 

feet, hence it is necessary, again, to increase this last 

27* 
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square, whose side is 720 feet, by two equal rectangles, the 
length of each being 720 feet, and of a certain width, and 
a small square whose side is equal to the width of these 
additional rectangles. The sum of the lengths of these 
two rectangles is 1440, the second trial divisor. There- 
fore, dividing 13041 by 1440 we find a quotient between 
9 and 10, therefore, the units which express the width of 
the additional rectangles is 9 feet, consequently the side of 
the little additional square is also 9 feet, which added to 
1440, the sum of the length of the rectangles, gives 1449, 
the second true divisor, this, multipHed by 9, gives 13041 
square feet for the whole addition, which being subtracted 
from 13041 leaves no remainder, so that a square whose 
side is 729 feet, contains just 531441 square feet, and is 
therefore the side of the square sought. 

Had the number, whose root it was required to find, 
been such as to lead to more than three places of fig- 
ures in the root, the process would not differ from the 
above, only in being mbre lengthy. Each addition be- 
ing found by the consideration of augmenting the square 
last formed, by two equal rectangles, whose lengths are 
each equal to the side of the square, and an additional 
square whose side is equal to the width of those rectan- 
gles. So that each additional figure of the root is found 
with the same certainty as the successive figures in the 
quotient of an operation in division. 

If the above process be carefully compared with the 
work of Example 1 , under Case I. of Extraction of the 
Square Root, it is believed the pupil cannot fail of obtain- 
ing a clear and satisfactory reason of the rule there given. 

Let us endeavor to extract the cube root of 387420489, 
which is Example 1, under Case L, Extraction of the 



APPJSNDIX. 319 

Cube Root, to which work we shall, in the following, 
make reference. For the sake of simplicity we will sup- 
pose we are required to find the number' of feet in the 
side of a cube, so that its volume shall be 387420489 
cubic feet. 

We know that the number denoting the cube root of 
387420489, or the number of feet in the side of our 
sought cube, must consist of three places of figures, since 
the number 387420489 is greater than the cube of 100, 
and less than the cube of 1000. The greatest cube 
which does not exceed the left-hand period, 387, is 343, 
hence, the figure in the hundredth's place is 7, that is, 
the side of the cube sought is greater than 700, and less 
than 800 feet. If we take the cube whose side is 700 
feet, the area of one of its faces will be (700)^ =490000 
square feet, and its volume will be 490000x700= 
343000000 cubic feet, which taken from 387420489 
leaves 44420489 cubic feet. Hence, it is necessary to 
increase the side of this cube, so that its volume may be 
augmented by 44420489 cubic feet, which is called the 
first dividend. Now we know that a cube may be increased 
by three equal rectangular parallelopipedons, which we 
have called slabs, (see page 315, of this Appendix,) three 
other equal rectangular parallelopipedons called corner 
pieces^ and a little cube ; and when thus increased it will 
still be a perfect cube. Since the volume of the three 
slabs is by far the largest portion of the additions, and 
since the surface of each slab is the same as the face 
of t*he cube, viz. (700)^ =490000 square feet, the three 
together will be 3 x (700)2 = 1470000 square feet, which 
has been called the first trial divisor, it therefore follows, 
that if we divide 44420489 by 1470000, we shall obtain 
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the approximate thickness of these slabs. Performing 
this division, we find a quotient between 30 and 40, but 
as the divisor so used is always less than the surface of 
all the additional parts, by the surface of the three cor- 
ner pieces and little cube, our quotient may sometimes 
be too large, it can never be too small ; in this case, 30 
is too large, therefore we must consider the true quo- 
tient as comprised between 20 and 30, so that the figure 
in the ten's place is 2. 

Hence, the thickness of the slabs is 20 feet, this is 
also the width of the comer pieces, their lengths being 
the same as the side of the cube, 700, so that the sur- 
face of the three comer pieces is 3x700x20=42000. 
Also the side of the little cube is 20, one of its faces is 
(20)^=400, hence, the entire surface of all the addi- 
tions is 1470000+42000+400=1512400 equal the true 
divisor, which being multiplied by 20 gives 30248000 
cubic feet, which subtracted from 44420489, leaves 
14172489 cubic feet, which still remain to be added to 
the cube whose side is 720. 

Using, as before, three times the square of 720, which 
is 3 X (720)« = 1555200, which is the surface of the three 
new slabs, making a second trial divisor, which we find 
is contained in 14172489 between 9 and 10 times, there- 
fore the unit figure of our root is 9, which is the thick- 
ness of the new slabs, and the width of the new comer 
pieces, also the side of the new little cube, hence, the 
entii-e surface of the additions is 3 x (720)^ +3 x (720) x 
9+9^ = 1574721 equal true divisor, which multiplied by 
9 gives 14172489 for the whole number of cubic feet 
added this second time, which being subtracted from the 
second dividend, 14172489, leaves no remainder, so that 
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a cube whose side is 729 feet, contains just 387420489 
cubic feet, and is therefore the side of the cube sought 

Had the number, whose root it was required to find, 
been such as to give more than three places of figures in 
the root, the process would not have dififered from the 
above, only being more lengthy, each additional figure 
being found by means of a trial divisor which is three 
times the surface of a face of the cube already obtained. 
Each successive operation, when a new figure is found, 
augments the cube last obtained by three slabs, three 
corner pieces^ and a little cube. In the arrangement of 
the work under Example 1, which has already been re- 
ferred to, we have omitted the zeros on the right, for the 
sake of simplicity; for the same reason, the work is 
arranged in two distinct columns, by which means the 
operation of multiplying, &c., is made quite simple. By 
means of these auxilliary columns the work bears a close 
analogy to the new method of solving numerical cubic 
equations, as given by Mr. Homer, of Bathy England. 
The use of auxiliary columns becomes very apparent in 
the extraction of roots of the higher orders, as the fifth 
root, the seventh root, &c. The above rule for the cube 
root may be beautifully illustrated by means of the ordi- 
nary blocks prepared for the common rule. 

In squaring a number, we multiply the right-hand digit 
into itself, thus obtaining the right-hand digit of the pro- 
duct, or of the square; hence, the right-hand digit of a 
perfect square must arise from squaring some one of the 
digits. The right-hand digit of the squares of the nine 
digits will end with one of the following digits, 1, 4, 5, 6, 
or 9. Therefore every square number must end with 
one of the digits 1, 4, 5, 6, 9, or else with an even 
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number of zeros. Hence, any number terminating on the 
right with either of the digits 2, 3, 7, 8, or with an odd num- 
ber of zeros, cannot have its square root accurately found. 

The right-hand digit of the cubes of the nine digits 
will end with all the different digits, so that we cannot, 
by the terminal figure of a number, pronounce that its 
cube root cannot be found, except when the number 
ends with a number of zeros which is not a multiple of 
3, in which single case we know that the cube root can- 
not be accurately found. 

When a number is divided by 6, we shall obtain, for a 
remainder, one of the following numbers, I, 2, 3, 4, un- 
less the number is a multiple of 5, in which case it is 
exactly divisible by 5. 

If a number is divisible by 5, its square will obviously 
be divisible by 5. 

If a number give 1 for a remainder, when divided by 
5, it may be considered as composed of a multiple of 5, 
plus 1 ; consequently when squared by the method ex- 
plained under this article, page 311, its first and second 
terms will be multiples of 5, and the third tenh will be 
the square of 1, so that when a number is composed of a 
multiple of 5 plus 1, its square will give the same remain- 
der, when divided by 6, as will be found by dividing the 
square of 1 by 5, which remainder is therefore 1 . 

And for a similar reason, when a number is composed 
of a multiple of 5, plus 2, the remainder found by divid- 
ing its square by 5, is the same as the remainder found 
by dividing the square of 2 by 5, which remainder is 4. 

If a number is composed of a multiple of 5, plus 3, the 
remainder found by dividing its square by 5, will be the 
same as the remainder found by dividing the square of 
3 by 6, which remainder is 4. 
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If a number is composed of a multiple of 5, plus 4, 
the remainder found by dividing its square by 5, will be 
the same as the remainder found by dividing the square 
of 4 by 5, which remainder is 1 . 

From which we discover, that any square number be- 
ing divided by 6, will give either 1 or 4 for a remainder, 
unless it is a multiple of .5. 

Hence, every square number is either a multiple of 
5, or else a multiple of 5 increased or decreased hy 1. 

Any number divided by 7, will give one of the follow- 
ing remainders, 1, 2, 3, 4, 5, 6, unless it is a multiple of 
7, in which case it is obviously divisible by 7. 

When a number is not a multiple of 7, it may be itm 

* garded as composed of two parts, the first of which is a 

multiple of 7, plus one of the remainders, 1, 2, 3, 4, 5, 6. 

Now, when a number of this kind is cubed by the 
method explained on page 315 of this Appendix, its cube 
will consist of four parts, namely, the cube of the first, 
plus three times the square of the first into the second, 
plus three times the first into the square of the second, 
plus the cube of the second ; the first three of these 
parts contain a multiple of 7 as a factor, hence, the re- 
mainder will be found by dividing by 7 the last part, 
which is the cube of one of the numbers 1, 2, 3, 4, 5, 6. 
The cubes of 1, 2, 3, 4, 5, and 6, are respectively 1, 8, 
27, 64, 125, and 216, dividing these cubes by 7, we find 
either 1 or 6 for the remainder. 

From which we see that any cube number being di- 
vided by 7, will give either 1 or 6 for a remainder, unless 
it is a multiple of 7. 

Therefore, every cube number is either a multiple of 
7, or else a multiple of 7 increased or diminished by 1 . 
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A TABLE 

OP SOUAREfl, CUBES, SaUARE ROOTS, CUBE ROOTS, iNO RECIPROCAUi 

OF PRIMES, AS FAR AS 113. 



Nik 

1 


Sqou*. 


Cube. 


Square Root. 


Cube Root. 


Reciprocal. 


1 


1 


10000000 


1-000000 


1 


2 


4 


8 


1-4142136 


1-259921 


0-5 


3 


9 


27 


1-7320508 


1-442250 


0-3333333 


5 


25 


125 


2-2360680 


1 -709976 


0-2 


7 


49 


343 


2-6457513 


1-912931 


0-1428571 


11 


121 


1331 


3-3166248 


2-223980 


0-0909091 


13 


a69 


2197 


3-6055513 


2-351335 


00769230 


17 


289 


4913 


4-1231056 


2-571282 


0-0588235 


19 


361 


6859 


4-3588989 


2-668402 


0-0526316 


23 


529 


12167 


4-7958315 


2-843867 


0-0434783 


29 


841 


24389 


5-3851648 


3072317 


0-0344828 


31 


961 


29791 


5-5677644 


3141381 


00322581 


37 


1369 


50653 


6-0827625 


3-332222 


00270270 


41 


1681 


68921 


6-4031242 


3-448217 


0-0243902 


43 


1849 


79507 


6-5574385 


3-503398 


00232558 


47 


2209 


103823 


6-8556546 


3-608826 


0-0212766 


53 


2809 


148877 


7-2801099 


3-756286 


0-0188679 


59 


3481 


205379 


7-6811457 


3-892996 


0-0169492 


61 


3721 


226981 


7-8102497 


3-936497 


00163934 


67 


4489 


300763 


81853628 


4-061548 


0-0149254 


71 


5041 


35791 1 


8-4261498 


4-140818 


0-0140845 


73 


5329 


389017 


8-5440037 


4-179339 


0-0136986 


79 


6241 


493039 


8-8881944 


4-290840 


0-0126582 


83 


6889 


571787 


9-1104336 


4-362071 


0-0120482 


89 


7921 


704969 


9-433981 1 


4-464745 


0-0112360 


97 


9409 


912673 


9-8488578 


4-594701 


0-0103093 


101 


10201 


1030301 


10-0498756 


4-657009 


0-0099010 


103 


10609 


1092727 


10-1488916 


4-687548 


0-0097087 


107 


11449 


1225043 


10-3440804 


4-747459 


0-0093458 


109 


11881 


1295029 


10-4403065 


4-776856 00091743 


113 


12769 


1442897 


10-6301468 


4-834688 00088496 
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By the aid of the foregoing table we may by multipli- 
cation determine the square root, cube root, and recip- 
rocal of any number which does not contain a prime fac- 
tor greater than 113. 

Suppose we wish the square root of 365, we decom- 
pose 365 into tlie prime factors 5 and 73. Now, it is 
obvious that the root of the product of any number of 
factors is equal to the product of their roots, hence, the 
square root of 365 is equal to the square root of 5 x 73, 
which is equal to the square root of 5 multiplied by the 
square root of 73. By our table we find 

V73= 8-5440037 
V5 =2-2360680 
17-0880074 
17088007 The multiplication is by the 
2563201 abridged method, as explained 
512640 under Art. 39. 
5126 
683 

-/365= 19-1049731 nearly. 

For the cube root of the same number, we have the 
following work : 

{/73 =4- 179339 

V5 =1-709976 

4179339 

2925537 

37614 

3761 

292 

26 

^365= 7- 146568 nearly. 

28 
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For the reciprocal of 365, we have as follows: 

reciprocal of 73=0-0136986 
" 6=0-2 



000273972 = reciprocal of 366. 

This last work for finding the reciprocal of a composite 
number, reposes upon the principle, that the reciprocal 
of the product of any number of factors is equal to the 
product of their reciprocals. 

The roots of composites are very readily obtained when 
the number can be separated into two factors, one of 
which can have its root accurately found : thus, the 
square root of 5537=49 x 113, is equal to 7 times the 
square root of 113= 10-6301458 x 7=74'41 10206 nearly. 

The cube root of 664= the cube root of 8 times 83= 
2 times the cube root 83:;= 2 times 4-362071 =9*724142 
nearly. 



LXXXIIL This rule for finding the sum of all the 
terms of an infinite decreasing geometrical progression, 
has a beautiful application in the following problem, 
which is sometimes so stated as to appear paradoxiced. 

At what time next after 1 o'clock will the hour-hand 
of a clock overtake the minute-hand ? 

The distance which 'the hour-hand is forward of the 
minute-hand, is at first y'^ of the circumference of the 
dial plate. When the minute-hand shall have moved 
over this yV> ^^e hour-hand will have advanced j\ of it, 
or y'j of y'y of the circumference, which is the distance 
which now separates them. Again, while the minute- 
hand moves over this last distance of ^V ^^ rj of the 
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cucumference, the hour-hand moves over ^j of it, that is, 

~— of -- of -—=-—1. which is the distance which now 
12 12 12 12^ 

separates them. Again while the minute-hand moves 
over this last distance, the hour-hand advances y^ of it, 
or over a distance = -^ of yV of tV of yV of the circum- 
ference, which is the distance which now separates them. 
Hence, as the hour-hand always moves y'^ as far as the 
distance last moved by the minute-hand, it follows that 
the minute-hand cannot overtake the hour-hand. But 
we know that it does overtake it, inasmuch as it com- 
pletes the circuit of the dial plate, and therefore must 
of necessity pass it. How then is this seeming contra- 
diction to be explained ? 

Although we have assumed an infinite number of par- 
tial movements made by the hands, each succeeding move 
being yV of the preceding one, still the time required to 
make this infinite number of moves is finite. 

These successive moves made by the minute-hand, 
considering the circumference of the dial plate as the 
unit, form this progression, 

111 1 1 . 
12' 12*' 123' 12*' 12*' 
'This being a decreasing geometrical progression, 
whose ratio as well as first term is y^^, its sum is found 
to be y'y. Now, as the minute-hand can move through 
the whole circumference of the dial plate in one hour, it 
will require yV of one hour, which equals 5 minutes and 
y*y of a minute to move over yV of the circumference of 
the dial plate, which is the exact time required for the 
minute-hand to overtake the hour-hand. 

From which it appears that the foregoing fallacy con- 
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ststs in inferring that, because there was an infinite nurn* 
ber of successive operations, it must require an infinite 
length of time to perform them, which, as we have seen, 
is not a legitimate conclusion. 

Question 67, page 282, affords a second example of 
an infinite number of successive operations being per- 
formed in a finite time. For the number of bounds made 
by this elastic ball, provided it move in accordance with 
the law mentioned in the question, is infinite^ since every 
time it falls it must bound, and every time it bounds it 
must of necessity fall. 

We have already given 300 feet as the whole distance 
through which the ball moved. We will now show that 
the time required is finite. 

The successive distances, expressed in feet, through 
which the ball fell, form the series 100, 60, 25, 12|, &c., 
to an infinite number of terms. By the law of falling 
bodies, the distances fallen through are to each other as 
the squares of the times employed in falling; and 16tV 
feet is the distance which a body falls in the first second 
of its descent ; consequently, the times, expressed in sec- 
onds, which were required to fall through the respective 
distances which are given in the above series, form the 

following series : (-'^)^ (^)^ {^f. Sec, to 

an infinite number of terms. This is a geometrical series 

whose first term is (— - — )^=:10f )', and the ratio is 

n6jY \193^ 

-y/^=i-y/2. Therefore its sum, as found by rule under 
Article 83, is iib^. 
Again, the distances passed through in bounding form 
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the series 50, 25, 12|, &c., and the time required to 
make these bounds will be the sum of the geometricai 

. / 50 a / 25 a /12J\i . , . , 

progression ^Y^j % \Yqj) > \iqT) >&c. which sum 

is X ,'"^ . ' If this is added to the sum of the for- 

mer series, we obtain 

(10+ -v/50)X-^^^^- = (20+2V50)x ~r-^^^^, 

The value of this expression exceeds a little 14^, so 
that the whole time before the body comes to a state of 
rest is about 14^ seconds, or less than |^ of a minute. 

A question is often proposed in Mathematical geogra- 
phy, which leads to conclusions similar to the above. 
The question is this : Suppose the earth to be a perfect 
sphere, entirely covered with water, and that a vessel 
starting from the equator, sails without deviating from its 
course or velocity, always in the direction of North-east, 
when will it reach the north pole of the earth ? 

The answer is generally given, that it will never reach 
the pole. This is wrong, for although the track of the 
vessel is in the form somewhat of a spiral, which makes 
an infinite number of turns about the earth before reach- 
ing the pole, still the whole time required to perform 
these turns, or to pass over its whole track, is finite. 
The technical name of this curve is the Loxodromic 
curve. 



POSITION. 

There is a method by which many questions may be 
accurately wrought^ and by which all others may be 

28 
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solved approximately. It consists in making one or 
more assumptions for the answer, and then from the error 
or errors thus arising, to deduce the true answer, or its 
approximate value, when only an approximation can be 
obtained. 

This method is called Position, and sometimes it is 
called the Rule of False, or the Rule of False Position, 
or, which is far better, the Rule of Trial and Error, 
This rule admits of two varieties. Single Position, and 
Double Position. 

In Single Position, only one assumption is required, 
while in Double Position two assumptions are necessary. 

Single Position may be employed in the solution of 
questions, in which the required number is in any man- 
ner increased or decreased by any given part of itself ; 
that is, when it is multiplied or divided by any given 
number. 

Double Position must be used when the result ob- 
tained by increasing or decreasing the required number 
in any given ratio, is also increased or decreased by 
some number independent of the required number. Or 
when any root or power of the required number is either 
directly or indirectly given in the conditions of the 
question. 



SINGLE POSITION. 



From the above definition of Single Position, it fol 
lows that if the number assumed is only one-half the 
true number, the result will be only one-half of the result 
of the question^ If the assumed number is twice as great 
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as the true number, the result will be twice as great as 
the result of the question. And in general, the result ob- 
tained will be to the result of the question, as the as- 
sumed number is to the true number. Hence, we de- 
duce for Single Position this 

RULE. 

Assume any convenient number^ and perform on it the 
operations required by the question^ then, as the result 
thus obtained^ is to the result ^ the question, so is the 
assumed number to the true number required. 

EXAMPLES. 

1 . Find a number such that being increased by one- 
half, one-third, one-fourth, and one-fifth of itself, the siim 
shall be 1644. 

If we assume 120 for the number, its half will be 60, 
its third 40, its fourth 30, and its fifth 24. Hence, 120 
increased by its half, its third, its fourth, and its fifth, 
becomes 274 for our result, and 

274 : 1644 : : 120 : 720= the number sought. 

2. A father bequeaths to his three sons $10700, in such 
a manner that the share of the first being multiplied by 
5, that of the second by 6, and that of the third by 7, the 
products will be equal. What was each one's share ? 

Since the first multiplied by 5, the second by 6, and 
the third by 7, give equal products, it ' follows that their 
portions are as the reciprocals of these numbers, that is, 
^s }, i> T- These fractions reduced to a common denom- 
inator give the following numerators : 42, 35, 30. We 
will therefore assume that the first had $42, the second 
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$95 and the third $30. Taking the sum, we find $107 
for our result Hence, 

107 : 10700 : : $42 : $4200=portion of first son. 

107 : 10700 : : $35 : $3500= do. second " 

107 : 10700 : : $30 : $3000= do. third " 

3. A., B, and C, joined their stock and gained $360, of 
which A received a certain sum, B received 3| tiipes as 
much as A^ and C as much as.A and B together. What 
share of the gain had each ? 

Suppose A received $10, then as B received 3^ times 
as much, he must have had $35, and as C had as much 
as A and B together, his portion must have been $45. 
Hence, all together received $90, which is our result. 
Hence, 90 : 360 : : $10 : $40= A's gain. 

Consequently, B's gain was $140, and C^s gain $180, 
so that all together gained $360. 

We will not extend the method of Single Position any 
further, since all questions under this rule may be solved 
by the succeeding rule for Double Position, or indeed 
without Position, by the method of Analysis. 



DOUBLE POSITION. 



The method of Double Position requires two assumed 
numbers, and depends upon the principle that the diflfer- 
ences between the true and assumed numbers, are to 
each other as the difierences between the result given in 
the question and the results arising from the assumed 
numbers. This principle is *rigidly correct for such 
questions as, when solved by Algebra, would give rise 
to simple equations ; but it is only approximately correct 
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for all other questions. Admitting the above principle, 
we readily deduce the following 

RULE. 

Assume two differerU numbers^ and perform on them 
separately the operations indicated in the question* 
TheUj as the difference of the results thus obtainedy is 
to the difference (^ the assumed numbers, so is^the differ- 
ence between the true result and either of the others, to 
the correction to be applied to the assumed number 
which gave this result. Add the correction to this numr 
bcTy if the corresponding result was too small ; if too 
large, it must be subtracted. 

When the question is of such a nature as to admit only 
of an approximate solution, we may for a seoond approxi- 
mation assume the number already found for the first, and 
that one of the two first assumptions which was nearer 
the true answer, or any other number that may ap- 
pear to be still nearer. In this way, by repeating the 
operation as often as may be necessary, the true result 
may be approximated to any assigned degree of accuracy. 

The above method of approximation by Double Posi- 
tion is of very little value in the usual questions of Arith- 
metic, but it becomes of the greatest utility in Algebra, 
affording, in many cases, a very concise and convenient 
mode of approximating the roots of equations, and find- 
ing the values of unknown quantities in very complex 
expressions, without making the usual reductions. 

EXAMPLES. 

1. Required a number, from which if 2 be subtracted, 
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one-third of the remainder will be 5 less than half the 
required number. 

First, assume the number to be 14, from which take 2, 
and one-third of the remainder is" 4. This being sub- 
tracted from one-half of 14, the remainder is 3, the Jirst 
result. Again, suppose the number 20, from which sub- 
tracting 2, one-third of the remainder is 6, which being 
taken from the one-half of 20, the remainder is 4, the 
second result. The difference of the results being 1, 
and the difference of the assumed numbers 6: and the 
difference between 5, the true result, and 4, the result 
nearest it, being 1, we have 

1 : 6 : : 1 : 6. 

And as the result 4 is too small, this correction of 6 
must be added to 20, its corresponding assumed number, 
BO that we have 26 for the number sought. 

2. A and B together, agree to dig 100 rods of ditch 
for $100. That part of the ditch on which A was em- 
ployed was more difficult of excavation than the part 
on which B was employed. It was therefore agreed 
that A should receive for each rod 25 cents more than B 
received for each rod which he dug. How many rods 
must each dig, and at what prices, so that each may re- 
ceive just $50 ? 

Since the average of the prices was $1, and there was 
$0*25 cents difference, we will, as a first assumption, 
take $1*13 for the price of a rod of A's portion, and con- 
sequently, the price of a rod of B's will be $0'88. As 
each received $50, we find that the number of rods dug 
by A was 50 -f-1' 13 =44*25 rods, nearly. The number 
of rods dug by B was 50~0-88=56'B2 rods, nearly, and 
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they both together dug 101*07 rods, while the. true result 
is 100. 

As a second supposition, we will take $1*14 for the 
price of a rod of A's portion, consequently $0*89 will be 
the price per rod of B's portion ; now, as before, we find 
that Adug 50-i- 1'14=43*86 rods nearly. The number of 
rods dug by B was 50 -f- 0*89 =46' 18 rods, nearly; so that 
both together dug 100*04 rods, which result is very nearly 
correct. The diflference of these results is 1*03, the dif- 
ference of the assumed numbers is 1*14—1*13=0*01 ; 
also the difference between the true result 100, and the 
second result, 100*04, is 004 ; therefore we have 
r03 : 001 ; : 004 : 00004. 

This correction 0*0004, being added to 1*14, which 
was the second assumed price per rod of the portion 
which A dug, gives $1*1404, for a very close approximate 
value of the price per rod of A's portion. A still closer 
approximation might be found by repeating the process. 

This last example may be found in the " Elements of 
Algebra," under Quadratic Equations. It is a good ex- 
ample for showing the value of the rule of Double Posi- 
tion as a method of approximation. 

As the price of the whole 100 rods was just $100, the 
average was $1 per rod, and as the difference of the 
prices which A and B received per rod was ^ of a dollar, 
it might at first be supposed that A's price was l + i = f 
dollars, and B's 1 — 1 = |^ dollars, but a still further inves- 
tigation will make it evident that this question is similar 
to the second orange question, on page 301 of this Ap- 
pendix ; since 1 dollar is liot the mean of the reciprocals 
of the prices f and |. This mean is ||, which being 
greater than 1, it follows that the price of a rod of A's 
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portion must be greater than f of a dollar, and B*8 as 
much greater than f of a dollar. 

We have been pretty full and explicit in the explana- 
tion of this question, since it is the type of a class of 
questions which have been looked upon by many as in- 
volving an absurdity. 



ARITHMETICAL CURIOSITIES. 

What is the least number of weights, and what are 
they, so that by the aid of the common balance we may 
weigh any number of integral pounds from 1 to 40 ? 

By means of two weights we can, besides weighing 
the same number of pounds which they represent, weigh 
a number denoted by their sum and their difference. 

Hence, one pound may be weighed by using a one- 
pound weight, or by using two weights whose difference 
is one pound. The best economy is no doubt to use a 
one-pound weight. Now, the largest weight which can 
be employed in connection with this one-pound weight in 
order to weigh 2 pounds, is a three-pound weight. The 
greatest number of pounds which can be weighed with 
these two weights is 4 pounds. And in order to weigh 
6 pounds it will be necessary to introduce a nine-pound 
weight, then by these three weights we can weigh 13 
pounds, and in order to weigh 14 pounds we must have 
a twenty-seven-pound weight. We have thus made u«e 
of four different weights, namely, a one-pound weight, a 
three-pound weight, a nine-pound weight, and a twenty- 
seven-pound weight. By combining the weights as fol- 
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lows we shall be able to weigh any number of integral 
pounds from 1 to 40 : 

1 ; 3-1=2; 3; 3+1=4; 9-3-1=5; 9-3=6; 9+ 
1-3=7; 9-1=8; 9; 9+1 = 10; 9+3-1 = 11; 9+ 
3=12; 9+3+1 = 13; 27-9-3-1 = 14; 27-9-3= 
15; 27+1-9-3 = 16; 27-9-1 = 17; 27-9=18; 
27+1-9=19; 27+3-9-1=20; 27+3-9=21; 
27+3+1-9=22; 27-3-1=23; 27-3=24; 27+ 
1-3=25; 27-1=26; 27; 27+1=28; 27+3-1 = 
29: 27+3=30; 27+3+1=31; 27+9-3-1=32; 
27+9-3=33; 27+9+1-3=34; 27+9-1=35; 
27+9 = 36; 27+9 + 1=37; 27+9+3-1=38; 27+ 
9+3=39; 27+9+3+1=40, 

A sea-captain, on a voyage, had a crew of 30 men, 
half of whom were blacks. Being becalmed on the 
passage for a long time, their provisions began to fail, 
and the captain became satisfied that, unless the num- 
ber of men was greatly diminished, all would perish of 
hunger before they could reach any friendly port. He 
therefore proposed to the sailors that they should stand 
in a row on deck, and that every ninth man should be 
thrown overboard, until one-half of the crew were thus 
destroyed. To this they all agreed. How should they 
stand so as to save the whites ? 

. / WWWWBBBBBWWBWWWBWBBWW 
^^*- ( BBBWBBWWB. 

This result might have been easily ascertained before- 
hand by the captain, by the following method : Place 
30 letters, as the letter W, it being the initial of white, 
in a row ; then commence counting off every ninth one; 

which may be canceled, when 16 have in this way been 

29 
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canceled, their places may be supplied with the letter B, 
the initial of black. 

A and B have an eight-gallon cask full of wine, and 
wish to make an equal division of it, but have only two 
empty vessels with which to do it, one of which contains 
6 gallons^ and the other 3. By what means shall they 
accomplish this division ? 



1st . 


agaU. eaak. 

. 8 . . 


AgalLouk. 

. . . 


IgalUeuk. 

. 


2d . 


. 3 




> • 


5 . . 


. . 


3d . 


. 3 






2 . . 


. 3 


4th . 


. 6 






2 . . 


. 


5th . 


. ^ 




r « 


. , 


. . 2 


6th . 


. 1 




1 • 


5 . 


. . 2 


7th . 


. 1 




1 • 


4 . . 


. . 3 



Explanation. In the first place there is 8 gallons in 
ihe 8 gallon cask, and the others are empty. 2d, the 
& is filled firom the 8, leaving 3 gallons in the 8. 3d, the 
3 is filled from the 5, leaving 2 gallons in the 5. 4th, the 
3 gallons of the 3 is emptied into the 8, which already 
contains 3 gallons, thus giving 6 gallons in the 8, and 2 
in the 5, 5thy the 2 gallons in the 5 are poured into 
the 3d. 6th, the 5 is filled from the 8, leaving 1 in the 8. 
7th, the 3, which contains 2 gallons, is now filled from 
the 5, thus leaving 4 gallons in the 5. 

The following, which is a similar question to the last, 
we will leave to the ingenuity of the pupil : 

Three persons have stole a vessel of balsam contain- 
ing 24 ounces, and have three vessels containing 5, 1 1, and 
13 ounces respectively ; in what manner must they pro- 
ceed to efiect the distribution, so that each may receive 
an equal portion ? 
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A very interesting lurithmetical puzzle, is to desire a 
person to think of any three numbers, each of which is 
less than 10; then direct him to multiply the first by 2 
and to add 5 to the product; to multiply this sum by 5 
and to add the second number to the product ; finally, to 
multiply this last result by 10 and to the product add the 
third number ; then desire -him to subtract 250 and name 
the remainder, and you will be able to say what num- 
bers he thought of, and the order in which they were 
thought of. 

The three digits composing this remainder will be the 
numbers thought of, and moreover they will be placed in 
the order in which they were thought of. The reason 
of this will become apparent when we carefully examine 
the foregoing operations. The person thinking of the 
numbers, multiplied the first by 2 and added 5, after 
which he multiplied by 5 and added the second number, 
by which means his result consisted of 10 times the first 
number, plus 25; after this he multiplied by 10 and 
added the third number, so that the result now consists 
of 100 times the first, 10 times the second, the third, 
plus 250 ; then after subtracting the 250, there remains 
100 times the first, 10 times the second, and <me times 
the third. Now as each number thought of is less than 
10, these numbers must occupy respectively the places 
of hundreds, tens, and units, which explains the whole 
mystery of the puzzle. 

A perfect number is one such that the sum of all its 
divisors, except the number itself, is equal to the number. 

The following is a list of all the perfect numbers as 
yet found. 



6 
28 

496 

8128 

33550336 

8589869056 

; 137438691328 

2305843008139952128 

By inspecting these numbers it will be seen that they 

all terminate either with 6 or 28. 

Amicable numbers consist of two numbers such that 
the sum of all the divisors of the one is equal to the 
other number. Thus 220 and 284 are amicable num- 
bers. The sum of all the divisors of 220, including 1 , 
and excluding 220, is equal to 284 ; and the sum of all 
the divisors of 284, including 1, and excluding 284, 
is 220. 

The numbers 17296 and 18416 are amicable num- 
bers ; so also are 9363584 and 9437056. 

Much time and ingenuity have been spent in construct- 
ing Magic Squares, which consists in arranging the 
natural numbers up to a certain extent in the form of a 
square, so that the sum of all the numbers in any row, 
whether horizontal, vertical, x>t diagonal, shall be the 
same. The foUowing are magic squares, the one formed 
of all the digits, the other all the numbers as far as 16. 
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841 



2 


9 


4 




1 


15 


14 


4 


7 


5 


3 




12 


6 


7 


9 


6 


1 


8 




8 
13 


10 
3 

1 


11 
2 


a 

16 











48 

6 

23 

19 


1 

-13 

36 

-42 


21 

33 
-26 
-32 


-22 

44 
27 
9 



The sixteen numbers, some 
of which are negative, when 
arranged as in the adjoining 
square, possess some very cu- 
rious properties. 



The sum of the squares of any four in a row, whether 
taken horizontally, vertically, or diagonally, makes in all 
cases the same sum of 3230. .This property would 
claim for it the title of Magic Square of Sqtcares. But 
it possesses the following additional properties : If we 
fix our attention upon any two parallel rows, whether 
horizontal or vertical, and take the sum of the products 
of the corresponding terms, it will equal zero, or in other 
words, the sum of the positive products will equal the 
sum of the negative products. Thus, taking the first and 
second of the horizontal rows, we have 

48x6 + 1 X -13+21 x33+-22x44=0; 
and in a similar manner may this property be shown true 
for other parallel rows. 

Three men, Mr. Adams, Mr. Brown, and Mr. Clarkt 

with their sons Daniel, Edward, and Francis, have each 

29* 
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a piece of land in the form of a square. Mr. Adams' 
piece was 23 rods longer on each side than Edward's, and 
Mr. Brown's piece was 11 rods longer on each side than. 
Daniel's. Each man possessed 63 square rods of land 
more than his son. Which of the persons were father 
and soir respectively? 

Since each man possessed 63 square rods of land more 
than his son, three distinct sets of numbers must be 
found such that the difference of their squares shall be 
63. And since the difference of the squares Df two num- 
bers is the same as the product of their sum into their 
difference, it follows that 63 must be divided into two 
factors in three distinct ways. These factors are 

63=63x1 = 21x3=9x7. 

Hence, if we take 63 for the sum, and 1 for the dif- 
ference of two numbers, these numbers will be 32 and 
31. Again, taking 21 for th,e sum and 3 for the differ- 
ence of two numbers, we find 12 and 9 for the numbers. 
If 9 is the sum and 7 the difference of two numbers, 
these numbers will be S and 1 . From this we learn that 
the squares possessed by Mr. Adams, Mr. Brown, and 
Mr. Clark, were 32, 12, and 8 rods on a side. 

Now, since a side of Mr. Adams' square was 23 rods 
more than a side of Edward's, the square whose side is 
32 rods belonged to Mr. Adams, and the one of 9 rods 
on a side belonged to Edward. Again, since the side of 
Mr. Brown's square was 11 rods more than a side of 
Daniel's, it follows that the square whose side was 12 
rods belonged to Mr. Brown, while Daniel's square was 
only 1 rod on a side. 

Consequently Francis was Mr. Adams' son, Edward 
was Mr. Brown's son, and Daniel was Mr. Clark's son. 
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